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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 64 ]. This is test number [ 113 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.
2.

3
4.
5
6

7.

Mathematica 12.1 (64 bit) on windows 10.
Rubi 4.16.1 in Mathematica 12 on windows 10.

. Maple 2020 (64 bit) on windows 10.

Maxima 5.43 on Linux. (via sagemath 8.9)

. Fricas 1.3.6 on Linux (via sagemath 9.0)

. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.

Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and Root0Of are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed

Rubi % 100. ( 64 ) %0.(0)

Mathematica | % 100. ( 64 ) %0.(0)
Maple % 98.44 (63 ) | %1.56 (1)
Maxima % 25. (16 ) % 75. (48 )

Fricas % 100. ( 64 ) %0.(0)
Sympy %1719 (11) | % 82.81 (53)
Giac % 71.88 (46) | % 28.12 (18)

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes the
meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 54.69 14.06 31.25 0.
Maple 59.38 31.25 7.81 1.56
Maxima 17.19 7.81 0. 75.
Fricas 18.75 76.56 4.69 0.
Sympy 17.19 0. 0. 82.81
Giac 17.19 46.88 7.81 28.12




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

WA
EB
C
mF
1 4

Rubi Mathematica Maple FriCAS Giac/Xcas Maxima Sympy



The figure below compares the CAS systems for each grade level.
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.

System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.1 70.42 1. 60.5 1.
Mathematica 1.49 19591 2.27 72. 1.37
Maple 0.06 282.37 3.36 88. 1.49
Maxima 1.5 101.12 4.08 40.5 1.6
Fricas 2.45 1118.45 13.73 792.5 12.45
Sympy 20.51 252.18 3.41 48. 1.17
Giac 2.33 200.26 3.27 165.5 2.78
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1.4 list of integrals that has no closed form an-
tiderivative

b

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica
Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.
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1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each integral.
If the integrate command did not complete within this time limit, the integral was aborted
and considered to have failed and assigned an F grade. The time used by failed integrals
due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example, for
the Timofeev test file, there were about 30 such integrals out of total 705, or about 4 percent.
This pecrentage can be higher or lower depending on the specific input test file.
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Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffgrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and XCAS
syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for this
purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35*len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*xcount_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.
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One record (line) per one integral result. The line is CSV comma separated. It contains 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) High level overview of the CAS
integer. Leafsize of result. independent integration test
integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed. build System

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. g
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.

WoOoNOLHWNE



Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

21.1 Rubi

A grade: (1235 B BB /T
I3 9 801 6 30 1565165 55 40T

E
S5
ES
IS
B
Bi=
Ss
BiS
EIS
B
He
IS
HIS
B
B

561 p74 58, [5% (60361} (62,
B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: (1)) L7 [0} 1) 3 7)) 6, 7 1) 0 20} 2 26,27 26 20, B0 0 L ) 3
/16,7 49, B0, 61,63 63,69 )
B grade: (B0)I222 60,50 B8 550

C grade: {[223 2425313283} 85} 36} 87} 48} 51} |2} [o3} [o4} [65} [66} 67} [58} 59}

F grade: { }

2.1.3 Maple

A grade: {@ [L3}[14)[15][16] 1718} 19} 20} 34} 35,36} 37} [38} 8%} O} 41} 42}
3, 445 46} 19, 50, 5 1, 5 56, 5% 603 62 }

15
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B grades (5722 2 0 526277 5L T 2 5 5,5 9 L B3 B
C grade: {}
F grade: {}

21.4 Maxima

A grade: { |23} 4 [L0}[12}[L3} [14}[15}[16} 18} [59)
B grade: {[8[0}[11}[40} 43| }

C grade: { }

F grade: { [1)[5, 67, [[7 19 [20} 21} 22} 23} 2425 26, 27 28} 29 B0} 1) B2 [33) B 35, 36,37} 5,
[0} 1,123 44 40} 46, 47, 18, 40} 50} 51, (52 53, 54, 55, 56} 57, 58, 60, 0.1} 621 63,64

21.5 FriCAS

A grade: { Py 0 415} 21 27 25,23 B0 7, 5

B grade: ([1)2 51,678, 15) 16,7 (9 20,22
0L T, 2 5 4 546 19,50, 5T, 53 53) 55 553 50, 57 583 00} 63,63, 63364

C grade: {[1T}[12}[13]}

F grade: { }

21.6 Sympy
A grade: { 243|115} 6} L0} 13} 116, P} [5G, 59 }

B grade: { }

C grade: { }

F grade: (10018 11719100222 7075 77 1 205051,
(47, [48}[49, 50} 52} (53} 544 [55} (57} (58} (60} [61]

}

2.1.7 Giac

A grade: {2671 B0 14 17 18,5962 }

B grade: {[3, 4 b} 10} 15} 16} 19} [20}[21} [23} [24} [25| (28} [38, |41} [43) [44} 46} 47} 48} 49} 1} 52} 53} b4}
[56}67 (58} 63164}

C grade: {}



F grade: { 222527} 29) 0 BT, 32 53,4 55 56, 73 12 15,0, 55 G0}
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2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it is

given just an F.

In this table,the column normalized size is defined as

antiderivative leaf size

optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-2) B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 233 233 148 2454 0 2959 0 335
normalized size | 1 1. 0.64 10.53 0. 12.7 0. 1.44
time (sec) N/A 0.299 0.802 0.338 0. 2.571 0. 1.389
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 20 20 34 31 31 105 22 54
normalized size | 1 1. 1.7 1.55 1.55 5.25 11 2.7
time (sec) N/A 0.013 0.022 0.004 1465 2124 0144 1.216
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 47 47 71 68 85 296 68 154
normalized size | 1 1. 1.51 1.45 1.81 6.3 145  3.28
time (sec) N/A 0.033 1.132 0.004 1476 1.649 0.313 1.182
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Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 78 78 111 116 151 583 126 309
normalized size | 1 1. 1.42 1.49 1.94 7.47 1.62  3.96
time (sec) N/A 0.047 2.752 0.004 1.47 1.668 0.698 1.248
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 49 49 49 64 0 574 279 178
normalized size | 1 1. 1. 1.31 0. 11.71 569  3.63
time (sec) N/A 0.073 0.053 0.021 0. 1.78 2166 1.215
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 97 97 90 173 0 1184 2086 166
normalized size | 1 1. 0.93 1.78 0. 1221 2151 171
time (sec) N/A 0.1 0.877 0.028 0. 1.893 151.394 1.237
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 150 150 138 363 0 2361 0 278
normalized size | 1 1. 0.92 2.42 0. 15.74 0. 1.85
time (sec) N/A 0.157 0.286 0.026 0. 2.255 0. 1.241
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 22 22 51 19 405 266 0 43
normalized size | 1 1. 2.32 0.86 1841  12.09 0. 1.95
time (sec) N/A 0.018 0.093 0.031 1.663  1.621 0. 1.262
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Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 5 5 28 6 47 163 0 14
normalized size | 1 1. 5.6 1.2 9.4 32.6 0. 2.8
time (sec) N/A 0.014 0.013 0.021 1.649  1.852 0. 1.247
Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 12 12 12 13 14 63 14 38
normalized size | 1 1. 1. 1.08 1.17 5.25 117 317
time (sec) N/A 0.021 0.009 0.017 1493 1.744 0.724 1.182
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B C F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 35 35 48 32 383 232 0 46
normalized size | 1 1. 1.37 0.91 10.94 6.63 0. 1.31
time (sec) N/A 0.026 0.08 0.016 1.647 1.74 0. 1.158
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A C F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 14 14 30 15 23 55 0 15
normalized size | 1 1. 2.14 1.07 1.64 3.93 0. 1.07
time (sec) N/A 0.02 0.018 0.014 1.622  1.812 0. 1.184
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A C A C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 14 14 14 15 16 45 15 38
normalized size | 1 1. 1. 1.07 1.14 3.21 1.07 271
time (sec) N/A 0.023 0.007 0.008 1.467  1.502 0.547 1.174
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Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 28 28 19 29 32 73 0 41
normalized size | 1 1. 0.68 1.04 1.14 2.61 0. 1.46
time (sec) N/A 0.096 0.024 0.036 0966  1.528 0. 1.198
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 31 31 32 38 36 205 0 73
normalized size | 1 1. 1.03 1.23 1.16 6.61 0. 2.35
time (sec) N/A 0.1 0.032 0.028 1.701  1.653 0. 1.27
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 10 10 10 11 11 74 12 39
normalized size | 1 1. 1. 1.1 1.1 7.4 1.2 3.9
time (sec) N/A 0.048 0.011 0.019  0.962 1.58  2.774 1.267
Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 36 36 49 56 0 225 0 66
normalized size | 1 1. 1.36 1.56 0. 6.25 0. 1.83
time (sec) N/A 0.087 0.035 0.122 0. 1.62 0. 1.233
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 29 29 19 33 24 97 0 55
normalized size | 1 1. 0.66 1.14 0.83 3.34 0. 1.9
time (sec) N/A 0.101 0.03 0.069 1.494  1.548 0. 1.328
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Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 66 66 65 84 0 782 0 267
normalized size | 1 1. 0.98 1.27 0. 11.85 0. 4.05
time (sec) N/A 0.116 0.178 0.055 0. 2.273 0. 2.38
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 48 48 48 71 0 587 0 128
normalized size | 1 1. 1. 1.48 0. 12.23 0. 2.67
time (sec) N/A 0.067 0.026 0.022 0. 2.227 0. 1.312
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 60 60 60 591 0 949 0 252
normalized size | 1 1. 1. 9.85 0. 15.82 0. 4.2
time (sec) N/A 0.097 0.027 0.289 0. 1.749 0. 1.321
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F B F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 89 89 2105 174 0 1901 0 0
normalized size | 1 1. 23.65 1.96 0. 21.36 0. 0.
time (sec) N/A 0.125 22.246 0.035 0. 1.842 0. 0.
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-2) B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 65 65 167 137 0 1285 0 284
normalized size | 1 1. 2.57 211 0. 19.77 0. 4.37
time (sec) N/A 0.045 0.391 0.026 0. 1.815 0. 21.938
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Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 51 51 44 750 0 521 0 323
normalized size | 1 1. 0.86 14.71 0. 10.22 0. 6.33
time (sec) N/A 0.089 0.087 0.219 0. 21 0. 1.549
Problem 25| Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F A F B
verified N/A Yes NO TBD TBD TBD TBD TBD
size 85 85 174 951 0 618 0 643
normalized size | 1 1. 2.05 11.19 0. 7.27 0. 7.56
time (sec) N/A 0.141 1.592 0.151 0. 2.113 0. 1.401
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 88 88 91 150 0 1152 0 0
normalized size | 1 1. 1.03 1.7 0. 13.09 0. 0.
time (sec) N/A 0.137 0.497 0.023 0. 2.323 0. 0.
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 127 127 253 286 0 2689 0 0
normalized size | 1 1. 1.99 2.25 0. 2117 . 0.
time (sec) N/A 0.23 1.15 0.026 0. 2.014 0. 0.
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 69 69 63 136 0 803 0 285
normalized size | 1 1. 0.91 1.97 0. 11.64 0. 413
time (sec) N/A 0.091 0.165 0.018 0. 2.283 0. 5.725




23

Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 75 75 75 2628 0 1531 0 0
normalized size | 1 1. 1. 35.04 0. 20.41 0. 0.
time (sec) N/A 0.128 0.07 0.226 0. 7.137 0. 0.
Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 80 80 222 1276 0 1520 0 0
normalized size | 1 1. 2.78 15.95 0. 19. 0. 0.
time (sec) N/A 0.125 0.705 0.147 0. 6.815 0. 0.
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 171 171 259 462 0 3595 0 0
normalized size | 1 1. 1.51 2.7 0. 21.02 0. 0.
time (sec) N/A 0.186 1.726 0.057 0. 2.221 0. 0.
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 126 126 234 298 0 2558 0 0
normalized size | 1 1. 1.86 2.37 0. 20.3 0. 0.
time (sec) N/A 0.098 1.387 0.02 0. 1.991 0. 0.
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-2) B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 87 87 202 170 0 1674 0 0
normalized size | 1 1. 2.32 1.95 0. 19.24 0. 0.
time (sec) N/A 0.055 0.595 0.027 0. 1.867 0. 0.
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Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A F(-2) B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 47 47 111 68 0 558 0 0
normalized size | 1 1. 2.36 1.45 0. 11.87 0. 0.
time (sec) N/A 0.033 0.418 0.027 0. 2.146 0. 0.
Problem 35| Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F(-2) B F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 85 85 231 104 0 1169 0 0
normalized size | 1 1. 2.72 1.22 0. 13.75 0. 0.
time (sec) N/A 0.061 3.66 0.028 0. 2.303 0. 0.
Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F(-2) B F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 135 135 367 176 0 1963 0 0
normalized size | 1 1. 2.72 1.3 0. 14.54 0. 0.
time (sec) N/A 0.11 7.904 0.027 0. 3.189 0. 0.
Problem 37 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F(-2) B F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 190 190 2553 284 0 3156 0 0
normalized size | 1 1. 13.44 1.49 0. 16.61 0. 0.
time (sec) N/A 0.194 14.746 0.027 0. 3.487 0. 0.
Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A F B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 54 54 123 51 0 317 0 347
normalized size | 1 1. 2.28 0.94 0. 5.87 0. 6.43
time (sec) N/A 0.046 0.391 0.041 0. 1.981 0. 1.395
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Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 32 32 62 34 0 193 0 230
normalized size | 1 1. 1.94 1.06 0. 6.03 0. 7.19
time (sec) N/A 0.027 0.069 0.028 0. 1.839 0. 1.387
Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 28 28 42 31 122 171 0 46
normalized size | 1 1. 1.5 1.11 4.36 6.11 0. 1.64
time (sec) N/A 0.019 0.063 0.026 1.679  2.166 0. 1.43
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 61 61 121 48 0 477 0 242
normalized size | 1 1. 1.98 0.79 0. 7.82 0. 3.97
time (sec) N/A 0.043 0.124 0.03 0. 1.927 0. 2.49
Problem 42 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 42 42 60 35 0 351 0 0
normalized size | 1 1. 1.43 0.83 0. 8.36 0. 0.
time (sec) N/A 0.025 0.044 0.027 0. 1.894 0. 0.
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 26 26 45 21 193 177 0 61
normalized size | 1 1. 1.73 0.81 7.42 6.81 0. 2.35
time (sec) N/A 0.017 0.033 0.025 1.694  2.106 0. 1.788
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Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 52 52 52 44 0 659 0 135
normalized size | 1 1. 1. 0.85 0. 12.67 0. 2.6
time (sec) N/A 0.098 0.145 0.025 0. 2.603 0. 1.722
Problem 45| Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 64 64 158 80 0 1413 0 0
normalized size | 1 1. 247 1.25 0. 22.08 0. 0.
time (sec) N/A 0.09 0.268 0.028 0. 2.097 0. 0.
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 33 33 33 29 0 304 0 82
normalized size | 1 1. 1. 0.88 0. 9.21 0. 2.48
time (sec) N/A 0.064 0.013 0.024 0. 2.02 0. 1.464
Problem 47, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 60 60 60 376 0 1079 0 277
normalized size | 1 1. 1. 6.27 0. 17.98 0. 4.62
time (sec) N/A 0.094 0.045 0.14 0. 2.251 0. 1.654
Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F A F B
verified N/A Yes NO TBD TBD TBD TBD TBD
size 54 54 134 330 0 593 0 132
normalized size | 1 1. 2.48 6.11 0. 10.98 0. 2.44
time (sec) N/A 0.091 1.552 0.147 0. 2.41 0. 1.516
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Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F B

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 59 59 59 68 0 841 0 163
normalized size | 1 1. 1. 1.15 0. 14.25 0. 2.76
time (sec) N/A 0.111 0.218 0.025 0. 2117 0. 1.403
Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A F(-2) B F F

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 59 59 137 99 0 884 0 0

normalized size | 1 1. 2.32 1.68 0. 14.98 0. 0.

time (sec) N/A 0.096 0.721 0.021 0. 3.008 0. 0.

Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F(-2) B A B

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 55 55 44 56 0 774 48 165
normalized size | 1 1. 0.8 1.02 0. 14.07  0.87 3.

time (sec) N/A 0.075 0.041 0.016 0. 2113 15.251 1.282
Problem 52 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F B F B

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 84 84 75 962 0 2087 0 404
normalized size | 1 1. 0.89 11.45 0. 24.85 0. 4.81
time (sec) N/A 0.131 0.056 0.194 0. 3.025 0. 1.485
Problem 53 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) B F B

verified N/A Yes NO TBD TBD TBD TBD TBD
size 92 92 674 421 0 945 0 228
normalized size | 1 1. 7.33 4.58 0. 10.27 0. 2.48
time (sec) N/A 0.154 6.903 0.204 0. 2.694 0. 1.474
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Problem 54 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F(-2) B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 82 82 69 88 0 1538 0 370
normalized size | 1 1. 0.84 1.07 0. 18.76 0. 4.51
time (sec) N/A 0.127 0.109 0.025 0. 2.219 0. 1.424
Problem 55 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-2) B F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 94 94 200 166 0 1589 0 0
normalized size | 1 1. 213 1.77 0. 16.9 0. 0.
time (sec) N/A 0.124 6.638 0.022 0. 3.079 0. 0.
Problem 56 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F(-2) B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 78 78 47 75 0 1416 70 270
normalized size | 1 1. 0.6 0.96 0. 18.15 0.9 3.46
time (sec) N/A 0.092 0.039 0.017 0. 2131 51.106 1.355
Problem 57 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 118 118 78 0 0 3457 0 686
normalized size | 1 1. 0.66 0. 0. 29.3 0. 581
time (sec) N/A 0.188 0.058 0.186 0. 4.233 0. 1.65
Problem 58 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) B F B
verified N/A Yes NO TBD TBD TBD TBD TBD
size 141 141 1450 1040 0 1477 0 351
normalized size | 1 1. 10.28 7.38 0. 10.48 0. 2.49
time (sec) N/A 0.241 8.058 0.48 0. 2.994 0. 1.409
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Problem 59 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 37 37 57 37 45 82 34 46
normalized size | 1 1. 1.54 1. 1.22 2.22 0.92 1.24
time (sec) N/A 0.062 0.033 0.022 1.63 1.824 0.454 1.212
Problem 60 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 90 90 86 139 0 2849 0 0
normalized size | 1 1. 0.96 1.54 0. 31.66 0. 0.
time (sec) N/A 0.135 0.151 0.057 0. 3.621 0. 0.
Problem 61 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 126 126 167 312 0 3946 0 0
normalized size | 1 1. 1.33 2.48 0. 31.32 0. 0.
time (sec) N/A 0.202 4.444 0.033 0. 4.316 0. 0.
Problem 62 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 41 41 41 65 0 686 0 78
normalized size | 1 1. 1. 1.59 0. 16.73 0. 1.9
time (sec) N/A 0.069 0.019 0.035 0. 3.295 0. 1.518
Problem 63 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 74 74 73 248 0 1628 0 211
normalized size | 1 1. 0.99 3.35 0. 22. 0. 2.85
time (sec) N/A 0.111 0.294 0.055 0. 3.807 0. 5.869
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Problem 64 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 117 117 114 602 0 3077 0 564
normalized size | 1 1. 0.97 515 0. 26.3 0. 4.82
time (sec) N/A 0.19 0.7 0.063 0. 4.736 0. 14.283

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of

number of rules .

the integrand. Finally the ratio —

integrand size

integral was to solve. In this test, problem number [59] had the largest ratio of [ 0.75 ]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand T
# | grade steps unique antideri\.zative leaf size togrand leal siz8
used rules leaf size

1 A 15 12 1. 25 0.48

2 A 3 2 1. 12 0.167

3 A 4 3 1. 14 0.214

4 A 4 3 1. 14 0.214

5 A 3 3 1. 14 0.214

6 A 5 5 1. 14 0.357

7 A 6 6 1. 14 0.429

3 A 4 4 1. 10 0.4

9 A 3 3 1. 10 0.3

10 A 3 3 1. 10 0.3

11 A 5 5 1. 12 0.417

12 A 4 4 1. 12 0.333

13 A 3 3 1. 12 0.25

14 A 4 3 1. 17 0.176

15 A 5 5 1. 17 0.294
Continued on next page

is given. The larger this ratio is, the harder the




Table 2.1 — continued from previous page

number of number of normalized .
# | grade steps unique antiderivative T:ifrs?;ed %
used rules leaf size

16 A 3 3 1. 15 0.2
17 A 5 5 1. 15 0.333
18 A 5 4 1. 17 0.235
19 A 6 6 1. 17 0.353
20 A 5 5 1. 15 0.333
21 A 7 5 1. 15 0.333
22 A 7 7 1. 17 0.412
23 A 6 6 1. 12 0.5
24 A 5 5 1. 17 0.294
25 A 6 6 1. 17 0.353
26 A 7 6 1. 17 0.353
27 A 8 8 1. 17 0.471
28 A 6 5 1. 15 0.333
29 A 8 6 1. 15 0.4
30 A 7 7 1. 17 0.412
31 A 8 8 1. 16 0.5
32 A 7 7 1. 16 0.438
33 A 6 6 1. 16 0.375
34 A 3 3 1. 16 0.188
35 A 4 4 1. 16 0.25
36 A 6 6 1. 16 0.375
37 A 7 6 1. 16 0.375
38 A 6 6 1. 12 0.5
39 A 5 5 1. 12 0.417
40 A 3 3 1. 12 0.25
41 A 7 6 1. 10 0.6
42 A 6 5 1. 10 0.5
43 A 3 3 1. 10 0.3
44 A 5 5 1. 17 0.294
45 A 6 6 1. 17 0.353
46 A 4 4 1. 15 0.267
47, A 7 5 1. 15 0.333

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized .
# | grade steps unique antiderivative 1?;:?22? %
used rules leaf size

48 A 5 5 1. 17 0.294
49 A 5 5 1. 17 0.294
50 A 4 4 1. 17 0.235
51 A 5 5 1. 15 0.333
52 A 8 6 1. 15 0.4
53 A 6 6 1. 17 0.353
54 A 6 6 1. 17 0.353
55 A 6 6 1. 17 0.353
56 A 6 5 1. 15 0.333
57 A 9 7 1. 15 0.467
58 A 7 7 1. 17 0.412
59 A 7 6 1. 8 0.75
60 A 8 7 1. 15 0.467
61 A 9 8 1. 15 0.533
62 A 4 4 1. 15 0.267
63 A 6 6 1. 15 0.4
64 A 7 7 1. 15 0.467
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Chapter 3

Listing of integrals

A+C cot?(c+dx)
31 [T dx

Optimal. Leaf size=233

— an(c+ax — \/_ an(c+ax,
(-0 1o HEEER) @-Otn (PEEER 1) (4 0o (Vetante + ) - V2V

V2vbd V2vbd 2v2Vbd

[Out] -(((A - C)*ArcTan[1 - (Sqrt[2]*Sqrt[b*Tan[c + d*x]])/Sqrt[b]l])/(Sqrt[2]*Sqr
t[b]l*d)) + ((A - C)*ArcTan[1 + (Sqrt[2]*Sqrt[b*Tan[c + d*x]])/Sqrt[bl])/(Sq
rt[2]*Sqrt[bl*d) - ((A - C)*Logl[Sqrt[b] + Sqrt[b]*Tan[c + d*x] - Sqrt[2]*Sq
rt[bxTan[c + d*x]]]1)/(2*Sqrt[2]*Sqrt[bl*d) + ((A - C)*Logl[Sqrt[b] + Sqrt[b]
xTan[c + dxx] + Sqrt[2]*Sqrt[b*Tan[c + d*x]1])/(2xSqrt[2]*Sqrt[b]*d) - (2*b

*C) / (3xd*(b*Tan[c + d*x])~(3/2))

Rubi [A] time = 0.299069, antiderivative size = 233, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 15, number of rules used = 12, integrand size = 25, o o TR
integrand size

= 0.48, Rules used = {3673, 3629, 12, 16, 3476, 329, 211, 1165, 628, 1162, 617, 204}

_ an(c+dx _1 [ \V2+/btan(c+dx
(-0t (1o BERER) a- Ot (BERER 1) (4 ) tog (VBtane + 4 - VBVETE
V2vbd V2+bd 2v2v/bd

Antiderivative was successfully verified.

[In] Int[(A + C*Cot[c + d*x]~2)/Sqrt[b*Tan[c + d*x]],x]
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[Out] -(((A - C)*ArcTan[1 - (Sqrt[2]*Sqrt[b*Tan[c + d*x]])/Sqrt[bl])/(Sqrt[2]*Sqr
t[b]*d)) + ((A - C)*ArcTan[1 + (Sqrt[2]*Sqrt[b*Tan[c + d*x]])/Sqrt[bl])/(Sq
rt[2]*Sqrt[b]*d) - ((A - C)xLogl[Sqrt[b] + Sqrt[b]*Tan[c + d*x] - Sqrt[2]*Sq
rt[bxTan[c + d*x]]1])/(2+Sqrt[2]*Sqrt[b]l*d) + ((A - C)*Log[Sqrt[b] + Sqrt[b]
*Tan[c + d*x] + Sqrt[2]*Sqrt[b*Tan[c + d*x]]])/(2xSqrt[2]*Sqrt[bl*d) - (2%b

*C) / (3*d* (b*Tan[c + d*x])~(3/2))

Rule 3673

Int[(cot[(e_.) + (£_.)*(x_)]1*(d_.))"(m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x
D17 (_.))"(p_.), x_Symbol] :> Dist[d”(n*p), Int[(d*Cot[e + fxx])~(m - n*p)
x(b + a*Cot[e + f*x]°n)7p, x], x] /; FreeQ[{a, b, d, e, £, m, n, p}, x] &&
IIntegerQ[m] && IntegersQ[n, p]

Rule 3629

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_)*((A_.) + (C_.)*xtan[(e_.) +
(f_.)*(x_)]172), x_Symbol] :> Simp[((A*b~2 + a~2*C)*(a + b*Tanle + f*x]) (m
+ 1))/ (bxfx(m + 1)*(a"2 + b"2)), x] + Dist[1/(a"2 + b"2), Int[(a + bxTanl[e
+ f*x])"(m + 1)*Simp[ax(A - C) - (Axb - b*C)*Tanl[e + f*x], x], x], x] /; F

reeQ[{a, b, e, f, A, C}, x] && NeQ[A*b~"2 + a~2*C, 0] && LtQ[m, -1] && NeQl[a

~2 + b~2, 0]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 16

Int[(u_D)*(w_ )" (m_.)*((b_)*x(v_))"(n_), x_Symbol] :> Dist[1/b"m, Int[u*x(bxv)
“(m + n), x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

Rule 3476

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
xn/(b"2 + x72), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rule 329

Int[((c_)*(x D))" (m )*((a_) + (b_)*(x_)"(n_)) (p_), x_Symbol] :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x"(kx(m + 1) - 1)*(a + (b*x~(k*n))/c~
n)°p, x], x, (cxx)~(1/k)], x1] /; FreeQl[{a, b, c, p}t, x] & IGtQ[n, O] && F
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ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 211

Int[((a_) + (b_.)*(x_)~4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b, 2]
], s = Denominator[Rt[a/b, 211}, Dist[1/(2*r), Int[(r - s*x"2)/(a + b*x"4),
x], x] + Dist[1/(2*r), Int[(r + s*x72)/(a + bxx~4), x], x]] /; FreeQ[{a, b
}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &&
AtomQ[SplitProduct [SumBaseQ, bl]l))

Rule 1165

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
(-2xd) /e, 2]}, Distle/(2%cxq), Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],
x] + Distl[e/(2*c*q), Int[(q + 2*x)/Simpl[d/e - gq*x - x~2, x], x], x1] /; Fre
eQl{a, c, d, e}, x] && EqQlcxd™2 - axe”2, 0] && NegQ[dxe]

Rule 628

Int[((d) + (e_.)x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent [a + b*x + c*x72, x]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rule 1162

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
(2*%d)/e, 21}, Distle/(2%c), Int[1/Simp[d/e + g*x + x72, x], x], x] + Dist[e
/(2xc), Int[1/Simpl[d/e - g*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQ[c*d”™2 - axe”2, 0] && PosQ[dx*el

Rule 617

Int[((a_) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x*S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xaxc])] /; Free
Ql{a, b, c}, x] & NeQ[b~2 - 4x*axc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] Il LtQ[b, 01)

Rubi steps



A+ Ccot?(c + dx)

Vb tan(c + dx)

* 3d(btan(c + dx))32
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C + Atan?(c + dx)
(btan(c + dx))52
2bC b(A - C) tan(c + dx)
3d(b tan(c + dx))3/2 f (btan(c + dx))3/2
2bC tan(c + dx)

+ba-0) [ 5

tan(c + dx))32 *
2bC

1
- +(A-C f S
3d(btan(c + dx))32 ( ) vbtan(c + dx) g

(b(A - C)) Subst (f N dx,x,btan(c + dx))

) 26C
3d(b tan(c + dx))2 d
e (Zb(A C)) Subst ( [ d «/m)
3d(b tan(c + dx))3/2 d
e (A - C)Subst ( [ 2 dx, m) (A - C)Subst ( [
“3d(btan(c + dx)2 d "
- (A= C) Subst ( [ o, \/m) (A=C)Sut
3d(b tan(c + dx)?2 2d -
_(A -C)log (\/l; + \/Etan(c + dx) — \/E\/m) . (A-0C)log (\/E + \/Etan(c +
2v2vbd 2v2b
(A-C)tan! (1 - ﬁ—wtjib““*d")) ) (A-C)tan! (1 n ﬁ—”tjgw")) (A-CQ)log (b
V2vbd V2Vbd

Mathematica [A] time = 0.802072, size = 148, normalized size = 0.64

—3\/§(A — C)v/tan(c + dx) (2 tan™! (1 - \/zx/tan(c + dx)) —2tan™! (\/Ex/tan(c + dx) + 1) + log (tan(c +dx) — \/E\/f

12d+/btan(c + dx)

Antiderivative was successfully verified.

[In] Integrate[(A + CxCot[c + d*x]72)/Sqrt[b*Tan[c + d*x]],x]

[Out] (-8*CxCot[c + d*xx] - 3*Sqrt[2]*(A - C)*(2xArcTan[l - Sqrt[2]*Sqrt[Tan[c + d
xx]]] - 2%ArcTan[1 + Sqrt[2]*Sqrt[Tan[c + d*x]]] + Logl[l - Sqrt[2]*Sqrt[Tan

[c + d*x]] + Tan[c + d*x]] - Logl[l + Sqrt[2]*Sqrt[Tan[c + d*x]] + Tan[c + d
*xx]])*Sqrt [Tan[c + dxx]])/(12*d*Sqrt[b*Tan[c + d*x]])
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Maple [C] time = 0.338, size = 2454, normalized size = 10.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A+Cxcot(d*xx+c)~2)/(bxtan(d*x+c))~(1/2),x)

[Out] 1/6/d*27(1/2)*(cos(d*x+c)+1) ~2*(-1+cos(d*x+c)) "2*(3*xI*xA*E1lipticPi(((1-cos(
dxx+c)+sin(d*x+c)) /sin(d*x+c))~(1/2),1/2-1/2*%I,1/2*2~(1/2) ) * ((-1+cos (d*x+c)
)/sin(d*x+c)) ~(1/2)*((-1+cos(d*x+c)+sin(d*x+c))/sin(d*x+c)) ~(1/2)*((1-cos(d
xx+c)+sin(d*xx+c))/sin(d*x+c)) ~(1/2) *sin(d*x+c)+3*I*C*xE1lipticPi(((1-cos(d*x
+c)+sin(d*x+c)) /sin(dxx+c)) " (1/2) ,1/2+1/2*%1,1/2*27(1/2) )*((-1+cos (d*x+c)) /s
in(d*x+c)) " (1/2) *((-1+cos (d*x+c)+sin(d*x+c) ) /sin(d*x+c) )~ (1/2) *((1-cos (d*x+
c)+sin(d*x+c))/sin(d*x+c)) ~(1/2)*sin(d*x+c)-3*I*A*E1lipticPi (((1-cos(d*x+c)
+sin(d*x+c))/sin(d*x+c)) ~(1/2),1/2+1/2%I,1/2%2~(1/2) ) *((-1+cos (d*x+c)) /sin(
d*x+c)) " (1/2)*((-1+cos (d*x+c)+sin(d*x+c))/sin(d*x+c) )~ (1/2)*((1-cos(d*x+c)+
sin(d*x+c))/sin(d*x+c))~(1/2)*sin(d*x+c)-3*I*Axcos (d*x+c)*E11lipticPi(((1-co
s(dxx+c)+sin(d*x+c))/sin(d*x+c))~(1/2) ,1/2+1/2%1,1/2%27(1/2) ) *((-1+cos (d*x+
c))/sin(d*x+c)) " (1/2) *((-1+cos (d*x+c)+sin(d*x+c)) /sin(d*x+c) )~ (1/2)*((1-cos
(d*x+c)+sin(d*x+c))/sin(d*x+c) )~ (1/2)*sin(d*x+c)+3*A*cos (d*x+c)*E1lipticPi(
((1-cos(d*x+c)+sin(d*x+c))/sin(d*x+c))~(1/2),1/2-1/2%I,1/2%27(1/2) ) *((-1+co
s(d*x+c))/sin(d*x+c) )~ (1/2)*((-1+cos(d*x+c)+sin(d*x+c)) /sin(d*x+c) )~ (1/2) *(
(1-cos(d*x+c)+sin(d*x+c))/sin(d*x+c) )~ (1/2) *sin(d*x+c)+3*A*xcos (d*x+c)*E1llip
ticPi(((1-cos(d*x+c)+sin(d*xx+c))/sin(d*xx+c)) " (1/2),1/2+1/2*%1,1/2%27(1/2) ) *(
(-1+cos(d*x+c))/sin(d*x+c) )~ (1/2)* ((-1+cos (d*x+c)+sin(d*x+c) ) /sin(d*x+c) )~ (
1/2)*((1-cos(d*x+c)+sin(d*x+c))/sin(d*x+c) )~ (1/2) *sin(d*x+c)-6*A*cos (d*x+c)
*E1lipticF(((1-cos(d*x+c)+sin(d*x+c))/sin(d*x+c))~(1/2),1/2x27(1/2))*((-1+c
os(d*x+c))/sin(d*x+c) )~ (1/2)*((-1+cos(d*x+c)+sin(d*x+c) ) /sin(d*x+c)) ~(1/2) *
((1-cos(d*x+c)+sin(d*x+c))/sin(d*x+c)) " (1/2) *sin(d*x+c)+3*I*Cxcos (d*x+c) *E1
lipticPi(((1-cos(d*x+c)+sin(d*x+c))/sin(d*x+c))~(1/2),1/2+1/2%1,1/2%x2~(1/2)
)*((~1+cos(d*x+c)) /sin(d*x+c)) " (1/2)*((-1+cos(d*x+c)+sin(d*x+c)) /sin(d*x+c)
)" (1/2)*%((1-cos(d*x+c)+sin(d*x+c) ) /sin(d*x+c)) ~(1/2) *sin(d*x+c)+3*I*A*cos(d
xx+c)*E11lipticPi (((1-cos(d*x+c)+sin(d*x+c))/sin(d*x+c))~(1/2),1/2-1/2%1,1/2
*27(1/2)) *((-1+cos (d*x+c) ) /sin(d*x+c)) " (1/2) *((-1+cos (d*x+c)+sin(d*x+c)) /si
n(d*x+c) )~ (1/2)*((1-cos(d*x+c)+sin(d*x+c) ) /sin(d*x+c)) ~(1/2) *sin(d*x+c)-3*C
*xcos (d*x+c)*E1lipticPi (((1-cos(d*x+c)+sin(d*x+c))/sin(d*x+c))~(1/2),1/2-1/2
*I,1/2%27(1/2))*((-1+cos(d*x+c))/sin(d*x+c)) " (1/2)*((-1+cos (d*x+c)+sin(d*x+
c))/sin(d*x+c)) " (1/2) *((1-cos(d*x+c)+sin(d*x+c))/sin(d*x+c) )~ (1/2) *sin (d*x+
c)-3*Cxcos (d*x+c) *E11lipticPi (((1-cos(d*x+c)+sin(d*x+c))/sin(d*x+c))~(1/2),1
/2+1/2%1,1/2%27(1/2) ) *((-1+cos(d*x+c) ) /sin(d*x+c)) "~ (1/2) *((-1+cos(d*x+c)+si
n(dxx+c))/sin(d*x+c)) ~(1/2)*((1-cos(d*x+c)+sin(d*x+c))/sin(d*x+c)) ~(1/2) *si
n(d*x+c)+6*Cxcos (d*x+c)*E1lipticF (((1-cos(d*x+c)+sin(d*x+c))/sin(d*x+c)) (1
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/2),1/2%27(1/2) )*((-1+cos(d*x+c))/sin(d*x+c)) ~(1/2)*((-1+cos (d*x+c)+sin(d*x
+c))/sin(d*x+c) )~ (1/2)*((1-cos(d*x+c)+sin(d*x+c) ) /sin(d*x+c)) ~(1/2) *sin(d*x
+c)-3*%I*xC*E1lipticPi (((1-cos(d*x+c)+sin(d*x+c))/sin(d*x+c))~(1/2),1/2-1/2%I
,1/2%27(1/2)) *((-1+cos(d*x+c) ) /sin(d*x+c) ) ~(1/2) * ((-1+cos (d*x+c)+sin(d*x+c)
)/sin(d*x+c)) " (1/2) *((1-cos (d*x+c)+sin(d*x+c)) /sin(d*x+c)) " (1/2) *sin(d*x+c)
-3%I*C*xcos (d*x+c)*E1lipticPi (((1-cos(d*x+c)+sin(d*x+c))/sin(d*x+c))~(1/2),1
/2-1/2%1,1/2%27(1/2) ) *((-1+cos(d*x+c) ) /sin(d*x+c)) " (1/2) *((-1+cos (d*x+c)+si
n(d*xx+c))/sin(d*x+c)) " (1/2) *((1-cos(d*x+c)+sin(d*x+c))/sin(d*xx+c) )~ (1/2) *si
n(d*x+c)+3*A*xE11ipticPi (((1-cos(d*x+c)+sin(d*x+c))/sin(d*x+c))~(1/2),1/2-1/
2%1,1/2%27(1/2))*((-1+cos(d*x+c))/sin(d*x+c) )~ (1/2)* ((-1+cos (d*x+c)+sin(d*x
+c))/sin(d*x+c) )~ (1/2)*((1-cos(d*x+c)+sin(d*x+c)) /sin(d*x+c)) " (1/2) *sin(d*x
+c)+3*xA*E1lipticPi (((1-cos(d*x+c)+sin(d*x+c))/sin(d*x+c))~(1/2),1/2+1/2%1,1
/2%27(1/2))*((-1+cos(d*x+c) ) /sin(d*x+c)) " (1/2) *((-1+cos (d*x+c)+sin(d*x+c))/
sin(d*x+c)) " (1/2)*((1-cos (d*x+c)+sin(d*x+c))/sin(d*x+c) )~ (1/2) *sin(d*x+c) -6
xAxE1lipticF(((1-cos(d*x+c)+sin(d*x+c))/sin(d*x+c))~(1/2),1/2%27(1/2))*((-1
+cos (d*x+c))/sin(d*x+c)) "~ (1/2) *((-1+cos (d*x+c)+sin(d*x+c)) /sin(d*x+c) )~ (1/2
)*((1-cos(d*x+c)+sin(d*x+c))/sin(d*x+c)) " (1/2) *sin(d*x+c)-3*CxE1lipticPi (((
1-cos(d*x+c)+sin(d*x+c))/sin(d*x+c))~(1/2),1/2-1/2%I,1/2%2~(1/2))*((-1+cos(
d*x+c))/sin(d*x+c) )~ (1/2)*((-1+cos(d*x+c)+sin(d*x+c) ) /sin(d*x+c)) " (1/2)*x((1
-cos (d*x+c)+sin(d*x+c))/sin(d*x+c)) ~(1/2)*sin(d*x+c)-3*CxE1llipticPi(((1-cos
(d*x+c)+sin(d*x+c) ) /sin(dxx+c)) " (1/2),1/2+1/2%I,1/2%x2~(1/2) ) * ((-1+cos (d*x+c
))/sin(d*x+c) )~ (1/2)*((-1+cos(d*x+c)+sin(d*x+c))/sin(d*x+c)) ~(1/2)*((1-cos(
dxx+c)+sin(d*x+c))/sin(d*x+c)) ~(1/2) *sin(d*x+c)+6*%C*E1lipticF (((1-cos(d*x+c
Y+sin(d*x+c))/sin(d*x+c))~(1/2),1/2%x27(1/2) ) *((-1+cos(d*x+c)) /sin(d*x+c) ) ~(
1/2)*((-1+cos (d*x+c)+sin(d*x+c)) /sin(d*x+c) )~ (1/2)*((1-cos(d*x+c)+sin(d*x+c
))/sin(d*x+c)) " (1/2) *sin(d*x+c)-2*%C*2~ (1/2) *cos (d*x+c) ~2) /sin(d*x+c) ~5/cos(
d*xx+c)/(bxsin(d*x+c) /cos (d*x+c))~(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+Cxcot(d*x+c)~2)/(b*tan(d*x+c))~(1/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 2.5714, size = 2959, normalized size = 12.7

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+C*cot (d*x+c)~2)/(b*tan(d*x+c))~(1/2),x, algorithm="fricas")

[Out] 1/12%(8*Cxsqrt(b*sin(d*x + c)/cos(d*x + c))*cos(d*x + c)72 + 12x(sqrt(2)*bx
dxcos(d*x + c¢)72 - sqrt(2)*b*xd)*((A™4 - 4%A73*C + 6%A72*%C"2 - 4xA*C~3 + C74
)/ ("2*%d"4)) " (1/4) *arctan((sqrt (2)*(A - C)*b*d~3*sqrt(b*sin(d*x + c)/cos(d*
x + c))*((A74 - 4xA73%xC + 6%A2xC"2 - 4*AxC~3 + C74)/(b"2xd"4))~(3/4) + sqr
t(2) *b*d"3*sqrt ((b~2*d"2*sqrt ((A™4 - 4*%A73*%C + 6%A~2*%C"2 - 4xA*C~3 + C74)/(
b~2xd"4))*cos(d*x + c) + sqrt(2)*(A - C)x*bxd*sqrt(b*sin(d*x + c)/cos(d*x +
c))*((A™4 - 4%A”3%C + 6%A"2%C72 - 4%A*C™3 + C74)/(b"2xd"4))~(1/4)*cos(d*x +
c) + (A™2 - 2%xA*C + C~2)*bxsin(d*x + c))/cos(d*x + c))*((A™4 - 4xA~3%C + 6
*AT2%C72 - 4*AxC”3 + C74)/(b™2%d"4))~(3/4) + A™4 - 4xA™3xC + 6%xA”2xC"2 - 4%
AxC™3 + C74)/(A™4 - 4xA™3*%C + 6%xA"2%C"2 - 4%A*C~3 + C74)) + 12*(sqrt(2)*bxd
xcos(d*x + ¢c)72 - sqrt(2)*bxd)*((A~4 - 4*%A™3%C + 6*%A"2xC"2 - 4*A*C~3 + C™4)
/(b72%d"4) )~ (1/4)*arctan((sqrt (2)*(A - C)*bxd~3*sqrt (b*sin(d*x + c)/cos(d*x
+ ¢c))*((A™4 - 4%A73*%C + 6%A72*%C"2 - 4xA*C~3 + C74)/(b"2%d"4))~(3/4) + sqrt
(2) *b*d~3*sqrt ((b™2+d"2*sqrt ((A™4 - 4*%A~3*C + 6%A72*%C"2 - 4xA*C"3 + C~4)/(b
~2%d"4))*cos(d*x + c) - sqrt(2)*(A - C)*b*xdxsqrt(b*sin(d*x + c)/cos(d*x + ¢
))*((A™4 - 4%A~3*%C + 6*%A"2*C"2 — 4%A*C™3 + C74)/(b~2*d~4) )~ (1/4) *cos(d*x +
c) + (A72 - 2%A*C + C™2)*bxsin(d*x + c))/cos(d*x + c))*((A~4 - 4*A"3xC + 6%
A™2%C™2 - 4xA*C”3 + C74)/(b"2%d"4))"(3/4) - A™4 + 4xA73%C - 6%xA72*%C™2 + 4xA
*C™3 - C74)/(A™4 - 4xA™3%C + 6%xA"2*%C"2 - 4%A*C~3 + C74)) + 3*x(sqrt(2)*b*xd*c
os(d*x + ¢c)72 - sqrt(2)*b*d)*((A~™4 - 4*%A73%C + 6*%A72xC"2 - 4*xAxC"3 + C74)/(
b~2*%d"4) )~ (1/4)*1og((b~2%d"2*sqrt ((A™4 - 4*A~3*C + 6*%A~2xC"2 - 4xA*xC"3 + C~
4)/(b~2*%d"4))*cos(d*x + c) + sqrt(2)*(A - C)*b*xd*sqrt(bxsin(d*x + c)/cos(d*
x + c))*x((A74 - 4xA73*%C + 6%xA"2*%C"2 - 4*A*C™3 + C74)/(b~2*d"4))~(1/4)*cos(d
xx + ¢c) + (A72 - 2*%AxC + C™2)*b*sin(d*x + c))/cos(d*x + c)) - 3*x(sqrt(2)*bx
dxcos(d*x + ¢c)72 - sqrt(2)*b*xd)*((A™4 - 4*%A~3*%C + 6%xA~2*xC"2 - 4xA*C~3 + C™4
)/ (b72%xd~4))~(1/4) *1log ((b~2*%d"2*sqrt ((A"4 - 4xA™3*%C + 6%xA"2%C"2 - 4%A*C~3 +
C™4)/(b~2%d"4))*cos(d*x + c) - sqrt(2)*(A - C)*b*d*sqrt(b*sin(d*x + c)/cos
(d*x + c))*((A™4 - 4%A™3xC + 6%A72xC"2 - 4*%AxC~3 + C74)/(b"2%d"4))~(1/4)*co
s(d*x + c) + (A72 - 2%AxC + C"2)*b*sin(d*x + c))/cos(d*x + c¢)))/(bxd*cos(d*
X + ¢c)72 - bxd)

Sympy [F] time = 0., size = 0, normalized size = 0.

fA+C“€“+”M

X
Vb tan (c + dx)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((A+Cxcot (d*x+c)**2)/(b*tan(d*x+c))**(1/2),x)

[Out] Integral((A + Cxcot(c + d*x)**x2)/sqrt(bxtan(c + d*x)), x)

Giac [A] time = 1.3892, size = 335, normalized size = 1.44

V(V2 -2 VFTan@)

V3( AT - CIH) arctan (\/5(\/5\@22\/_\'/; tan(dx+6))) V2(AVIbl - CVbl) arctan (— Wi ) V2(Ay
+

2bd * 2bd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+Cx*cot (d*x+c)~2)/(b*tan(d*x+c))”(1/2),x, algorithm="giac")

[Out] 1/2*sqrt(2)*(Axsqrt(abs(b)) - Cxsqrt(abs(b)))*arctan(l/2xsqrt(2)*(sqrt(2)*s

grt(abs(b)) + 2*sqrt(bxtan(d*x + c)))/sqrt(abs(b)))/(b*xd) + 1/2xsqrt(2)*(Ax

sqrt(abs(b)) - Cxsqrt(abs(b)))*arctan(-1/2*sqrt(2)*(sqrt(2)*sqrt(abs(b)) -

2xsqrt (bxtan(d*x + c)))/sqrt(abs(b)))/(b*xd) + 1/4xsqrt(2)*(A*sqrt(abs(b)) -
Cxsqrt(abs(b)))*log(bxtan(d*x + c) + sqrt(2)*sqrt(b*tan(d*x + c))*sqrt(abs

(b)) + abs(b))/(b*xd) - 1/4xsqrt(2)*(A*sqrt(abs(b)) - Cxsqrt(abs(b)))*log(b*
tan(d*x + c) - sqrt(2)*sqrt(bxtan(d*x + c))*sqrt(abs(b)) + abs(b))/(b*xd) -
2/3%C/ (sqrt(b*tan(d*x + c))*d*tan(d*x + c))
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32  [(a+bcot’(c+dx)) dx

Optimal. Leaf size=20

b cot(c + dx)
ax — — Q- bx

[Out] a*x - b*x - (b*Cot[c + d*xx])/d

Rubi [A] time = 0.0125953, antiderivative size = 20, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 12, LT

0.167, Rules used = {3473, 8}

integrand size

b cot(c + dx)
ax — ——— —

7 bx

Antiderivative was successfully verified.

[In] Int[a + b*Cot[c + d*xx]~2,x]
[Out] a*x - bxx - (b*Cot[c + dx*xx])/d

Rule 3473

Int[((b_.)*tan[(c_.) + (d_)*(x_)1)"(n_), x_Symbol] :> Simp[(b*(bxTan[c + d
*x])"(n - 1))/(d*x(n - 1)), x] - Dist[b"2, Int[(b*Tan[c + d*x])"(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rubi steps

f (a +beot?(c + dx)) dx=ax+b fcotz(c + dx)dx

. bcot(2+dx) —bfldx

b cot(c + dx)
d

=ax—bx-
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Mathematica [C] time = 0.0224386, size = 34, normalized size = 1.7

b cot(c + dx)Hypergeometric2F1 (—%,1, %, —tan?(c + dx))
ax —
d

Antiderivative was successfully verified.

[In] Integratel[a + b*Cot[c + dxx]~2,x]

[Out] a*x - (b*Cot[c + d*x]*Hypergeometric2F1[-1/2, 1, 1/2, -Tan[c + d*x]~2])/d

Maple [A] time = 0.004, size = 31, normalized size = 1.6

ax + g (— cot (dx +c) + g — arccot (cot (dx + c)))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(a+b*cot(d*x+c)~2,x)

[Out] a*x+b/d*(-cot(d*x+c)+1/2*xPi-arccot (cot (d*x+c)))

Maxima [A] time = 1.46544, size = 31, normalized size = 1.55

1
tan(dx+c) )b
d

(dx+c+

ax —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atb*cot(d*x+c)~2,x, algorithm="maxima"

[Out] a*x - (d*x + c + 1/tan(d*x + c))*b/d

Fricas [B] time = 2.12406, size = 105, normalized size = 5.25

(a-Db)dxsin(2dx +2c)—bcos(2dx+2c)-b
dsin(2dx + 2¢)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atb*cot(d*x+c)~2,x, algorithm="fricas")

[Out] ((a - b)*d*x*sin(2*d*x + 2%c) - b*cos(2xd*x + 2%c) - b)/(d*sin(2*d*x + 2%c)
)

Sympy [A] time = 0.14367, size = 22, normalized size = 1.1

s+ b x - (;erx) ford #0
x cot? (c) otherwise

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(atb*cot(d*x+c)**2,x)

[Out] a*x + bxPiecewise((-x - cot(c + dx*x)/d, Ne(d, 0)), (x*xcot(c)**x2, True))

Giac [A] time = 1.21556, size = 54, normalized size = 2.7

1;1) —tan(%dx-i— %C)]b

2dx+2c+
tan(z dx+§c

ax —
2d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atb*cot(d*x+c)~2,x, algorithm="giac")

[Out] a*x - 1/2%(2*%d*x + 2*c + 1/tan(1/2*%d*x + 1/2%c) - tan(1l/2*d*xx + 1/2%*c))x*b/d
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33  [(a+boeot?(c+dv) dx

Optimal. Leaf size=47

b(2a — b) cot(c + dx)

b2 cot>(c + dx)
3d

x(a - b)? -

[Out] (a - b)"2xx - ((2%a - b)*b*Cot[c + d*x])/d - (b~2*Cot[c + d*x]~3)/(3%d)

Rubi [A] time = 0.0333153, antiderivative size = 47, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 14, e -

integrand size
0.214, Rules used = {3661, 390, 203}

b(2a - b) cot(c + dx)

b2 cot3(c + dv)

AV
x(@="b) 3d

Antiderivative was successfully verified.

[In] Int[(a + b*Cot[c + dx*xx]~2)72,x]

[Out] (a - b)"2xx - ((2*xa - b)*bxCot[c + d*x])/d - (b"2xCot[c + d*x]~3)/(3xd)

Rule 3661

Int[((a_) + (b_.)*((c_.)*tanl(e_.) + (f_)*(x_)]1)"(m_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tanl[e + f*x], x]}, Dist[(c*xff)/f, Subst[Int[(a + bx*(
ffxx)"n)p/(c”2 + ff72*x72), x], x, (cxTanl[e + fxx])/ff], x1] /; FreeQ[{a,
b, ¢, e, £, n, pt, x] && (IntegersQ[n, p] || IGtQlp, O] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rule 390

Int[((a_) + (b_)*x(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> Int[PolynomialDivide[(a + b*x"n)7p, (c + d*x™n)~(-q), x], x] /; FreeQ[{a
, b, ¢, d}, x] && NeQ[bxc - axd, 0] && IGtQ[n, 0] && IGtQ[p, 0] && ILtQl[q,
0] && GeQlp, -q]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
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, 01 Il GtQlb, 0])

Rubi steps

1442

(a+bx2)2
Subst f dx, x, cot(c + dx)

f (a +b cotz(c + dx))2 dx = —

d
Subst (f ((2a - b)b + b’x? + %) dx, x, cot(c + dx))
- d
1
__(2a-Db)bcot(c +dx) b2 cot®(c + dx) ) (a — b)? Subst (f —— dx, x, cot(c + dx))
) d 3d y
_ (ll _ b)Zx _ (261 - b)b COt(C + dx) B bZ COtS(C + dX)
i d 3d

Mathematica [A] time = 1.13173, size = 71, normalized size = 1.51

cot(c + dx) (b (6a + beot?(c + dx) - 3b) + 3(a — b)%4/- tan?(c + dx) tanh ™" (w/— tan?(c + dx)))

3d

Antiderivative was successfully verified.

[In] Integratel[(a + b*Cot[c + d*x]~2)72,x]

[Out] -(Cot[c + dxx]*(b*x(6*a - 3*b + b*Cot[c + d*x]~2) + 3*(a - b) 2*ArcTanh[Sqrt
[-Tan[c + d*x]~2]1*Sqrt[-Tan[c + d*x]~2]))/(3*d)

Maple [A] time = 0.004, size = 68, normalized size = 1.5

1 (_ b2 (cot (dx + ¢))°

- 3 —2 cot (dx + c)ab + b? cot (dx + c) + (—a2 +2ab - bz) (g — arccot (cot (dx + c))))

d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*cot(d*x+c)~2)"2,x)
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[Out] 1/d*(-1/3*b"2*cot (d*x+c) ~3-2%cot (d*x+c) *a*xb+b~2*cot (d*x+c)+(-a~2+2*xa*xb-b"2)
*(1/2%Pi-arccot (cot (d*x+c))))

Maxima [A] time = 1.47559, size = 85, normalized size = 1.81

2_
2@x+c+ L )d: @dx+3c+3§ﬂ@ﬁ%iﬁ2
5 tan(dx+c) + tan(dx+c)

e i 3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(d*x+c)~2)72,x, algorithm="maxima"

[Out] a"2*x - 2*%(d*x + ¢ + 1/tan(d*x + c))*a*b/d + 1/3*%(3xd*x + 3*xc + (3*xtan(d*x
+ ¢c)”2 - 1)/tan(d*x + c)~3)*xb"2/d

Fricas [B] time = 1.64923, size = 296, normalized size = 6.3

2bzcos(2dx+20)—2(3ab—2172)(:08(2dx+2c)2 +6ab-20% +3((a2 —2ab+b2)dxcos(2dx+2c) - (a2 —2ab+
3(dcos(2dx+2c)—d)sin(2dx + 2c¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*cot(d*x+c)~2)72,x, algorithm="fricas")

[Out] 1/3%(2*b"2*%cos(2*%d*x + 2*c) - 2*%(3*axb - 2*xb"2)*cos(2*xd*x + 2%c)~2 + 6*axb
- 2%b72 + 3%((a”2 - 2*axb + b"2)*d*xx*cos(2xd*x + 2*c) - (a2 - 2%axb + b"2)
*d*xx) *sin (2*%d*xx + 2*c))/((d*xcos(2*%d*x + 2*%c) - d)*sin(2*xd*x + 2%c))

Sympy [A] time = 0.312768, size = 68, normalized size = 1.45
2. _ 2ab cot (c+dx) 2. b cot® (c+dx) b2 cot (c+dx)
acx — 2abx —zd + b*x o + - ford #0
X (a + beot? (c)) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*cot (d*x+c)**2)**2 x)
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[Out] Piecewise((ax*2xx - 2%a*b*xx - 2*axb*cot(c + d*x)/d + b*x*2*xx - b**2xcot(c +
d*xx)**x3/(3*%d) + b**2*xcot(c + d*x)/d, Ne(d, 0)), (xx(a + bxcot(c)**x2)**x2, Tr

ue))

Giac [B] time = 1.182006, size = 154, normalized size = 3.28

2aabtan(L derlc) -
a ani X+EC -

3
bztan(%dx+ %c) +24abtan(%dx+ %c) —15b2tan(%dx+ %c) +24(a2 —2ab+b2)(dx+c)— (1
tan P

244
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(d*x+c)~2)72,x, algorithm="giac")

[Out] 1/24x(b"2*xtan(1/2*xd*x + 1/2%c)”3 + 24xaxbxtan(1l/2*d*x + 1/2%c) - 15%b~2*tan
(1/2%d*xx + 1/2*%c) + 24x(a”2 - 2*a*xb + b™2)*x(d*x + c) - (24xaxbxtan(1/2*d*x
+ 1/2%c)”2 - 15%b"2xtan(1/2xd*x + 1/2%c)”2 + b~2)/tan(1/2*d*x + 1/2%c)~3)/d
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34  [(a+boot?(c+dv) dx

Optimal. Leaf size=78

b cot>(c + dx)
5d

2 2
b (3a 3ab+b ) cot(c + dx) B b%(3a — b) cot>(c + dx) 4 x(a— by -
d 3d
[Out] (a - b)"3%xx — (b*x(3%a~2 - 3*a*b + b~2)*Cot[c + d*x])/d - ((3*a - b)*b~2*Cot
[c + d*x]~3)/(3%d) - (b~3*Cot[c + d*x]~5)/(5%d)

Rubi [A] time = 0.0472866, antiderivative size = 78, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 14, > %% _

integrand size
0.214, Rules used = {3661, 390, 203}

b cot>(c + dx)
5d

b (3a? — 3ab + b?) cot(c + dx 203, — 3
B ( d) ( )_b(3u b);;t (C+dx)+x(a—b)3—

Antiderivative was successfully verified.

[In] Int[(a + bxCot[c + d*x]~2)"3,x]

[Out] (a - b)"3*x — (b*(3*%a”2 — 3*axb + b"2)*Cot[c + d*x])/d - ((3*a - b)*b~2*xCot
[c + d*x]~3)/(3*%d) - (b~3*Cot[c + d*x]~5)/(5%d)

Rule 3661

Int[((a_) + (b_.)*((c_.)*tanl(e_.) + (f_)*(x_)1)"(m_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tanl[e + f*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
ffxx)"n)p/(c”2 + f£f72*x72), x], x, (cxTanl[e + fxx])/ff], x1] /; FreeQl{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, p] || IGtQlp, O] || EqQ[n~2, 4] || E
qQ[n~2, 16]1)

Rule 390

Int[((a_) + (b_)*x_ )" (@ )) " (p)*((c) + (d_)*(x_)"(n_)) (g ), x_Symbol]
:> Int[PolynomialDivide[(a + b*x"n)"p, (c + d*x™n)~(-q), x], x] /; FreeQ[{a
, b, ¢, d}, x] && NeQ[b*c - a*d, 0] && IGtQ[n, 0] & IGtQlp, 0] && ILtQ[q,
0] && GeQlp, -q]

Rule 203
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
(a, 2]11)/(Rt[a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQlb, 01)

Rubi steps

(a+bx2)3

Subst ( f 2 dx, x, cot(c + dx))

f (a +beot?(c + dx))3 dx = — 7

_1h)3
Subst ([ (b (34% - 3ab + 12) + (30 - b2 + 0+ 0
d

) dx, x, cot(c + dx))

3 Q.
b(3a2 = 3ab + 1) cot(c +dx)  (Ba— )P cotdc+dx) BPeotdc+dr) @S
d 3d 5d
b (3a2 —3ab + bz) cot(c+dx)  Ba-b)b?cot®(c +dx) b cot®(c + dx)
d 3d 5d

= (a-b)%x -

Mathematica [A] time = 2.75154, size = 111, normalized size = 1.42

15(a-b)3 tan®(c+dx) tanh‘l(1 |- tan(c+

3/2
)

cot>(c +dx)|b (15 (3a2 —3ab + bz) tan*(c + dx) + 5b(3a — b) tan®(c + dx) + 3b2) +

(— tanz(c+dx)

15d
Antiderivative was successfully verified.

[In] Integrate[(a + b*Cot[c + d*x]72)73,x]

[Out] -(Cot[c + dxx]~5*((156x(a - b)~3*ArcTanh[Sqrt[-Tan[c + d*x]~2]]*Tan[c + d*x]
~8)/(-Tan[c + d*x]~2)"(3/2) + bx(3*xb"2 + 5%(3%xa — b)*b*Tan[c + d*x]~2 + 15%
(3%a”"2 - 3*axb + b~2)*Tan[c + d*xx]~4)))/(15%d)

Maple [A] time = 0.004, size = 116, normalized size = 1.5

(cot (dx + ¢))° b3

3 — 3 cot (dx + c) a®b + 3 ab? cot (dx + ¢) — b cot (dx +

— (cot (dx + ¢))® ab? +

1( b3 (cot (dx + c))°
|l 5

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((a+b*cot(d*x+c)”~2)"3,x)

[Out] 1/d*x(-1/5%b~3*cot(d*x+c) "5-cot (d*x+c) "3xaxb~2+1/3*xcot (d*x+c) “3*b~3-3*cot (d*
x+c) *a”~2xb+3*axb~2*cot (d*x+c)-b " 3*xcot (d*x+c)+(-a~3+3*a~2*%b-3*xaxb"2+b"3) *(1/
2*%Pi-arccot (cot (d*x+c))))

Maxima [A] time = 1.46974, size = 151, normalized size = 1.94

2 4 2
3 (dx to+ 1 )azb (3 dx+3c+ 3 tan(dx+c)3 1 )ab2 (15 dx+15¢c + 15 tan(dx+c) -5 tarsl(dx+c) +3)b3
tan(dx-+c) " tan(dx+c) _ tan(dx+c)

d d 15d

adx —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(d*x+c)~2)73,x, algorithm="maxima")

[Out] a"3*x - 3*%(d*x + c + 1/tan(d*x + c))*a"2xb/d + (3*d*x + 3xc + (3xtan(d*x +
c)”2 - 1)/tan(d*x + c)~3)*a*xb~2/d - 1/15%(15*d*x + 15%c + (15%tan(d*x + c)~
4 - Bxtan(d*x + c)”2 + 3)/tan(d*x + c)~5)*b~3/d

Fricas [B] time = 1.6678, size = 583, normalized size = 7.47

(45a%b - 60 ab? + 231°) cos (2dx + 2¢)° + 45a2h — 30 ab? + 13b° — (45 a%b — 30 ab? + b%) cos (2dx + 2)* - (45 a?b
15 (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(d*x+c)~2)73,x, algorithm="fricas")

[Out] -1/15%((45*a"2*b - 60*a*b”2 + 23*b~3)*cos(2xd*x + 2xc)~3 + 45%a”2*b - 30*ax
b"2 + 13*b~3 - (45%a"2%b - 30*a*b”2 + b~3)*cos(2*d*x + 2%c)”2 - (45*%a"2*b -
60*a*b”2 + 11*b~3)*cos(2*xd*x + 2*c) - 156%((a”3 - 3*a"2*b + 3*a*b™2 - b~3)*
d*x*cos(2xd*x + 2*xc)~2 - 2%(a”3 - 3*a”"2*b + 3*axb”2 - b~3)*d*x*cos(2*xd*x +

2xc) + (a”3 - 3%a”2*b + 3*axb”2 - b~3)*d*x)*sin(2xdxx + 2%c))/((d*cos (2xd*xx

+ 2%c) 72 - 2*d*xcos(2xdxx + 2*%c) + d)*sin(2xd*x + 2%c))




Sympy [A] time = 0.698127, size = 126, normalized size = 1.62
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d d d 5d

{u:;x _ 3a2bx _ 3a2b cot (c+dx) + 3ab2x _ ab? cot® (c+dx) + 3ab? cot (c+dx) _ ng _ b3 cot® (c+dx) b3 cot® (c+dx) _ b3 cot (c+dx)

X (a + b cot? (c))3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot (d*x+c)**2)**3,x)

[Out] Piecewise((a**3*x — 3*xa*x*x2xbxx — 3*xa*x*2xbkxcot(c + d*x)/d + 3*xa*xb*x*x2*xx - ax*b
*x2xcot (¢ + d*xx)**x3/d + 3*axb**x2*xcot(c + d*x)/d - b**x3*x - b**3*xcot(c + d*x
)*x5/(5%d) + bx*3xcot(c + dxx)**x3/(3*%d) - bx*x3xcot(c + d*x)/d, Ne(d, 0)),

x*x(a + bxcot(c)**2)**x3, True))

3d

(

Giac [B] time = 1.24844, size = 309, normalized size = 3.96

303 tan (= dx + = 5+60 b tan (= dx + = ’
an > X 2C a an 3 X 2C

d

for

ot]

3
- 3503 tan (% dx + %c) + 720 a%b tan (% dx + %c) —900 ab? tan (%c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(d*x+c)~2)73,x, algorithm="giac")

[Out] 1/480%(3*b~3*tan(1/2*d*x + 1/2%c)”5 + 60*axb”2xtan(1/2xd*xx + 1/2*%c)”3 - 3bx*
b~3xtan(1/2xd*x + 1/2%c)”3 + 720*xa"2xbxtan(1/2%d*x + 1/2%c) - 900*a*b”~2xtan
(1/2*d*xx + 1/2*%c) + 330*%b~3*xtan(1/2xd*x + 1/2%c) + 480%(a~3 - 3*a~2%b + 3*a

*b72 - b73)*(d*x + c) - (720%a"2*bxtan(1/2*d*x + 1/2%c)”4 - 900*a*b~2*xtan(1

/2%d*x + 1/2%c)”4 + 330%b"3*xtan(1/2*xd*x + 1/2*%c)"4 + 60*axb”~2xtan(1l/2*xd*x +
1/2*%c)”2 - 35%b~3*xtan(1/2*xd*x + 1/2%c)”2 + 3*b~3)/tan(1/2xd*x + 1/2%c)"5)/

d
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35 [—

a+b(xﬁ2(c+dx)

Optimal. Leaf size=49

—1 { Vbcot(c+dx)
Vot ()

Jada—b)  a-b

[Out] x/(a - b) + (Sqrt[b]*ArcTan[(Sqrt[b]*Cot[c + d*x])/Sqrtl[all])/(Sqrtlal*(a -
b) *d)

Rubi [A] time = 0.0726474, antiderivative size = 49, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 14, e e .

0.214, Rules used = {3660, 3675, 205}

-1 b cot(c+dx)
Vo (B2E22)

Jad@a-b)  a-b

integrand size

Antiderivative was successfully verified.

[In] Int[(a + b*Cot[c + d*x]~2)~(-1),x]

[Out] x/(a - b) + (Sqrt[bl*ArcTan[(Sqrt[b]*Cot[c + d*x])/Sqrtlall)/(Sqrtlal*(a -
b)*d)

Rule 3660

Int[((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]1"2)"(-1), x_Symbol] :> Simp[x/(a -
b), x] - Dist[b/(a - b), Int[Secl[e + f*xx]~2/(a + bxTan[e + f*x]~2), x], x]
/; FreeQ[{a, b, e, f}, x] && NeQ[a, b]

Rule 3675

Int[sec[(e_.) + (£_)*(x_)]1 " (m )*((a_) + (b_.)*((c_.)*tan[(e_.) + (f_.)*(x_
Y1) ))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x], x]}, Dis
t[ff/(c"(m - 1)*f), Subst[Int[(c™2 + f£72%xx72)"(m/2 - 1)*(a + b*x(ff*x)"n) p
, x], x, (cxTan[e + fx*x])/ff], x]1] /; FreeQ[{a, b, c, e, f, n, p}, x] && In
tegerQ[m/2] && (IntegersQ[n, pl || IGtQ[m, 0] || IGtQlp, 0] || EqQ[n~2, 4]
|| EqQ[n~2, 16]1)
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Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

b f csc?(c+dx)

f 1 gy = X a+b cot?(c+dx)
a + b cot?(c + dx) a-b a-b
1
x . b Subst (f — dx, x, cot(c + dx))
T a-b (a—0b)d
-1 \/Ecot(c+dx)
v Votan (Se)

a-b" " ala- by

Mathematica [A] time = 0.0530562, size = 49, normalized size = 1.

\/E tan-1 ( Vatan(c+dx) )

tan~(tan(c + dx)) - 7 b

ad — bd

Antiderivative was successfully verified.

[In] Integratel[(a + b*Cot[c + d*x]~2)~(-1),x]

[Out] (ArcTan[Tan[c + d*x]] - (Sqrt[bl*ArcTan[(Sqrt[al*Tan[c + d*x])/Sqrt[bl])/Sq
rt[al)/(axd - b*d)

Maple [A] time = 0.021, size = 64, normalized size = 1.3

T arccot (cot (dx + c)) b
2d@a-1) ia-1) MY TEE)

1
arctan (b cot (dx +¢c) —

1
)
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(atb*cot(d*x+c)”~2),x)
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[Out] -1/2/d/(a-b)*Pi+1/d/(a-b)*arccot(cot(d*x+c))+1/d*b/(a-b)/(a*b)~(1/2)*arctan
(cot (d*x+c)*b/(axb)~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cot(d*x+c)~2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.77972, size = 574, normalized size = 11.71

b (a2+6 ab+b2) cos(2 dx+2 c)2+4 (az—ab—(u2+ab) cos(2 dx+2 c)), / —g sin(2 dx+2 ¢)+a%—6 ab+b>-2 (az—bz) cos(2dx+2c) |
4dx — \|—-log 2 2dx + A/
a (a2—2 ab+b2) cos(2dx+2 ¢) +a+2 ab+b2-2 (az—bz) cos(2dx+2¢) |

4(a-b)d

7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cot(d*x+c)~2),x, algorithm="fricas")

[Out] [1/4*(4*d*x - sqrt(-b/a)*log(((a”2 + 6*a*xb + b~2)*cos(2xd*x + 2%c)~2 + 4x*(a
72 - axb - (a”2 + axb)*cos(2*d*x + 2xc))*sqrt(-b/a)*sin(2xd*xx + 2%c) + a~2

- 6*%axb + b72 - 2x(a”2 - b"2)*cos(2*xd*xx + 2%c))/((a”2 - 2*axb + b~2)*cos(2x*

dxx + 2%c)72 + a”2 + 2%a*xb + b72 - 2*%(a”2 - b"2)*cos(2xd*x + 2xc))))/((a -

b)*d), 1/2*%(2xd*x + sqrt(b/a)*arctan(1/2*((a + b)*cos(2xd*x + 2%c) - a + b)

*xsqrt (b/a)/(b*sin(2*d*x + 2%c))))/((a - b)*d)]
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Sympy [A] time = 2.16574, size = 279, normalized size = 5.69

— fora=0Ab=0Ad=0
cot” (¢) .
X
d cot (c+dx) —
— fora=0
dx cot? (c+dx) dx _ cot (c+dx) fora=b
2bd cot? (c+dx)+2bd  2bd cot? (c+dx)+2bd  2bd cot? (c+dx)+2bd
X
— ford =0
a+b cot” ()
;_‘ forb=0
. 1 . 1
21'\/de\/§ log (—1\/5\/5+c0t (c+dx)) log (1\/5\/;+cot (c+dx)) 0 .
T - + - — - T - otherwise
2in2d\[I2ivabay[s  2inZd\[T-2iyabayt 2ia2 T2yt

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cot (d*x+c)**2) ,x)

[Out] Piecewise((zoo*x/cot(c)**2, Eq(a, 0) & Eq(b, 0) & Eq(d, 0)), ((-x + 1/(d*co
t(c + d*x)))/b, Eq(a, 0)), (d*xxcot(c + dxx)**2/(2%b*dxcot(c + d*x)**2 + 2%

b*xd) + dxx/(2xb*d*cot(c + d*x)**2 + 2%b*d) - cot(c + d*x)/(2*b*d*cot(c + dx*
X)**2 + 2xbxd), Eq(a, b)), (x/(a + b*xcot(c)**2), Eq(d, 0)), (x/a, Eq(b, 0))

, (2%Ixsqrt(a)*d*xx*sqrt(1/b)/(2*I*xax*x(3/2)*d*sqrt(1/b) - 2xIxsqrt(a)*b*d*sq
rt(1/b)) + log(-Ixsqrt(a)*sqrt(1/b) + cot(c + d*x))/(2xIxa*x*(3/2)*d*sqrt(1/

b) - 2*xIxsqrt(a)*bxd*sqrt(1/b)) - log(I*sqrt(a)*sqrt(1/b) + cot(c + d*x))/(
2*%Ikax* (3/2)*d*sqrt (1/b) - 2*I*xsqrt(a)*b*xd*sqrt(1/b)), True))

Giac [B] time = 1.21528, size = 178, normalized size = 3.63

2 \/gtan(dxﬂ)

2 \/Itan(d‘(+c)
dete 1 2 tan(d dete 1
\‘ J:C-;_iJ-f—ar(;tan —_— Vab 71{ ):C+§J+arCtan ||l
a+b+(a+b)2—4ab a+b—/ (a+b)2~4ab
a a
|a-b] a2|a-b|
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cot(d*x+c)~2),x, algorithm="giac")

[Out] ((pi*floor((d*x + c)/pi + 1/2) + arctan(2*sqrt(l/2)*tan(d*x + c)/sqrt((a +
b + sqrt((a + b)72 - 4*axb))/a)))/abs(a - b) - sqrt(a*b)*(pi*floor((d*x + c

)/pi + 1/2) + arctan(2xsqrt(1/2)*tan(d*x + c)/sqrt((a + b - sqrt((a + b)~2

- 4*axb))/a)))*abs(a)/(a"2*abs(a - b)))/d
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1

3.6 s dx
(a+b COtZ(C+dx))
Optimal. Leaf size=97
_ \/Ecot(c+dx)
Vb(3a - b) tan™ ( Va ) N b cot(c + dx) X
2a%2d(a - b)> 2ad(a — b) (a + beot?(c + dx)) (a - b)>

[Out] x/(a - b)72 + ((3*a - b)*Sqrt[b]l*ArcTan[(Sqrt[b]*Cot[c + d*x])/Sqrtl[al]l)/(2
*¥a~(3/2)*(a - b)"2%d) + (b*Cotl[c + dx*x])/(2%xax(a - b)*d*(a + b*Cot[c + d*x]
~2))

Rubi [A] time = 0.100319, antiderivative size = 97, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 14, L

integrand size
0.357, Rules used = {3661, 414, 522, 203, 205}

1 \/Ecot(c+dx)
\/5(311 - b) tan (T) b cot(c + dx) x

+ +
2a%2d(a - b2 2ad(a - b) (a+beot?(c +dx))  (a—b)

Antiderivative was successfully verified.

[In] Int[(a + b*Cot[c + d*x]~2)~(-2),x]

[Out] x/(a - b)"2 + ((3*a - b)*Sqrt[bl*ArcTan[(Sqrt[b]*Cot[c + d*x])/Sqrtl[all)/(2
*¥a~ (3/2)*%(a - b)"2xd) + (b*Cotl[c + dxx])/(2*xax(a - b)*d*x(a + b*Cot[c + d*x]
~2))

Rule 3661

Int[((a_) + (b_.)*((c_.)*tanl[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tanl[e + fx*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
ffxx)"n)p/(c”2 + ff72*x72), x], x, (cxTanle + fxx])/ff], x1] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, pl || IGtQlp, O] || EqQ[n~2, 4] || E
qQ[n~2, 16]1)

Rule 414

Int[((a_) + (b_)*x(x_)"(m_)) " (p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> =Simp[(b*x*(a + b*x"n) " (p + 1)*(c + d*x"n)~(q + 1))/(a*n*x(p + 1)*(b*c -
axd)), x] + Dist[1/(a*nx(p + 1)*(b*c - axd)), Int[(a + bxx™n) (p + 1)*(c +
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d*x"n) “q*Simp[b*c + n*x(p + 1)*(bxc - axd) + d*bx(n*(p + q + 2) + 1)*x"n, x]
, xJ, x] /; FreeQ[{a, b, ¢, d, n, q}, x] && NeQ[b*c - axd, 0] && LtQ[p, -1]
&& !'( !IntegerQ[p] && IntegerQ[ql && LtQ[g, -1]) &% IntBinomialQ[a, b, c,
d, n, p, q, x]

Rule 522

Int[((e ) + (£_)*(x_)"(n_))/(((a) + (b_)*x(x_)"(m_))*((c_) + (d_.)*(x_)"(
n_))), x_Symbol] :> Dist[(bxe - axf)/(b*c - a*xd), Int[1/(a + b*x"n), x], xI]
- Dist[(d*e - cx*f)/(b*xc - axd), Int[1/(c + d*x"n), x], x] /; FreeQ[{a, Db,
c, d, e, £, n}, x]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtl[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
Subst dx, x, cot(c + dx
1 (f (1+x2)(a+bx2)2 ( ))
f 7 dx = - y
(a +beot?(c + dx))
2a-b-bx?
_ b cot(c + dx) _ Subst (f W dx, x, cot(c + dx))
2a(a — b)d (a +b cotz(c + dx)) 2a(a - b)d
B b cot(c + dx) Subst (f ﬁ dx, x, cot(c + dx)) . ((3a — b)b) Subst |
2a(a - b)d (a +bcot?(c + dx)) (a—b)2d >
_1 [ Vbcot(c+dx)
x (3a - b)Vbtan (T) b oot(c + d)

= + +
(a-Db)? 2a%2(a - b)>d 2a(a — b)d (a +beot?(c + dx))
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Mathematica [A] time = 0.877054, size = 90, normalized size = 0.93

_ -1 \/Ecot(cﬂix)
Yortytn ( ¥a ) + blazb)cotlcrdx) _ 2 tan_l(cot(c + dx))
a3/2 u(a+b cotz(c+dx))

24(a - by?

Antiderivative was successfully verified.

[In] Integrate[(a + b*Cot[c + d*x]~2)~(-2),x]

[Out] (-2*ArcTan[Cot[c + d*x]] + ((3*a - b)*Sqrt[b]*ArcTan[(Sqrt[b]*Cot[c + d*x])
/Sqrtlal])/a~(3/2) + ((a - b)*b*Cot[c + d*x])/(ax(a + b*Cot[c + d*x]72)))/(

2%(a - b)~2xd)

Maple [B] time = 0.028, size = 173, normalized size = 1.8

s arccot (cot (dx + ¢)) bcot (dx + ¢) b? cot (dx + c) 3
_Zd( 7t 2 + 2 2\ 2 Nt
a-b) d(a-Db) 2d(a-b)*(a+b(cot (dx+0)®) 2d(a-ba(a+b(cot(dx+c)?) 2d(a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(at+b*cot(d*x+c)~2)"2,x)

[Out] -1/2/d/(a-b)~2xPi+1/d/(a-b) "2*arccot(cot (d*x+c))+1/2/d/(a-b) "2*b*cot (d*x+c)
/ (a+b*cot (d*x+c)~2)-1/2/d/ (a-b) "2*¥b~2/a*cot (d*x+c) / (a+b*cot (d*x+c) ~2)+3/2/4

/ (a-b) "2*b/ (axb) ~(1/2)*arctan(cot (d*x+c) *b/ (axb) ~(1/2))-1/2/d/ (a-b) "2*¥b"2/a

/ (axb) " (1/2)*arctan(cot (d*x+c)*b/ (axb) ~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cot(d*x+c)~2)72,x, algorithm="maxima")

[Out] Exception raised: ValueError
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Fricas [B] time = 1.89343, size = 1184, normalized size = 12.21

(a2+6 ab

8(a2 —ab)dxcos(de+20) —8(&12 +ab)dx+ (3a2 +2ab-b% - (Baz —4ab+b2) cos(2dx+2c)) —Zlog[

8 ((a4 - 3a%b + 3 a2b? - ab3)d cos (2 da

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cot(d*x+c)~2)"2,x, algorithm="fricas")

[Out] [1/8*%(8*(a”"2 - a*b)*d*x*cos(2*d*x + 2*c) - 8*(a”2 + axb)*d*x + (3*a”2 + 2x*a
*b - b"2 - (3xa”2 - 4xaxb + b"2)*cos(2xd*x + 2xc))*sqrt(-b/a)*log(((a”2 + 6
*axb + b72)*cos(2xd*x + 2*xc)"2 + 4%x(a”2 - a*xb - (2”2 + axb)xcos(2*d*x + 2%*c
))*sqrt(-b/a)*sin(2xd*x + 2%c) + a2 - 6*axb + b2 - 2%(a”2 - b72)*cos(2xd*
x + 2*xc))/((a”2 - 2%axb + b"2)*cos(2xd*x + 2%c)”2 + a”2 + 2*axb + b72 - 2x(
a"2 - b"2)*xcos(2xd*xx + 2%c))) - 4x(axb - b"2)*sin(2xd*x + 2%c))/((a”4 - 3*a
“3*b + 3*%a"2%b"2 - a*b”~3)*d*cos(2*d*x + 2*c) - (a”4 - a"3%b - a"2%b”2 + ax*b
“3)*d), 1/4*%(4x(a”2 - axb)*dxx*cos(2*d*x + 2*c) - 4*x(a”2 + axb)*d*x - (3*a”
2 + 2%axb - b72 - (3%a”2 - 4*axb + b~2)*cos(2*d*x + 2%c))*sqrt(b/a)*arctan(
1/2%((a + b)*cos(2xd*x + 2%c) - a + b)*sqrt(b/a)/(bxsin(2xd*x + 2%c))) - 2%
(a*b - b"2)*sin(2*xd*x + 2*c))/((a”4 - 3*a"3*b + 3*a"2*xb"2 — a*b~3)*d*cos (2%
d*x + 2*c) - (2”4 - a~3*%b - a"2*b"2 + a*xb~3)*d)]

Sympy [A] time = 151.394, size = 2086, normalized size = 21.51

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cot(d*x+c)**2)**2,x)

[Out] Piecewise((zooxx/cot(c)**4, Eq(a, 0) & Eq(b, 0) & Eq(d, 0)), ((x - 1/(d*cot
(c + d*x)) + 1/(3*d*cot(c + d*x)**x3))/b**2, Eq(a, 0)), (x/(a + b*cot(c)**2)
xx2, Eq(d, 0)), (x/ax*2, Eq(b, 0)), (4*Ixaxx(5/2)*d*x*sqrt(1/b)/(4xI*xa*xx*(9/
2) *d*sqrt (1/b) + 4*xIxa*xx(7/2)*bxd*xsqrt(1l/b)*cot(c + dxx)**2 — 8xIkaxx*(7/2)*
bxd*sqrt (1/b) - 8*Ikxax*(5/2)xb*x2*xd*sqrt(1/b)*cot(c + d*xx)**2 + 4xIxa*xx*(5/2
) ¥b*x2xd*sqrt (1/b) + 4xIxax*(3/2)*b*x3*d*sqrt(1/b)*cot(c + d*x)**2) + 4xIxa
*% (3/2) xbxd*x*sqrt (1/b) *cot (c + d*x)**2/(4xIxax*(9/2)*d*sqrt(1/b) + 4*xIxaxx*
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(7/2)*b*xd*sqrt (1/b)*cot(c + d*x)**2 — 8*Ixa*x*(7/2)*bxd*sqrt(1/b) - 8*xIxaxx*(
5/2) xb*xx2*d*sqrt (1/b) *cot (c + d*x)**2 + 4*xIxaxx(5/2)*b**2xd*xsqrt(1/b) + 4x*I
xaxx (3/2) ¥b**3*xd*sqrt (1/b)*cot (c + dxx)**2) + 2xIxa*x*(3/2)*b*xsqrt(1/b)*cot(
c + dxx)/(4*xIxa*xx(9/2)*d*sqrt(1/b) + 4xIkax*(7/2)*b*xd*sqrt(1/b)*cot(c + d*x
)*x2 — 8kxIkax*(7/2)xbxd*sqrt(1/b) - 8*xIxax*(5/2)*b*x2xd*sqrt(1/b)*cot(c + d
*xx)*%2 + 4xIxaxk(5/2)*bx*k2xd*sqrt (1/b) + 4*Ikxax*(3/2)*b*x3*d*xsqrt(1/b)*cot(
c + d*xx)*x2) - 2xI*xsqrt(a)*b**2xsqrt(1/b)*cot(c + dxx)/(4*I*xax*(9/2)*d*sqrt
(1/b) + 4xIkxax*x(7/2)*b*xd*sqrt(1/b)*cot(c + d*x)**2 - 8*xIxax*xx(7/2)*b*xd*sqrt(
1/b) - 8xIkax*(5/2)*b**2xd*sqrt(1/b)*cot(c + d*x)**2 + 4*xIkax*x(5/2)*xb**2*xd*
sqrt (1/b) + 4*xIxax*(3/2)*b**3xd*sqrt(1/b)*cot(c + dxx)**2) + 3*ka*x*2*log(-Ix*
sqrt(a)*sqrt(1/b) + cot(c + d*x))/(4xI*ax*x(9/2)*d*sqrt(1/b) + 4xIxax*(7/2)x*
bxd*sqrt (1/b)*xcot(c + dxx)**2 — 8xIxax*(7/2)*b*d*sqrt(1/b) - 8xIxa*x(5/2)*Db
*xk2xd*sqrt (1/b) *cot (¢ + d*x)**2 + 4*Ikax*x(5/2)*xb*x2*xd*sqrt(1/b) + 4*xIxax*xx(3
/2) *b**3*%d*sqrt (1/b)*cot (c + d*x)**2) - 3*ax*2xlog(Ixsqrt(a)*sqrt(1/b) + co
t(c + d*x))/(4xI*xax*x(9/2)*d*sqrt(1/b) + 4xIxaxx*(7/2)*bxd*sqrt(1/b)*cot(c +
d*xx)**2 — 8kIxax*(7/2)*b*xd*sqrt(1/b) - 8xIxax*(5/2)*b**x2*xd*sqrt(1/b)*cot(c
+ dxx)*x*2 + 4xIxax*x(5/2)*b*xx2*xd*sqrt (1/b) + 4*xIxax*(3/2)*b**3*xd*sqrt(1/b)*c
ot(c + d*x)**2) + 3*axbxlog(-Ixsqrt(a)*sqrt(1/b) + cot(c + d*x))*cot(c + dx
x)**k2/ (4xI*ax* (9/2) *dxsqrt (1/b) + 4xIxaxx*(7/2)*bxd*sqrt(1/b)*cot(c + d*x)**
2 - 8*Ixaxx(7/2)*b*d*sqrt(1/b) - 8*Ixa*xx(5/2)*b**2xd*sqrt(1/b)*cot(c + dxx)
*x*%2 + 4xIxa*xx(5/2)*bx*2xd*sqrt(1/b) + 4xIxa*xx(3/2)*b**3*d*sqrt(1/b)*cot(c +
d*x)**2) - axbxlog(-I*sqrt(a)*sqrt(1/b) + cot(c + d*x))/(4*xI*xa*x*(9/2)*d*sq
rt(1/b) + 4xIxax*(7/2)*bxd*sqrt(1/b)*cot(c + d*x)**2 - 8*Ikxax*(7/2)*b*d*sqr
t(1/b) - 8*Ixax*x(5/2)*xb**2*xd*sqrt(1/b)*cot(c + d*xx)**2 + 4xIxax*(5/2)*b**2%
dxsqrt(1/b) + 4*xIxax*xx(3/2)*b**3*xd*sqrt(1/b)*cot(c + dxx)**2) - 3*axb*xlog(Ilx*
sqrt(a)*sqrt(1/b) + cot(c + dxx))*cot(c + d*x)**2/(4*xIxax*(9/2)*d*sqrt(1/b)
+ 4xI*xax*x(7/2)*xbkxd*sqrt (1/b)*cot(c + d*x)**2 - 8*Ixaxx(7/2)*b*d*sqrt(1/b)
- 8*%Ixax*(5/2)*b*x2xd*sqrt (1/b) *cot(c + d*x)**2 + 4xI*xa**(5/2)*bx*2xd*sqrt (
1/b) + 4xIkax*(3/2)*b**3*xd*sqrt(1/b)*cot(c + d*x)**2) + axb*xlog(I*sqrt(a)*s
qrt(1/b) + cot(c + dx*x))/(4xI*ax*(9/2)*d*sqrt(1/b) + 4xIxaxx*(7/2)*bxd*sqrt(
1/b)*cot(c + d*xx)**2 — 8kIxax*(7/2)*b*xd*sqrt(1/b) - 8xIxax*(5/2)*b*x2*d*sqr
t(1/b)*cot(c + d*x)**2 + 4*xIxaxx(5/2)*b*x*2xd*xsqrt(1/b) + 4xIxax*(3/2)*b**3%
dxsqrt(1/b)*cot(c + d*x)**2) - b**2xlog(-Ixsqrt(a)*sqrt(1l/b) + cot(c + d*x)
)*kcot(c + d*x)**2/(4xIxa*x*(9/2)*d*xsqrt(1/b) + 4*xIxax*xx(7/2)*b*xdxsqrt(1/b)*co
t(c + d*x)*x2 - 8*Ikax*x(7/2)*b*xd*sqrt(1/b) - 8*Ixax*x(5/2)*b**x2*xd*sqrt(1/b)*
cot(c + dxx)**2 + 4xIxaxx(5/2)*b*x*2*xd*sqrt(1/b) + 4xIxax*(3/2)*b**3*xd*sqrt(
1/b)*cot(c + d*xx)**2) + b*x2xlog(I*sqrt(a)*sqrt(1/b) + cot(c + d*x))*cot(c
+ dxx)**2/ (4d*IT*a*x*(9/2) *d*xsqrt (1/b) + 4xIxa*x*(7/2)*bxd*sqrt(1/b)*cot(c + dx
x)**%2 — 8xIxax*(7/2)*bxd*sqrt(1/b) - 8xIxax*(5/2)*bx*2xd*sqrt(1/b)*cot(c +
dxx) **%2 + 4xIxax*(5/2)*bx*2xd*sqrt (1/b) + 4xI*ax*(3/2)*b*x*3*d*sqrt(1/b)*cot
(c + d*x)**2), True))
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Giac [A] time = 1.23714, size = 166, normalized size = 1.71

(T({ % + % Jsgn(a)+arctan( atan(dx+o ))(3 ab—bz)

\ab 2 (dx+c) _ btan(dx+c)
(u3—2 a2b+ub2)\/% a2-2 ab+b? (a tan(dx+c)2+b)(a2—ab)

2d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cot(d*x+c)~2)72,x, algorithm="giac")

[Out] -1/2*((pi*floor((d*x + c)/pi + 1/2)*sgn(a) + arctan(a*tan(d*x + c)/sqrt(ax*b
)))*(3xaxb - b72)/((a”™3 - 2*a"2%b + a*b"2)*sqrt(axb)) - 2*(d*x + c)/(a"2 -
2%axb + b~2) - bxtan(d*x + c)/((axtan(d*x + ¢c)72 + b)*(a”2 - axb)))/d
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1

3.7 s dx
(a+b COtZ(C+dx))
Optimal. Leaf size=150
2 2 -1 \/Ecot(c+dx)
Vb (1547 - 10ab + 36) tan (—\/E ) . b7a-3bcotletdn) b cot(c + dx)
8a52d(a - b)3 8a2d(a — b)* (a +beot>(c +dx))  4ad(a - b) (a+beot?(c + dx))2

[Out] x/(a - b)7"3 + (Sqrt[bl*(15*%a”2 - 10%axb + 3*b~2)*ArcTan[(Sqrt[b]*Cot[c + dx*
x])/Sqrt[al]l)/(8xa~(5/2)*(a - b)~3*d) + (b*Cotl[c + d*x])/(4*a*x(a - b)*d*(a

+ b*Cot[c + d*x]~2)72) + ((7*a - 3*b)*b*Cot[c + d*x])/(8*a"2x(a - b) " 2*xd*(a

+ bxCot[c + d*x]~2))

Rubi [A] time = 0.156941, antiderivative size = 150, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 14, e -

0.429, Rules used = {3661, 414, 527, 522, 203, 205}

integrand size

Vb (15[12 —10ab + 3b2) tan~! (M)

\/E

b(7a — 3b) cot(c + dx) N b cot(c + dx)

8a%2d(a - b)° 8a2d(a — b)>? (ﬂ +bcot®(c + dx)) 4ad(a - b) (u +bcot?(c + dx))2

Antiderivative was successfully verified.

[In] Int[(a + b*Cot[c + d*x]~2)~(-3),x]

[Out] x/(a - b)~"3 + (Sqrt[bl*(15*%a~2 - 10%*axb + 3*b~2)*ArcTan[(Sqrt[b]l*Cot[c + d*
x])/8qrt[al]l)/(8*a~(5/2)*(a - b)~3xd) + (b*Cot[c + d*x])/(4*ax(a - b)*d*(a

+ bxCot[c + d*x]~2)72) + ((7*a - 3*b)*b*xCot[c + d*x])/(8*a"2*(a - b) 2*d*(a

+ b*xCot [c + d*x]~2))

Rule 3661

Int[((a_) + (b_.)*((c_.)*tanl[(e_.) + (£_)*x(x_)1)" (@ ))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tanl[e + f*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
ff*xx)™n)"p/(c”2 + ££72%xx72), x], x, (c*xTanl[e + f*xx])/ff], x]] /; FreeQl{a,
b, c, e, £, n, p}, x] & (IntegersQ[n, p] || IGtQlp, 0] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rule 414

(a-

(a-
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Int[((a_) + (b_.)*xx_D)"(m_)) " (p_)*x((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> -Simp[(b*x*(a + b*x™n) " (p + 1)*(c + d*x"n)~(q + 1))/(a*xn*(p + 1)*x(bxc -
axd)), x] + Dist[1/(a*nx(p + 1)*(b*c - axd)), Int[(a + bxx™n) " (p + 1)*(c +
d*x"n) “g*Simp [b*c + nx(p + 1)*(b*c - a*xd) + d*bx(nx(p + q + 2) + 1)*x"n, x]
, xJ, x] /; FreeQ[{a, b, c, d, n, q}, x] && NeQ[b*c - axd, 0] && LtQ[p, -1]
&& !'( !IntegerQ[p] && IntegerQ[ql && LtQ[q, -1]) &% IntBinomialQ[a, b, c,
d, n, p, q, xJ

Rule 527

Int[((a_) + (b_.)*(x_)"(n_))"(p)*((c_) + (d_)*(x_)"(m_))"(q_.)*((e) + (f
_D*(x_)"(n_)), x_Symbol] :> -Simp[((b*e - axf)*x*x(a + bxx™n) (p + 1)*(c +
d*x™n)~(q + 1))/ (a*n*x(b*c - a*xd)*(p + 1)), x] + Dist[1/(a*n*(b*c - a*xd)*(p
+ 1)), Int[(a + bxx™n) " (p + 1)*(c + d*x"n) g*Simp[c*x(bxe - axf) + exn*(b*c
- axd)*x(p + 1) + d*x(b*e - axf)*x(nx(p + q + 2) + 1)*x"n, x], x], x] /; FreeQ
[{a, b, ¢, d, e, f, n, q}, x] && LtQlp, -1]

Rule 522

Int[(Ce) + (£_)*xx_)"(m_))/(((a_) + (b_)*(x_)"(m_))*((c_) + (d_.)*x(x_)"(
n_))), x_Symbol] :> Dist[(b*xe - axf)/(b*c - a*d), Int[1/(a + b*x"n), x], x]
- Dist[(d*e - c*f)/(bxc - axd), Int[1/(c + d*x"n), x], x] /; FreeQ[{a, b,
c, d, e, £, n}, x]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 205
Int[((a_) + (b_.)*x(x_)"2)"(-1), x_Symbol]l :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/Db]

Rubi steps
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Subst | [— 22— dx, x, cot(c + dx
1 (f (142) (a+b22) ( ))
f 3dx == d
(a +beot?(c + dx))
Subst (f &%Xzz dx, x, cot(c + dx))
3 b cot(c + dx) ~ (1+x2)(a+bx2)
4a(a - b)d (u +beot?(c + dx))2 4a(a - b)d
8a2~7ab+3l
B b cot(c + dx) . (7a - 3b)b cot(c + dx) ~ Subst (f (1+x2
4a(a - b)d (a + beotX(c +dv)).  8a%(a—b)d (a + beot?(c + dv)) €
1
_ b cot(c + dx) . (7a — 3b)b cot(c + dx) ~ Subst (f Tz X0
4a(a - b)d (a +beot?(c + dx))2 8a?(a — b)*d (11 +beot?(c + dx)) (@~ by
2 2 -1 \/Ecot(c+dx)
_x Vb (1542 - 10ab + 3b?) tan (T) bcot(c + dv) |
(a=by 8a%2(a - by’d 4a(a - b)d (u +beot?(c + dx))2

Mathematica [A] time = 0.286408, size = 138, normalized size = 0.92

Vb cot(c+dx)

Va ) b(7a-3b)(a—b) cot(c+dx) 2b(a-b)? cot(c+dx)

Vb(1542-10ab+3b?) tan_l(
> =8 tan™!(cot(c + dx))

a5/2 az(a+h cotz(c+dx)) u(a+b cotz(c+dx))

8d(a - b)?

Antiderivative was successfully verified.

[In] Integratel[(a + b*Cot[c + d*x]~2)~(-3),x]

[Out] (-8*ArcTan[Cot[c + d*x]] + (Sqrt[b]l*(15%xa”2 - 10*a*b + 3xb~2)*ArcTan[(Sqrt[
bl *Cot [c + d*x])/Sqrtl[al]l)/a~(5/2) + (2*(a - b) 2*b*Cot[c + d*x])/(ax(a + b

xCot [c + d*x]72)72) + ((7*a - 3xb)*(a - b)*b*Cot[c + d*x])/(a"2x(a + b*Cot[

c + dxx]72)))/(8*(a - b)7~3*d)

Maple [B] time = 0.026, size = 363, normalized size = 2.4

T N arccot (cot (dx + ¢)) N 7 b? (cot (dx + c))3 _ 5 (cot (dx + c))3 b

2d(a-b)° d(a-b)’ 8d(a—b) (a+b(cot(@x+0)P)  4d(@-b)>(a+b(eot(@r+a)f) a 8d
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cot(d*x+c)~2)"3,x)

[Out] -1/2/d/(a-b) " 3*Pi+1/d/(a-b) ~3*arccot(cot (d*x+c))+7/8/d*b~2/(a-b) "3/ (a+b*cot
(d*x+c)~2) "2*cot (d*x+c) “3-5/4/d*b~3/ (a-b) "3/ (atb*cot (d*x+c) “2) “2/a*cot (d*x+
c)~3+3/8/d*b~4/(a-b) "3/ (at+b*cot (d*x+c) ~2) “2/a"2*cot (d*x+c) ~3+9/8/d*b/ (a-b) ~

3/ (a+b*xcot (d*x+c) ~2) “2*a*cot (d*x+c)-7/4/d*b~2/ (a-b) ~3/ (a+b*cot (d*x+c) ~2) 2%

cot (d*x+c)+5/8/d*b"3/(a-b) "3/ (a+b*cot (d*x+c) ~2) "2/a*cot (d*x+c)+15/8/d*b/ (a-

b) "3/ (a*b) ~(1/2)*arctan(cot (d*x+c)*b/(a*xb)~(1/2))-5/4/d*b~2/(a-b) ~3/a/ (a*xb)
~(1/2)*arctan(cot (d*x+c) *b/ (a*xb) ~(1/2))+3/8/d*b~3/(a-b) ~3/a"2/(a*xb) ~(1/2)*a
rctan(cot (d*x+c)*b/ (axb) ~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cot(d*x+c)~2)73,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 2.25495, size = 2361, normalized size = 15.74

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cot(d*x+c)~2)73,x, algorithm="fricas")

[Out] [1/32*%(32*x(a"4 - 2*xa~3%b + a~2*b~2)*d*x*cos(2xd*x + 2%c)"2 - 64*(a"4 - a™2%
b~2) *d*x*cos (2*%d*x + 2%c) + 32*x(a"4 + 2*a~3xb + a~2*%b"2)*d*x - (15%a"4 + 20
*a"3%b - 2%a”"2%b"2 - 4*axb”3 + 3*%b"4 + (15%a”4 - 40*a”~3*b + 38*%a"2*xb"2 - 16
*a*xb~3 + 3*b74)*cos(2xdxx + 2%c)”2 - 2*%(156%a”4 - 10*a~3*b - 12%a"2%b"2 + 10
*xa*xb”3 - 3*b74)*cos(2*xd*x + 2%c))*sqrt(-b/a)*log(((a”2 + 6*a*xb + b~2)*cos(2
xd*x + 2%c)”2 + 4x(a”2 - axb - (a”2 + axb)*cos(2*d*x + 2xc))*sqrt(-b/a)*sin
(2%d*x + 2%c) + a”2 - 6*xaxb + b™2 - 2%x(a”2 - b"2)*cos(2*xd*x + 2*c))/((a"2 -
2%a*xb + b72)*cos(2xd*x + 2%c)"2 + a2 + 2*axb + b72 - 2*x(a”2 - b"2)*cos (2%
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d*x + 2*%c))) + 4x(9*%a"3*b - 7*a"2*b"2 - bxaxb”3 + 3*¥b"4 - 3*(3*%a"3*b - T*a”
2*%b~2 + 5¥xaxb”™3 - b~4)*cos(2*xd*x + 2xc))*sin(2xd*xx + 2*c))/((a”7 - 5*xa”6xb
+ 10*%a”5%b”"2 - 10*a~4%b~3 + 5*a”3*b"4 - a”~2*b”"5)*d*xcos (2*d*x + 2%c) 72 - 2x%(
a7 — 3*%a”"6xb + 2*xa~5*b"2 + 2*%a~4xb”"3 - 3*a"3%b"4 + a~2*b”"5)*d*xcos (2*xd*x +

2%c) + (a7 - a"6*xb - 2*xa"5xb"2 + 2%¥a"4%b"3 + a"3*b"4 - a"2*xb"5)*d), 1/16%*(
16x (a4 - 2*a”3%b + a~2%b~2)*d*x*cos (2*xd*x + 2*%c)”2 - 32%(a”4 - a~2xb"2)*dx
x*kcos(2xdxx + 2%c) + 16*%(a”4 + 2*a”~3*%b + a~2%b"2)*d*x + (15*a”4 + 20*a”~3%Db

- 2*%a”2%b"2 - 4*axb”3 + 3*b"4 + (15%a"4 - 40*a"3*b + 38*a"2%b"2 16*xaxb”™3

+ 3*b74)*cos(2xd*xx + 2%c)”2 - 2*%(15%a”"4 - 10*a”~3*b - 12*a"2%b"2 + 10*a*xb~3

- 3*%b~4)*cos(2+d*x + 2xc))*sqrt(b/a)*arctan(1/2x((a + b)*cos(2xd*x + 2%c) -
a + b)*sqrt(b/a)/(b*sin(2*xd*x + 2xc))) + 2%(9%a”~3%b - 7*a"2%b”2 - 5*axb”3

+ 3*b74 - 3% (3*a"3xb - 7*a"2%b”2 + B*xaxb”3 - b74)*cos(2*d*x + 2*c))*sin(2*d
*x + 2%¢))/((a”7 - 5*a~6xb + 10*a~5*%b”2 - 10*a~4*b~3 + 5xa~3%b"4 - a~2*b”5)
*d*cos (2*%d*x + 2*%c)”2 - 2x(a”7 - 3*a"6*b + 2*a"5*b"2 + 2*xa"4xb"3 - 3*a~3*b”
4 + a~2xb75)*d*cos(2*d*x + 2*c) + (277 - a"6%b - 2*¥a”b*b”2 + 2*a"4*xb"3 + a”
3%b~4 - a”~2%b”5)*d)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cot(d*x+c)**2)**3,x)

[Out] Timed out

Giac [A] time = 1.24144, size = 278, normalized size = 1.85

2, 2 3 dx+e 1 (atan(dx+c)))
(15 a"b-10ab°+3b )(n{ n t2 Jsgn(a)+arctan Vab 8 (dx+c) 9a2b tan(dx+c)3—5 ab? tan(dx+c)3+7 ab? tan(dx+c)-3 b3 tan(dx+
EEFER RN PR (#2028 andesof 1)
8d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cot(d*x+c)~2)73,x, algorithm="giac")

[Out] -1/8%((15*%a~2*b - 10*a*b~2 + 3*b~3)*(pi*floor((d*x + c)/pi + 1/2)*sgn(a) +
arctan(axtan(d*x + c)/sqrt(a*xb)))/((a”5 - 3*a~4*xb + 3*a~3*b"2 - a~2*b~3)*sq
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rt(axb)) - 8x(d*x + c)/(a”3 - 3*%a~2%b + 3*%axb”2 - b~3) - (9*a~2*bxtan(d*x +
c)”"3 - bkxaxb"2xtan(d*x + ¢)~3 + T*xaxb"2xtan(d*x + c) - 3*xb"3xtan(d*x + c))
/((a”4 - 2*%a~3xb + a"2*%b"2)*(axtan(d*x + c)”2 + b)"2))/d
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3.8 f (1 + COtZ(x))3/2 dx

Optimal. Leaf size=22
1 1.
5 cot(x)vVesc2(x) — > sinh™" (cot(x))

[Out] -ArcSinh[Cot[x]]/2 - (Cot[x]*Sqrt[Csc[x]~2])/2

Rubi [A] time = 0.0184442, antiderivative size = 22, normalized size of antiderivative =

. . b f rul
1., number of steps used = 4, number of rules used = 4, integrand size = 10, e

integrand size
0.4, Rules used = {3657, 4122, 195, 215}

—% cot(x)yesc(x) — % sinh™" (cot(x))

Antiderivative was successfully verified.

[In] Int[(1 + Cot[x]"2)"(3/2),x]
[Out] -ArcSinh[Cot[x]]/2 - (Cot[x]*Sqrt[Csc[x]~2])/2

Rule 3657

Int[(u_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(a*sec[e + f*x]72)7pl, x] /; FreeQ[{a, b, e, f, p}, x] && EqQ
[a, b]

Rule 4122

Int[((b_.)*sec[(e_.) + (f_.)*(x_)172)"(p_), x_Symbol] :> With[{ff = FreeFac
tors[Tan[e + f*x], x]}, Dist[(b*ff)/f, Subst[Int[(b + b*ff 2*x"2)"(p - 1),
x], x, Tanle + fxx]/ff], x]1] /; FreeQ[{b, e, f, p}, x] & !IntegerQ[p]

Rule 195

Int[((a_) + (b_)*(x_ )" (n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n) p)/(n*p
+ 1), x] + Dist[(a*n*p)/(n*p + 1), Int[(a + b*x"n)"(p - 1), x], x] /; Free
Ql{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2xp] || (EqQ[n, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] && IntegerQ[3*p]) || LtQ[Denominator([p + 1/n],
Denominator [p]])
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Rule 215

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
tlall/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQla, 0] && PosQ[b]

Rubi steps

f (1 + cotz(x))B/2 dx = f csc?(x)¥? dx
= — Subst (f V1 + x2dx, x, cot(x))

= —% cot(x)Vesc?(x) - % Subst ( f \/11_3(2 dx, x, Cot(x))
= —% sinh ™ (cot(x)) — %cot(x)\/cscz(x)

Mathematica [B] time = 0.0931351, size = 51, normalized size = 2.32

é sin(x)v/csc?(x) (— csc? (g) + sec? (;—C) +4log (sin (;—C)) —4log (cos (g)))

Antiderivative was successfully verified.

[In] Integrate[(1 + Cot[x]~2)~(3/2),x]

[Out] (Sqrt[Csc[x]~2]*(-Csc[x/2]"2 - 4xLog[Cos[x/2]] + 4xLog[Sin[x/2]] + Sec[x/2]
~2)*Sin[x])/8

Maple [A] time = 0.031, size = 19, normalized size = 0.9

_cot2 (x) 1+ (cot (1) Arcsinhz(cot (%))

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1+cot(x)"2)"(3/2),x)

[Out] -1/2*%cot(x)*(1+cot(x)"2)~(1/2)-1/2*arcsinh(cot(x))
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Maxima [B] time = 1.66282, size = 405, normalized size = 18.41

4(cos(Bx) +cos(x))cos(dx)—4(2 cos(2x) —1)cos(3x) —8 cos(2x)cos (x) + (2 (2 cos(2x) —1)cos(4x) —cos (4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((l+cot(x)~2)7(3/2),x, algorithm="maxima")

[Out] -1/4*(4*(cos(3*x) + cos(x))*cos(4*x) - 4*x(2*cos(2*x) - 1)*cos(3*x) - 8*cos(
2*x)*cos(x) + (2% (2*cos(2*x) - 1)*cos(4%*x) - cos(4*x)"2 - 4xcos(2*x)"2 - si
n(4%x)72 + 4*sin(4*x)*sin(2%x) - 4*sin(2%x)72 + 4*cos(2xx) - 1)*log(cos(x)”

2 + sin(x)"2 + 2*cos(x) + 1) - (2%(2*cos(2*x) - 1)*cos(4*x) - cos(4*x)"2 -
dxcos(2*x) 72 - 8in(4*x) "2 + 4*xsin(4*x)*sin(2*x) - 4*sin(2*x) 72 + 4*cos(2*x)

- 1)*log(cos(x)72 + sin(x)~2 - 2xcos(x) + 1) + 4*(sin(3*x) + sin(x))*sin(4

*x) — 8%sin(3*x)*sin(2*x) - 8*sin(2*x)*sin(x) + 4x*xcos(x))/(2*(2*xcos(2*x) -
1)*cos(4*x) - cos(4*x)72 - 4*xcos(2*x)72 - sin(4+*x) "2 + 4*sin(4*x)*sin(2*x)

- 4xsin(2*x) "2 + 4*xcos(2xx) - 1)

Fricas [B] time = 1.6213, size = 266, normalized size = 12.09

1 1 i : . 1 1 .
242, /—m(cos (2x)+1) +log (5 \/E1 /—m sin (2x) + 1) sin (2x) — log (_E \/E1 /—COS(ZXH sin (2x) + 1) S

4 sin (2 x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l+cot(x)~2)7(3/2),x, algorithm="fricas")

[Out] -1/4%(2*sqrt(2)*sqrt(-1/(cos(2*x) - 1))*(cos(2*x) + 1) + log(1l/2xsqrt(2)*sq
rt(-1/(cos(2*x) - 1))*sin(2xx) + 1)*sin(2*x) - log(-1/2*sqrt(2)*sqrt(-1/(co
s(2xx) - 1))*sin(2*x) + 1)*sin(2+*x))/sin(2%*x)

Sympy [F] time = 0., size = 0, normalized size = 0.

3

f(cot2 (x) +1)E dx

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate((1+cot(x)**2)#**(3/2),x)

[Out] Integral((cot(x)**2 + 1)**(3/2), x)

71

Giac [A] time = 1.26172, size = 43, normalized size = 1.95

1 ( 2 cos (x)

—|———=—— —log(cos (x) +1) + log (- cos (x) + 1))sgn (sin (x))
cos (x)" —1

4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l+cot(x)~2)7(3/2),x, algorithm="giac")

[Out] 1/4%(2*cos(x)/(cos(x)"2 - 1) - log(cos(x) + 1) + log(-cos(x) + 1))*sgn(sin(

x))
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3.9 f\/l + cot®(x) dx

Optimal. Leaf size=5
- sinh_l(cot(x))

[Out] -ArcSinh[Cot[x]]

Rubi [A] time = 0.0140171, antiderivative size = 5, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 10, e o e

0.3, Rules used = {3657, 4122, 215}

integrand size

- sinh_l(cot(x))

Antiderivative was successfully verified.

[In] Int[Sqrt[1 + Cot[x]~2],x]
[Out] -ArcSinh[Cot[x]]

Rule 3657

Int[(u_.)*x((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(axsec[e + f*x]72)7pl, x] /; FreeQl[{a, b, e, f, p}, x] && EqQ
[a, bl

Rule 4122

Int[((b_.)*sec[(e_.) + (£_.)*(x_)]1"2)"(p_), x_Symbol] :> With[{ff = FreeFac
tors([Tan[e + fx*x], x]}, Dist[(bxff)/f, Subst[Int[(b + b*ff~2xx"2)"(p - 1),
x], x, Tanle + f*x]/ff], x]]1 /; FreeQ[{b, e, £, p}, x] && !'IntegerQ[p]

Rule 215
Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr

t[all/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rubi steps
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f\/1+cot2(x)dx:f\/KZ(x)dx

1
= — Subst (

V1 + 12

=- Sinh_l(cot(x))

dx, x, cot(x))

Mathematica [B] time = 0.0126543, size = 28, normalized size = 5.6

sin(x)y/esc?(x) (log (Si“ (g )) ~log (COS (g)))

Antiderivative was successfully verified.

[In] Integrate[Sqrt[1 + Cot[x]~2],x]

[Out] Sqrt[Csc[x]~2]*(-Logl[Cos[x/2]] + Logl[Sin[x/2]])*Sin[x]

Maple [A] time = 0.021, size = 6, normalized size = 1.2

—Arcsinh (cot (x))

Verification of antiderivative is not currently implemented for this CAS.

[In] int((l+cot(x)~2)~(1/2),x%)

[Out] -arcsinh(cot(x))

Maxima [B] time = 1.64863, size = 47, normalized size = 9.4

1 1
~5 log (cos (x)2 + sin (x)2 +2 cos(x) + 1) + > log (cos (x)2 + sin (x)2 —2 cos (x) + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+cot(x)~2)~(1/2),x, algorithm="maxima"
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[Out] -1/2%log(cos(x)”2 + sin(x)"2 + 2*cos(x) + 1) + 1/2*log(cos(x)"2 + sin(x)"2
- 2%cos(x) + 1)

Fricas [B] time = 1.85152, size = 163, normalized size = 32.6

1 1 / 1 . 1 1 ’ 1 .
_E IOg[E\/E _WSIH(ZX)+1]+E lOg[—E\/E —WSIH(ZX)'Fl]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+cot(x)~2)7(1/2),x, algorithm="fricas")

[Out] -1/2x%1log(1/2*sqrt(2)*sqrt(-1/(cos(2*x) - 1))*sin(2*x) + 1) + 1/2%log(-1/2%s
grt(2)*sqrt (-1/(cos(2*x) - 1))*sin(2x*x) + 1)

Sympy [F] time = 0., size = 0, normalized size = 0.

cot? (x) + 1dx
N

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((l+cot(x)**2)**(1/2),x)

[Out] Integral(sqrt(cot(x)**2 + 1), x)

Giac [A] time = 1.24676, size = 14, normalized size = 2.8

1 t L
—Xx

og||tan| >

Verification of antiderivative is not currently implemented for this CAS.

) sgn (sin (x))

[In] integrate((1+cot(x)~2)7(1/2),x, algorithm="giac")

[Out] log(abs(tan(1/2*x)))*sgn(sin(x))
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1

f \/1+CO1§2(X)

Optimal. Leaf size=12

3.10 dx

cot(x)

vesc?(x)

[Out] -(Cotl[x]/Sqrt[Csclx]~2])

Rubi [A] time = 0.0205382, antiderivative size = 12, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 10, e .

0.3, Rules used = {3657, 4122, 191}

integrand size

cot(x)

\esc?(x)

Antiderivative was successfully verified.

[In] Int[1/Sqrt[1 + Cot[x]~2],x]
[Out] -(Cot[x]/Sqrt[Csc[x]~2])

Rule 3657

Int[(u_.)*x((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTriglu*(a*sec[e + £xx]72)7pl, x] /; FreeQl{a, b, e, f, p}, x] && EqQ
(a, b]

Rule 4122

Int[((b_.)*sec[(e_.) + (f_.)*(x_)]172)"(p_), x_Symbol] :> With[{ff = FreeFac
tors([Tan[e + fx*x], x]}, Dist[(bxff)/f, Subst[Int[(b + b*ff 2xx"2)"(p - 1),
x], x, Tanle + f*xx]/ff], x]] /; FreeQ[{b, e, f, p}, x] && !'IntegerQ[p]

Rule 191
Int[((a_) + (b_)*(x_ )" (n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x™n) (p + 1)

)/a, x]1 /; FreeQ[{a, b, n, p}, x] && EqQ[1/n + p + 1, 0]

Rubi steps



1

1
dx = | ———dx
f A1+ cot?(x) f VescA(x)
= _ Subst [ f O]LW dx x, cot(x)J
+x

cot(x)

Vesc?(x)

Mathematica [A] time = 0.0092309, size = 12, normalized size = 1.

cot(x)

yesc?(x)

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[1l + Cot[x]~2],x]

[Out] -(Cot[x]/Sqrt[Csc[x]~2])
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Maple [A] time = 0.017, size = 13, normalized size = 1.1

1

—cot (X) ————
V1 + (cot (x))?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1+cot(x)~2)~(1/2),x)

[Out] -cot(x)/(1+cot(x)~2)~(1/2)

Maxima [A] time = 1.49327, size = 14, normalized size = 1.17

1

y/tan (x)2 +1



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cot(x)~2)~(1/2),x, algorithm="maxima"

[Out] -1/sqrt(tan(x)"2 + 1)

Fricas [A] time = 1.744, size = 63, normalized size = 5.25

1 f 1 .
2 V2 _cos(2x) -1 sin (2x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cot(x)~2)~(1/2),x, algorithm="fricas")

[Out] -1/2x%sqrt(2)*sqrt(-1/(cos(2*x) - 1))*sin(2%x)

Sympy [A] time = 0.723615, size = 14, normalized size = 1.17

cot (x)

Veot? (x) +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cot(x)**2)**(1/2),x)

[Out] -cot(x)/sqrt(cot(x)**2 + 1)

Giac [B] time = 1.18212, size = 38, normalized size = 3.17
2
(Cos(x)_l - 1)sgn (sin (x))

cos(x)+1

+ 2 sgn (sin (x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cot(x)~2)~(1/2),x, algorithm="giac")



[Out] 2/(((cos(x) - 1)/(cos(x) + 1) - 1)*sgn(sin(x))) + 2*sgn(sin(x))
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3.11 f(—l — Cotz(x))3/2 dx

Optimal. Leaf size=35

[Out] -ArcTan[Cot[x]/Sqrt[-Csc[x]~2]]1/2 + (Cot[x]*Sqrt[-Csc[x]~2])/2

Rubi [A] time = 0.0255565, antiderivative size = 35, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 12, e o e

0.417, Rules used = {3657, 4122, 195, 217, 203}

integrand size

Antiderivative was successfully verified.

[In] Int[(-1 - Cot[x]~2)"(3/2),x]

[Out] -ArcTan[Cot[x]/Sqrt[-Csc[x]~2]]1/2 + (Cot[x]*Sqrt[-Csc[x]~2])/2

Rule 3657

Int[(u_.)*x((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(a*sec[e + f*x]72)7pl, x] /; FreeQ[{a, b, e, f, p}, x] && EqQ
[a, bl

Rule 4122

Int[((b_.)*sec[(e_.) + (£_.)*(x_)1"2)"(p_), x_Symbol] :> With[{ff = FreeFac
tors([Tan[e + fx*x], x]}, Dist[(bxff)/f, Subst[Int[(b + b*ff~2xx"2)"(p - 1),
x], x, Tanle + fxx]/ff], x]1] /; FreeQ[{b, e, f, p}, x] & !IntegerQ[p]

Rule 195

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x*x(a + b*x"n) p)/(n*p
+ 1), x] + Dist[(a*n*p)/(n*p + 1), Int[(a + bxx™n)~(p - 1), x], x] /; Free
Ql{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2+p] || (EqQ[n, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] && IntegerQ[3*p]) || LtQ[Denominator([p + 1/n],
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Denominator [p]])

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtl[a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps

f (—1 - Cotz(x))?)/2 dx = f (— cscz(x))?)/2 dx
= Subst ( f V-1 -x2dx,x, cot(x))

1 1 !
=5 cot(x)y/—csc2(x) - 5 Subst (f \/—1:—x2

E 1 1 cot(x)
=5 cot(x)v-csc2(x) - 5 Subst (f 1+ 22 %, \/Tz(x)]

= —% tan™! (\/%?(x)) + % cot(x)V - csc2(x)

dx, x, cot(x))

Mathematica [A] time = 0.0796303, size = 48, normalized size = 1.37

_csc (;—C) sec (;—C) (— log (sin (g)) + log (COS (g)) + cot(x) csc(x))

4+/— csc?(x)

Antiderivative was successfully verified.

[In] Integrate[(-1 - Cotl[x]~2)~(3/2),x]

[Out] -(Csc[x/2]*(Cot[x]*Csc[x] + Logl[Cos[x/2]] - Logl[Sin[x/2]])*Sec[x/2])/(4*Sqr
t[-Csc[x]72])
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Maple [A] time = 0.016, size = 32, normalized size = 0.9

COZ(x) -1 - (cot (x))z — %arctan cot (x)

1
\J-1 = (cot (x))?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-1-cot(x)~2)~(3/2),x)

[Out] 1/2*cot(x)*(-1-cot(x)~2)"(1/2)-1/2*arctan(cot(x)/(-1-cot(x)~2)"(1/2))

Maxima [B] time = 1.6474, size = 383, normalized size = 10.94

(2 (2 cos(2x) —1)cos(4x) —cos (4 x)2 —4 cos (2 x)2 —sin (43()2 +4 sin (4 x)sin (2x) — 4 sin (2x)2 +4 cos(2x) - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-cot(x)~2)7(3/2),x, algorithm="maxima")

[Out] 1/2%x((2*%(2*%cos(2*x) - 1)*cos(4*x) - cos(4*x)”"2 - 4*xcos(2*x)"2 - sin(4x*x)~2

+ 4xsin(4*xx)*sin(2*x) - 4*sin(2%x)”2 + 4*cos(2*x) - 1)*arctan2(sin(x), cos(
x) + 1) - (2%(2%cos(2*x) - 1)*cos(4*x) - cos(4*x)"2 - 4*cos(2*x)”"2 - sin(4*
x) 72 + 4xsin(4*xx)*sin(2*x) - 4*sin(2*x)”2 + 4*xcos(2*x) - 1)*arctan2(sin(x),

cos(x) - 1) + 2*(sin(3*x) + sin(x))*cos(4*x) - 2*(cos(3*x) + cos(x))*sin(4
*x) - 2%(2*cos(2*x) — 1)*sin(3*x) + 4*cos(3*x)*sin(2*x) + 4*cos(x)*sin(2*x)

- 4*cos(2*x)*sin(x) + 2*sin(x))/(2%(2*cos(2*x) - 1)*cos(4*x) - cos(4*x)"2
- 4xcos(2*x)72 - sin(4*x)”"2 + 4*xsin(4*x)*sin(2*x) - 4*sin(2%x)~2 + 4*cos (2%
x) - 1)

Fricas [C] time = 1.7396, size = 232, normalized size = 6.63

(—ie(4i") +2i e — i) log (e(ix) + 1) + (i e@ix) _ 2jeix) 4 i) log (e(ix) - 1) + 21 6B 4 24 (%)
2 (e(4ix) —2eix) 4 1)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((-1-cot(x)~2)7(3/2),x, algorithm="fricas")

[Out] 1/2*%((-Ixe”(4*Ixx) + 2xIxe” (2%Ixx) - I)*log(e”(I*x) + 1) + (Ixe”(4*Ixx) - 2
xI*xe” (2xIxx) + I)*log(e”(Ixx) - 1) + 2*Ixe”(3*I*x) + 2*Ixe” (I*x))/(e” (4*I*x

) - 2%e~(2%xIxx) + 1)

Sympy [F] time = 0., size = 0, normalized size = 0.
3
f(— cot? (x) —1)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-cot(x)**2)*x(3/2),x)

[Out] Integral((-cot(x)*x2 - 1)*x(3/2), x)

Giac [C] time = 1.15838, size = 46, normalized size = 1.31

1 ( 2i cos (x)

el m —1ilog(cos (x) +1) +i log (—cos (x) + 1))sgn (sin (x))

4
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-cot(x)~2)7(3/2),x, algorithm="giac")

[Out] -1/4x(2*I*cos(x)/(cos(x)"2 - 1) - Ixlog(cos(x) + 1) + Ixlog(-cos(x) + 1))*s
gn(sin(x))
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312  [v-1-cot?(x)dx
Optimal. Leaf size=14
tan_l( cot(x) ]
v~ csc2(x)

[Out] ArcTan([Cot[x]/Sqrt[-Csc[x]~2]]

Rubi [A] time = 0.0202224, antiderivative size = 14, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 12, i L

integrand size
0.333, Rules used = {3657, 4122, 217, 203}

tan_l( cot(x) ]
v/ — €sc(x)

Antiderivative was successfully verified.

[In] Int[Sqrt[-1 - Cotl[x]~2],x]
[Out] ArcTan[Cot[x]/Sqrt[-Csc[x]~2]]

Rule 3657

Int[(u_.)*x((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(axsec[e + f*x]72)7pl, x] /; FreeQl[{a, b, e, f, p}, x] && EqQ
[a, bl

Rule 4122

Int[((b_.)*sec[(e_.) + (£_.)*(x_)]1"2)"(p_), x_Symbol] :> With[{ff = FreeFac
tors([Tan[e + fx*x], x]}, Dist[(bxff)/f, Subst[Int[(b + b*ff 2xx"2)"(p - 1),
x], x, Tanle + fxx]/ff], x]] /; FreeQ[{b, e, f, p}, x] & !IntegerQ[p]

Rule 217
Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],

x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && 'GtQ[a, O]

Rule 203
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt

la, 2]1)/(Rt[a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 0] |l GtQlb, 01)

Rubi steps

f\/—l—cotz(x)dx=f\/mdx

1
= Subst ( f N dx, x, cot(x))

3 1 cot(x)
= Subst (fl e dx, x, m)

— tan-! ( cot(x) )
v/~ csc2(x)

Mathematica [B] time = 0.0181687, size = 30, normalized size = 2.14

eses (o (os 3) - o sin (3)
V= csc2(x)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[-1 - Cotl[x]~2],x]

[Out] (Csc[x]*(Log[Cos[x/2]] - Logl[Sin[x/2]11))/Sqrt[-Csc[x]"2]

Maple [A] time = 0.014, size = 15, normalized size = 1.1

arctan [cot (x)

1
\J-1 = (cot (x))?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-1-cot(x)"2)"(1/2),x)

[Out] arctan(cot(x)/(-1-cot(x)~2)~(1/2))
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Maxima [A] time = 1.62221, size = 23, normalized size = 1.64

—arctan (sin (x), cos (x) + 1) + arctan (sin (x), cos (x) — 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-cot(x)~2)~(1/2),x, algorithm="maxima"

[Out] -arctan2(sin(x), cos(x) + 1) + arctan2(sin(x), cos(x) - 1)

Fricas [C] time = 1.81229, size = 55, normalized size = 3.93

i log (e(ix) + 1) —ilog (e(ix) -~ 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-cot(x)~2)7(1/2),x, algorithm="fricas")

[Out] Ixlog(e~(I*x) + 1) - Ixlog(e™(I*x) - 1)

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/—cotz (x)—1dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-cot(x)**2)**x(1/2),x)

[Out] Integral(sqrt(-cot(x)**2 - 1), x)

Giac [C] time = 1.18356, size = 15, normalized size = 1.07

tan|—=x
2

i log ( ) sgn (sin (x))



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-cot(x)~2)~(1/2),x, algorithm="giac")

[Out] Ixlog(abs(tan(1/2*x)))*sgn(sin(x))
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1

f \/—1—c0t2(x)

Optimal. Leaf size=14

3.13 dx

cot(x)

B v - csc2(x)

[Out] -(Cotl[x]/Sqrt[-Csc[x]~2])

Rubi [A] time = 0.0226727, antiderivative size = 14, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 12, e .

0.25, Rules used = {3657, 4122, 191}

integrand size

cot(x)

B v/ csc(x)

Antiderivative was successfully verified.

[In] Int[1/Sqrt[-1 - Cotl[x]~2],x]
[Out] -(Cot[x]/Sqrt[-Csc[x]~2])

Rule 3657

Int[(u_.)*x((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTriglu*(a*sec[e + £xx]72)7pl, x] /; FreeQl{a, b, e, f, p}, x] && EqQ
(a, b]

Rule 4122

Int[((b_.)*sec[(e_.) + (f_.)*(x_)]172)"(p_), x_Symbol] :> With[{ff = FreeFac
tors([Tan[e + fx*x], x]}, Dist[(bxff)/f, Subst[Int[(b + b*ff 2xx"2)"(p - 1),
x], x, Tanle + f*xx]/ff], x]] /; FreeQ[{b, e, f, p}, x] && !'IntegerQ[p]

Rule 191
Int[((a_) + (b_)*(x_ )" (n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x™n) (p + 1)

)/a, x]1 /; FreeQ[{a, b, n, p}, x] && EqQ[1/n + p + 1, 0]

Rubi steps



1 1
f—mdx:f—mdx

1
= Subst f de, x, cot(x)

(—1 -Xx
cot(x)

v/ - csc?(x)

Mathematica [A] time = 0.006912, size = 14, normalized size = 1.

cot(x)

B v/~ csc2(x)

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[-1 - Cotl[x]~2],x]

[Out] -(Cot[x]/Sqrt[-Csc[x]~2])

Maple [A] time = 0.008, size = 15, normalized size = 1.1

1
—cot (x)
V-1 - (cot (x))?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-1-cot(x)"2)"(1/2),x)

[Out] -cot(x)/(-1-cot(x)"2)"(1/2)

Maxima [A] time = 1.46695, size = 16, normalized size = 1.14

1

4/—tan (x)2 -1
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1-cot(x)~2)~(1/2),x, algorithm="maxima"

[Out] -1/sqrt(-tan(x)"2 - 1)

Fricas [C] time = 1.50184, size = 45, normalized size = 3.21

% (—i o200 _ Z')e(—z'x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1-cot(x)~2)~(1/2),x, algorithm="fricas")

[Out] 1/2%(-Ixe” (2%I*x) - I)*e~(-Ix*x)

Sympy [A] time = 0.547312, size = 15, normalized size = 1.07

~ cot (x)
\=cot? (x) -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1-cot(x)**2)**(1/2),x)

[Out] -cot(x)/sqrt(-cot(x)**2 - 1)

Giac [C] time = 1.17405, size = 38, normalized size = 2.71
2i

- (cos(x)—l _ 1)Sgn (sin (x))

— 2isgn (sin (x))

cos(x)+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1-cot(x)~2)~(1/2),x, algorithm="giac")

[Out] -2%I/(((cos(x) - 1)/(cos(x) + 1) - 1)*sgn(sin(x))) - 2*xI*sgn(sin(x))
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cot3(x)

f \Ja+a cotZ(x)

Optimal. Leaf size=28

3.14 dx

_a csc2(x) 1

a \a csc2(x)

[Out] -(1/Sqrtl[a*Csc[x]~2]) - Sqrtl[axCsc[x]~2]/a

Rubi [A] time = 0.0962848, antiderivative size = 28, normalized size of antiderivative =
number of rules

1., number of steps used = 4, number of rules used = 3, integrand size = 17, “ntegrand size ~
0.176, Rules used = {3657, 4124, 43}

\a csc2(x) 1

a \a csc2(x)

Antiderivative was successfully verified.

[In] Int[Cot[x]"3/Sqrtl[a + axCot[x]~2],x]

[Out] -(1/Sqrtl[a*Csc[x]~2]) - Sqrtl[axCsc[x]~2]/a

Rule 3657

Int[(u_.)*x((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(axsec[e + f*x]72)7pl, x] /; FreeQ[{a, b, e, f, p}, x] && EqQ
[a, bl

Rule 4124

Int[((b_.)*sec[(e_.) + (£_)*(x_)]172)"(p_.)*tanl[(e_.) + (£_)*x(x )1 " (m_.),
x_Symbol] :> Dist[b/(2*f), Subst[Int[(-1 + x)"((m - 1)/2)*x(b*x)~(p - 1), x]
, X, Secle + f*x]72], x] /; FreeQ[{b, e, f, p}, x] && !'IntegerQ[p] && Inte
gerQ[(m - 1)/2]

Rule 43

Int[((a_.) + (b_D)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) mx(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le



Q[7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps

cot>(x) f cot3(x)

f \Ja+a cotz(x) va CSCZ(x
= - (%a Subst (f (_alx% dx, x, CSCZ(X)))
1 1 1
= - (Ea Subst (f (_W + m) dx, x, cscz(x)))

1 _\a csc(x)
\a csc2(x) a

Mathematica [A] time = 0.0236956, size = 19, normalized size = 0.68

—csc?(x) -1

\a csc?(x)

Antiderivative was successfully verified.

[In] Integrate[Cot[x]~3/Sqrtl[a + a*Cot[x]~2],x]

[Out] (-1 - Csc[x]~2)/Sqrt[a*Csc[x]~2]
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Maple [A] time = 0.036, size = 29, normalized size = 1.

_%\/a+a(cot(x))2— (1 v ))2
a—+a(cot(x

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)~3/(ata*xcot(x)"2)~(1/2),x)

[Out] -1/ax(a+axcot(x)”2)~(1/2)-1/(at+a*xcot(x)~2)"(1/2)




Maxima [A] time = 0.966181, size = 32, normalized size = 1.14

a
1 _ sin(x)2

/ a a
s.in(x)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~3/(ata*cot(x)~2)7(1/2),x, algorithm="maxima")

[Out] -1/sqrt(a/sin(x)~2) - sqrt(a/sin(x)~2)/a

92

Fricas [A] time = 1.52765, size = 73, normalized size = 2.61

a
\2 Rt (cos (2x) - 3)

2a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~3/(ataxcot(x)~2)~(1/2),x, algorithm="fricas")

[Out] 1/2*sqrt(2)*sqrt(-a/(cos(2*x) - 1))*(cos(2*x) - 3)/a

Sympy [F] time = 0., size = 0, normalized size = 0.

f cot? (x) i
\Ja (cot2 (%) + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)**3/(ata*xcot(x)**2)**(1/2),x)

[Out] Integral(cot(x)**3/sqrt(ax(cot(x)**2 + 1)), x)
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Giac [A] time = 1.19753, size = 41, normalized size = 1.46

- sin (x) N 1
asgn (sin (x))  asgn (sin (x)) sin (x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~3/(ata*cot(x)~2)7(1/2),x, algorithm="giac")

[Out] -sqrt(a)*(sin(x)/(a*sgn(sin(x))) + 1/(a*sgn(sin(x))*sin(x)))



94

cotz(x)

f \Ja+a cotZ(x)

Optimal. Leaf size=31

3.15 dx

cot(x) _ csc(x) tanh_l(cos(x))

Va csc(x) Va csc(x)

[Out] Cot[x]/Sqrt[a*Csc[x]~2] - (ArcTanh[Cos[x]]*Csc[x])/Sqrt[a*xCsc[x] 2]

Rubi [A] time = 0.0997412, antiderivative size = 31, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 17, L

integrand size
0.294, Rules used = {3657, 4125, 2592, 321, 206}

cot(x)  csc(x) tanh_l(cos(x))

Va csc(x) \a csc2(x)

Antiderivative was successfully verified.

[In] Int[Cot[x]~2/Sqrtl[a + a*Cot[x]~2],x]

[Out] Cot[x]/Sqrt[a*Csc[x]~2] - (ArcTanh[Cos[x]]*Csc[x])/Sqrt[a*Csc[x]"2]

Rule 3657

Int[(u_.)*x((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(a*sec[e + f*x]72)7p]l, x] /; FreeQ[{a, b, e, £, p}, x] && EqQ
(a, b]

Rule 4125

Int[(u_.)*((b_.)*sec[(e_.) + (f£_)*(x_ )1 (n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Sec[e + f*x], x]}, Dist[((b*ff~n) IntPart[p]*(b*Sec[e + f*x]~
n) “FracPart[p])/(Secle + f*x]/ff)~ (n*FracPart[p]), Int[ActivateTriglu]*(Sec
e + f*x]/ff) " (n*p), x], x]] /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ[p]
&% IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig )[e + f*x]1)"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rule 2592
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Int[((a_.)*sin[(e_.) + (f£_)*(x_)1)"(m_.)*tanl(e_.) + (f_)*x(x_)]1"(n_.), x_
Symbol] :> With[{ff = FreeFactors[Sin[e + fx*x], x]}, Dist[ff/f, Subst[Int[(
ff*x)"(m + n)/(@"2 - f£f72%x"2) " ((n + 1)/2), x], x, (a*xSin[e + fxx])/ff], x]
1 /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n + 1)/2]

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] &% NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rubi steps

f cot?(x) gy — f cotz(x)
\Ja + acot?(x) va CSCZ(X
csc(x) f cos(x) cot(x) dx
Vaesc?(x)
csc(x) Subst ( f % dx, x, cos(x))
Vaesc2(x)

cot(x) csc(x) Subst ( f 1; dx, x, cos(x))

\a csc2(x) \a csc2(x)

cot(x) B tanh_l(cos(x)) csc(x)

B \acsc2(x) \acsc2(x)

Mathematica [A] time = 0.0318006, size = 32, normalized size = 1.03

cse(x) (cos(x) + log (sin (g)) —log (COS (;—C)))
Vacsc?(x)

Antiderivative was successfully verified.
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[In] Integrate[Cot[x]~2/Sqrtl[a + a*Cot[x]~2],x]

[Out] (Csclx]*(Cos[x] - Logl[Cos[x/2]] + Logl[Sin[x/2]]1))/Sqrt[a*Csc[x]~2]

Maple [A] time = 0.028, size = 38, normalized size = 1.2

—In (\/E cot (x) + ya + a(cot (x))z) 1 + cot (x) !
va \a +a(cot (x))2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)~2/(at+a*cot(x)"2)"(1/2),x)

[Out] -1n(a~(1/2)*cot(x)+(ataxcot(x)”"2)"(1/2))/a"~(1/2)+cot(x)/(ata*xcot(x)"2)"(1/2
)

Maxima [A] time = 1.70143, size = 36, normalized size = 1.16

~ v/—a(arctan (sin (x), cos (x) + 1) — arctan (sin (x) , cos (x) — 1))
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~2/(ata*cot(x)~2)7(1/2),x, algorithm="maxima")

[Out] -sqrt(-a)*(arctan2(sin(x), cos(x) + 1) - arctan2(sin(x), cos(x) - 1))/a

Fricas [B] time = 1.65263, size = 205, normalized size = 6.61

7 ) 2 \/z\/ﬁ [— C%(g—x)_l sin(2 x)—-a cos(2x)-3a
\/E V B cos(2x)-1 S (2 x) + \/E log cos(2x)-1

2a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~2/(ataxcot(x)~2)7(1/2),x, algorithm="fricas")
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[Out] 1/2%(sqrt(2)*sqrt(-a/(cos(2*x) - 1))*sin(2*x) + sqrt(a)*log((2*sqrt(2)*sqrt
(a)*sqrt(-a/(cos(2*x) - 1))*sin(2*x) - a*cos(2*x) - 3xa)/(cos(2*x) - 1)))/a

Sympy [F] time = 0., size = 0, normalized size = 0.

f cot? (x) i
\Ja (cot2 (x) + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)**2/(ata*xcot(x)**2)**(1/2),x%)

[Out] Integral(cot(x)**2/sqrt(ax(cot(x)**2 + 1)), x)

Giac [B] time = 1.27008, size = 73, normalized size = 2.35
2
log(tan(% x) ) 4

senftan(x) stan(}x))  (an(3x) <1 snftan(3 o) +tan(} 1)

2+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~2/(ata*cot(x)~2)~(1/2),x, algorithm="giac")

[Out] 1/2*(log(tan(1/2*x)"2)/sgn(tan(1/2*x)"3 + tan(1/2*x)) + 4/((tan(1/2xx)"2 +
D *sgn(tan(1/2%x)~3 + tan(1/2*x))))/sqrt(a)
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cot(x)

f \Ja+a cotz(x)

Optimal. Leaf size=10

3.16 dx

\a csc?(x)

[Out] 1/Sqrtl[a*Csc[x]~2]

Rubi [A] time = 0.0482915, antiderivative size = 10, normalized size of antiderivative
number of rules

1., number of steps used = 3, number of rules used = 3, integrand size = 15,
0.2, Rules used = {3657, 4124, 32}

integrand size

1

\a csc?(x)

Antiderivative was successfully verified.

[In] Int[Cot[x]/Sqrt[a + axCot[x]~2],x]
[Out] 1/Sqrt[axCsc[x]~2]

Rule 3657

Int[(u_.)*x((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(axsec[e + £*x]72)7p]l, x] /; FreeQl[{a, b, e, f, p}, x] && EqQ
[a, b]

Rule 4124

Int[((b_.)*sec[(e_.) + (£_)*(x_)]1"2)"(p_.)*tanl[(e_.) + (£_)*x(x )1 " (m_.),
x_Symbol] :> Dist[b/(2%f), Subst[Int[(-1 + x)"((m - 1)/2)*(b*x)~(p - 1), x]
, X, Secle + £*x]72], x] /; FreeQ[{b, e, £, p}, x] && !'IntegerQ[p] && Inte
gerQ[(m - 1)/2]

Rule 32

Int[((a_.) + (b_.)*(x_))"(m_), x_Symbol] :> Simp[(a + b*x)~(m + 1)/(b*(m +
1)), x] /; FreeQ[{a, b, m}, x] && NeQ[m, -1]



Rubi steps

cot(x) f cot(x)

f \a+a cotz(x) Vacscz(x

= (%a Subst (f (axlw dx, x, CSCZ(X)))
1

- \a esc?(x)

Mathematica [A] time = 0.0111266, size = 10, normalized size = 1.

1

\a csc?(x)

Antiderivative was successfully verified.

[In] Integrate[Cot[x]/Sqrtla + a*Cot[x]~2],x]

[Out] 1/Sqrt[axCsc[x]~2]
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Maple [A] time = 0.019, size = 11, normalized size = 1.1

1
\Ja+a(cot (x))2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)/(at+ta*xcot(x)~2)~(1/2),x)

[Out] 1/(ataxcot(x)~2)~(1/2)

Maxima [A] time = 0.96249, size = 11, normalized size = 1.1
1

a

sin(x)2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(ata*xcot(x)~2)~(1/2),x, algorithm="maxima"

[Out] 1/sqrt(a/sin(x)~2)

Fricas [B] time = 1.57984, size = 74, normalized size = 7.4

V2 L (cos(2x)-1)

B cos(2x)-1
2a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(ata*cot(x)~2)~(1/2),x, algorithm="fricas")

[Out] -1/2x*sqrt(2)*sqrt(-a/(cos(2*x) - 1))*(cos(2*x) - 1)/a

Sympy [A] time = 2.77447, size = 12, normalized size = 1.2

1

Vacot? (x) + a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(ataxcot (x)**2)**(1/2),x)

[Out] 1/sqrt(axcot(x)**2 + a)

Giac [B] time = 1.2671, size = 39, normalized size = 3.9

\Jasin (x)
(a sin (x)2 - (sin (x)2 - 1)a)sgn (sin (x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(ataxcot(x)~2)~(1/2),x, algorithm="giac")
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[Out] sqrt(a)*sin(x)/((a*sin(x)"2 - (sin(x)"2 - 1)*a)*sgn(sin(x)))
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317 [ 29y

\Ja+a cotz(x)

Optimal. Leaf size=36

Va Vacsc?(x)

[Out] ArcTanh[Sqrt[a*Csc[x]~2]/Sqrtlall/Sqrtla]l - 1/Sqrt[a*Csc[x]~2]

Rubi [A] time = 0.0874944, antiderivative size = 36, normalized size of antiderivative =
number of rules

1., number of steps used = 5, number of rules used = 5, integrand size = 15,
0.333, Rules used = {3657, 4124, 51, 63, 207}

—1 [ acsc?(x)
tanh ( 7 )_ 1

Va Vacsc?(x)

Antiderivative was successfully verified.

integrand size

[In] Int[Tan[x]/Sqrtla + axCot[x]~2],x]

[Out] ArcTanh[Sqrt[axCsc[x]~2]/Sqrtl[all/Sqrtla]l - 1/Sqrt[a*xCsc[x]~2]

Rule 3657

Int[(u_.)*x((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(axsec[e + £*x]72)7pl, x] /; FreeQ[{a, b, e, f, p}, x] && EqQ
[a, b]

Rule 4124

Int[((b_.)*sec[(e_.) + (£_)*(x_)]1"2)"(p_.)*tanl[(e_.) + (£_)*xx )1 " (m_.),
x_Symbol] :> Dist[b/(2%f), Subst[Int[(-1 + x)~((m - 1)/2)*x(b*x)~(p - 1), x]
, X, Secle + £*x]72], x] /; FreeQ[{b, e, £, p}, x] && !'IntegerQ[p] && Inte
gerQ[(m - 1)/2]

Rule 51

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+b*xx)"(m + D*(c + d*x)"(n + 1))/ ((b*c - a*d)*(m + 1)), x] - Dist[(d*(
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m+n+ 2))/((bxc - a*xd)*(m + 1)), Int[(a + bxx)"(m + 1)*(c + d*x)"n, x], X
] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] || (NeQlc, 0] && LtQ[m - n, 0] && IntegerQ[n]))) && I
ntlLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + bxx)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt([b, 21), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (LtQ[a
, 01 Il GtQ[b, 01)

Rubi steps

tan(x) f tan(x)
dx =

f \Ja + acot?(x) va CSCZ(X

1 1
- (Ea Subst (f STy dx, x, cscz(x)))
1 1

1
a csc2(x) 2 Subst (f (-1 + x)v/ax
. Subst (f 5 dx, x,\a cscz(x)J
1+ 2

\a esc?(x) a
~1 Vacsc?(x)
tanh ( 7 ) . 1

Va \a csc2(x)

dx, x, csc? (x))

Mathematica [A] time = 0.0353694, size = 49, normalized size = 1.36

cse(x) (sin(x) + log (cos (E) —sin (g)) —log (sm ( ) + cos (2)))
B \a csc?(x)

Antiderivative was successfully verified.
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[In] Integratel[Tan[x]/Sqrt[a + a*Cot[x]~2],x]

[Out] -((Csc[x]*(Logl[Cos[x/2] - Sin[x/2]] - Logl[Cos[x/2] + Sin[x/2]] + Sin[x]))/S
qrt[a*Csc[x]72])

Maple [A] time = 0.122, size = 56, normalized size = 1.6

1+ cos (x) - sin (x)) o ln (_ ~1 + cos (x) + sin (x))) 1

sin (x) sin (x) [ @
(cos(x))2—1

(sin (x)—In (

" 2sin (%)
Verification of antiderivative is not currently implemented for this CAS.
[In] int(tan(x)/(ata*xcot(x)~2)~(1/2),x)

[Out] -1/2%4~(1/2)*(sin(x)-1n(-(-1+cos(x)-sin(x))/sin(x))+1ln(-(-1+cos(x)+sin(x))/
sin(x)))/sin(x)/(-a/(cos(x)"2-1))"(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(ata*xcot(x)~2)~(1/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 1.62029, size = 225, normalized size = 6.25

a tan(x)2+a 2

2
(tan (x)* + 1)\/Elog (2 atan (x)° +2+/a %:));a tan (x)* + a) -2 - tan (x)
an(x

tan(x

2 (a tan (x)2 + a)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(at+taxcot(x)~2)7(1/2),x, algorithm="fricas")
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[Out] 1/2*%((tan(x)”2 + 1)*sqrt(a)*log(2*a*xtan(x)”2 + 2*xsqrt(a)*sqrt((axtan(x)”2 +
a)/tan(x)"2)*tan(x) "2 + a) - 2xsqrt((a*xtan(x)”2 + a)/tan(x)~2)*tan(x)~2)/(

axtan(x)"2 + a)

Sympy [F] time = 0., size = 0, normalized size = 0.

f tan (x) i
\Ja (cot2 (x) + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(ataxcot(x)**2)**(1/2),x)

[Out] Integral(tan(x)/sqrt(a*x(cot(x)**2 + 1)), x)

Giac [A] time = 1.23306, size = 66, normalized size = 1.83

1 log (sin(x) +1) log(—sin(x) +1) 2 sin (x)
2 a( asgn (sin (x)) - asgn (sin (x)) - asgn (sin (x)))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(ata*cot(x)~2)~(1/2),x, algorithm="giac")

[Out] 1/2*sqrt(a)*(log(sin(x) + 1)/(axsgn(sin(x))) - log(-sin(x) + 1)/(a*xsgn(sin(
x))) - 2xsin(x)/(axsgn(sin(x))))
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tanz(x)

f \Ja+a cotZ(x)

Optimal. Leaf size=29

3.18 dx

cot(x) csc(x) sec(x)

Vacsc2(x)  +Jacsc?(x)

[Out] Cot[x]/Sqrt[a*Csc[x]~2] + (Csc[x]*Sec([x])/Sqrt[a*xCsc[x]~2]

Rubi [A] time = 0.101283, antiderivative size = 29, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 17, e .

integrand size
0.235, Rules used = {3657, 4125, 2590, 14}

cot(x) csc(x) sec(x)

vacsc?(x)  AJacsc?(x)

Antiderivative was successfully verified.

[In] Int[Tan[x]~2/Sqrtla + a*Cot[x]~2],x]

[Out] Cot[x]/Sqrtla*Csc[x]~2] + (Csclx]*Sec[x])/Sqrt[a*xCsc[x] 2]

Rule 3657

Int[(u_.)*x((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[u*(axsec[e + £xx]172)7pl, x] /; FreeQ[{a, b, e, f, p}, x] && EqQ
[a, b]

Rule 4125

Int[(u_.)*((b_.)*sec[(e_.) + (£_)*(x )1 (n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Sec[e + fx*x], x]}, Dist[((b*ff~n) IntPart[p]*(b*Secle + f*x]~
n) “FracPart[p])/(Secle + f*x]/ff)~ (n*FracPart[p]), Int[ActivateTrig[u]*(Sec
[e + fxx]/ff) " (n*xp), x], x]] /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rule 2590

Int[sin[(e_.) + (f_)*(x_)]"(m_.)*tan[(e_.) + (f_.)*(x_)]1"(n_.), x_Symbol]
:> -Dist[f~(-1), Subst[Int[(1 - x*2)"((m + n - 1)/2)/x"n, x], x, Cos[e + fx
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x]], x] /; FreeQ[{e, £}, x] && IntegersQ[m, n, (m + n - 1)/2]

Rule 14

Int[(u ) *((c_.)*(x_)) " (m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a )
+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rubi steps

f tan?(x) f tanz(x)
csc(x) f sin(x) tanz(x) dx
Vacs(x)

csc(x) Subst( dx X, cos(x))

a csc2(x)
csc(x) Subst (f (—1 + %) dx, x, Cos(x))
T a csc2(x)
cot(x) csc(x) sec(x)

Vacsc2(x)  yacsc?(x)

Mathematica [A] time = 0.0302993, size = 19, normalized size = 0.66

cot(x) + csc(x) sec(x)

\a csc2(x)

Antiderivative was successfully verified.

[In] Integratel[Tan[x]~2/Sqrtl[a + a*Cot[x]~2],x]

[Out] (Cot[x] + Csclx]*Sec[x])/Sqrt[a*Csc[x]~2]

Maple [A] time = 0.069, size = 33, normalized size = 1.1

V4 (sin (v))° 1

2 cos (x) (-1 + cos (x))* \/I
(cos(x))"~1
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)"2/(at+a*cot(x)"2)"(1/2),x)

[Out] 1/2%4~(1/2)*sin(x)"~3/(-a/(cos(x)"2-1))"(1/2)/cos(x)/(-1+cos(x)) "2

Maxima [A] time = 1.49405, size = 24, normalized size = 0.83

tan (x)2 +2
\/tan (x)2 +1+/a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)~2/(ata*cot(x)~2)~(1/2),x, algorithm="maxima"

[Out] (tan(x)~2 + 2)/(sqrt(tan(x)~2 + 1)*sqrt(a))

Fricas [A] time = 1.5484, size = 97, normalized size = 3.34

2
(tan (x)3 + 2 tan (x))1 /w
tan(x)

atan (x)2 +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)~2/(ataxcot(x)~2)7(1/2),x, algorithm="fricas")

[Out] (tan(x)~3 + 2*tan(x))*sqrt((axtan(x)~2 + a)/tan(x)~2)/(axtan(x)"2 + a)

Sympy [F] time = 0., size = 0, normalized size = 0.

f tan? (x) p
x
,/a (Cot2 (x) + 1)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(tan(x)**2/(a+axcot (x)**2)**(1/2),x)

[Out] Integral(tan(x)**2/sqrt(ax(cot(x)**2 + 1)), x)

Giac [A] time = 1.32829, size = 55, normalized size = 1.9

\/atan (x)2 Yo+ —

2sgn (tan (x)) atan(x)®+a

\a asgn (tan (x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)~2/(a+a*xcot(x)~2)~(1/2),x, algorithm="giac")

[Out] -2*sgn(tan(x))/sqrt(a) + (sqrt(a*xtan(x)”2 + a) + a/sqrt(axtan(x)”2 + a))/(a
xsgn(tan(x)))
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319  [cot’(x)va + bcot?(x)dx

Optimal. Leaf size=66

b 2 b t2
_(a4— cot(x) \ﬂ;;};;;;&;; VF___tanhl[w/a4- co (x)]

N

[Out] -(Sqrtla - bl*ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrt[a - bl]) + Sqrt[a + b*Cot[x
172] - (a + b*Cot[x]~2)~(3/2)/(3%Db)

Rubi [A] time = 0.116081, antiderivative size = 66, normalized size of antiderivative =
1., number of steps used = 6, number of rules used = 6, integrand size = 17, number of rules _

integrand size
0.353, Rules used = {3670, 446, 80, 50, 63, 208}

b cot? \a +beot?
_(a+ cot (x) m \/_tanhl[ a+bco (x)J

=

Antiderivative was successfully verified.

[In] Int[Cot[x]~3*Sqrtl[a + b*Cot[x]~2],x]

[Out] -(Sqrtla - bl*ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrt[a - bl]) + Sqrt[a + b*Cot[x
172] - (a + b*Cot[x]72)~(3/2)/(3%b)

Rule 3670

Int[((d_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(E_I)*x& DD~ )~ (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + f
£~2%x"2), x], x, (cxTanle + fx*x])/ff], x]] /; FreeQ[{a, b, ¢, d, e, f, m, n
, P}, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rule 446

Int[(x_)"(m_.)*x((a_) + (b_)*(x_)"(m_))"(p_.)*((c_) + (d_.)*x(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)7p
x(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[
bxc - axd, 0] && IntegerQ[Simplify[(m + 1)/n]]
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Rule 80

Int[((a_.) + (b_.)*(x_))*x((c_.) + (d_)*x(x_))"(n_.)*x((e_.) + (£_.)*x(x_))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)"(n + Dx(e + £xx)"(p + 1))/(d*f*x(n + p
+2)), x] + Dist[(axd*fx(n + p + 2) - b*(d*e*x(n + 1) + cxf*x(p + 1)))/(d*fx*(
n+p+2)), Int[(c + d*x)"n*x(e + f*x)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f
, n, pr, x] && NeQ[n + p + 2, 0]

Rule 50

Int[((a_.) + (b_)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(@ + b*xx)"(m + 1)*(c + d*x)"n)/(bx(m + n + 1)), x] + Dist[(nx(bxc - axd))/
(bx(m + n + 1)), Int[(a + b*x) m*x(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] & ( !'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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34/ 2
3 ’ _ x’Va + bx
fcot (x)\/a + bcot“(x) dx = —Subst [f EETTCIE dx, x, cot(x)]
1 xVa + bx ’
= - [E Subst (f ﬁ dx, X, cot (X))]

3/2
a + bcot?(x 1 Va+b
= —( ( )) + > Subst (f f:xx dx, x, cotz(x)]

3b
)3/2

b 2
= \’El + bCOtZ(X) - (a i C;; (X) + %(ﬂ - b) Subst (f (1_,_36)1—61\/_,_—1”( dx, X, COtz(X))

ﬁ dx,x,+Ja+Db COtz(X)]
b

)3/2 (a — b) Subst ( f

2
_ 5 (a+bcot (x) 1-24
=+/a+bcot"(x) - 0 + 2
32
\/a+bcot2(x) a + beot?(x
=—Va-btanh ™ | +—n—" +\/a+bcot2(x)—( ( ))

Va-b 3b

Mathematica [A] time = 0.177717, size = 65, normalized size = 0.98

\Ja+b cot?(x) (a + b cot?(x) — 3b \Ja+b cot?(x)
( ) ~Va-btanh™ | +——n—

3b Va-b

Antiderivative was successfully verified.

[In] Integrate[Cot[x]~3*Sqrtl[a + b*Cot[x]~2],x]

[Out] -(Sqgrtla - bl*ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtla - bl]l) - (Sqrtl[a + bxCot[
x]72]*(a - 3xb + b*Cot[x]72))/(3*b)

Maple [A] time = 0.055, size = 84, normalized size = 1.3

—% (a + b(cot (x))z)z ++/a+Db(cot (x))* - barctan (\/a + b(cot (x))z\/ ! ) 7 ! - + aarctan (\/a + b (cot (
- -a+

a+b

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(cot(x) " 3*(a+bxcot(x)~2)"(1/2),x)

[Out] -1/3*(a+b*cot(x)~2)~(3/2)/b+(at+bxcot(x)~2)"(1/2)-b/(-a+b)~(1/2)*arctan((a+b
xcot(x)"2)"(1/2)/(-a+b)~(1/2))+a/(-a+b) " (1/2)*arctan((a+bxcot(x)~2) " (1/2)/(
-a+b)~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x) 3*(at+bxcot(x)"2)7(1/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 2.27327, size = 782, normalized size = 11.85

3(bcos(2x)—b)Va —blog(—Z (a2 —2ab+ bz) Cos(2x)2 - 24+ b? +2((11—b)cos(2x)2 —(a-b)cos(2x) + a)\/
12(bcos(2x) — b)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x) 3*(atbxcot(x)~2)7(1/2),x, algorithm="fricas")

[Out] [1/12%(3*(bxcos(2*x) - b)*sqrt(a - b)*log(-2x(a”2 - 2%axb + b~2)*cos(2*x) "2
- 2%¥a”2 + b72 + 2x((a - b)*cos(2%x)"2 - (2%a - b)*cos(2*x) + a)*sqrt(a - b
)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1)) + 4*x(a”2 - axb)*cos(2*x))

- 4x((a - 4xb)*cos(2*x) - a + 2xb)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2%

x) - 1)))/(b*cos(2%x) - b), -1/6x(3*(bxcos(2*x) - b)*sqrt(-a + b)*arctan(-s
grt(-a + b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2xx) - 1))*(cos(2*x) - 1)/

((a - b)*cos(2*x) - a)) + 2x((a - 4xb)*cos(2*x) - a + 2xb)*sqrt(((a - b)*co
s(2xx) - a - b)/(cos(2xx) - 1)))/(b*cos(2*x) - b)]
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Sympy [F] time = 0., size = 0, normalized size = 0.

f /4 + b cot? (x) cot® (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)**3*(atb*cot(x)**2)**x(1/2),x%)

[Out] Integral(sqrt(a + b*cot(x)**2)*cot(x)**3, x)

Giac [B] time = 2.37974, size = 267, normalized size = 4.05

4

4[3 (\/a —bsin (x) — \/a sin (x)2 —bsin (x)2 + b) v

(v

2
% 3\/a—blog((\/a—bsin(x) - \/asin(x)z—bsin(x)2 +b) J+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x) ~3*(a+b*cot(x)~2)~(1/2),x, algorithm="giac")

[Out] 1/6%(3*sqrt(a - b)*log((sqrt(a - b)*sin(x) - sqrt(a*sin(x)”2 - bxsin(x)~2 +
b))~2) + 4*x(3*%(sqrt(a - b)*sin(x) - sqrt(a*sin(x)”2 - b*sin(x)~2 + b)) “4x*s
grt(a - b)*x(a - 2xb) + 6x(sqrt(a - b)*sin(x) - sqrt(a*sin(x)”~2 - bxsin(x)~2

+ b)) "2*sqrt(a - b)*b"2 + (a*xb”2 - 4*b~3)*sqrt(a - b))/((sqrt(a - b)*sin(x

) - sqrt(a*xsin(x)”2 - b*sin(x)”"2 + b))"2 - b)"3)*sgn(sin(x))
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3.20 [ cot(x)vVa + bcot?(x)dx

Optimal. Leaf size=48

/4 + bcot?(x)
Va-btanh | —nr—" —\Ja + bcot?(x)

Va-b

[Out] Sqrtla - bl*ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtla - b]] - Sqrtla + bxCot[x]~2
]

Rubi [A] time = 0.0667223, antiderivative size = 48, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 15, T > %% _

integrand size
0.333, Rules used = {3670, 444, 50, 63, 208}

\Ja + beot?(x)
Va-btanh | +——n— |- \a + beot?(x)

Va-b

Antiderivative was successfully verified.

[In] Int[Cot[x]*Sqrt[a + bx*Cot[x]~2],x]

[Out] Sqrtla - b]l*ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrt[a - bl] - Sqrtl[a + bxCot[x]~2
]

Rule 3670

Int[((d_.)*tan[(e_.) + (f_.)*(x_)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_)*& DD~ )~ (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + f
£f~2%x72), x], x, (c*Tanle + fx*x])/ff], x]] /; FreeQ[{a, b, c, d, e, f, m, n
, P}, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[n]))

Rule 444

Int[(x_)"(m_.)*x((a_) + (b_)*(x_)"(m_))"(p_.)*((c_) + (d_.)*x(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[(a + b*x) p*(c + d*x)7q, x], x, x"n], x
1 /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[b*c - a*d, 0] && EqQ[m - n +
1, 0]
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Rule 50

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+ b*x)"(m + D*(c + d*x)"n)/(b*x(m + n + 1)), x] + Dist[(n*x(bxc - axd))/
(bx(m + n + 1)), Int[(a + b*x) mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,

c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] && ( !'IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]))) && !'ILtQ[m + n

+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x"(px(m + 1) - 1)*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)~(1/p)]1, x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

fcot(x)\/a + beot?(x)dx = — Subst [f%-:f;xzdx, X, cot(x)]
= —(% Subst (f f:fx dx, x, Cotz(x)D
= _Ja+ beot?(x) - %(u _ b)Subst ( f m dx, x, cotz(x))
~b)Sub — dx,x, Ja + b cot?
(a—-Db)Su st[fl — dx,x,4/a + bcot (x)]

AN

b

, b 2
=Va-btanh™ [H—COt(X)} —\Ja + beot?(x)

= —+Ja + bcot?(x) -

Va-b
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Mathematica [A] time = 0.0255438, size = 48, normalized size = 1.

\Ja + beot?(x)
Va-btanh | +—— |- \a + beot?(x)

Va-b

Antiderivative was successfully verified.

[In] Integrate[Cot[x]*Sqrt[a + bxCot[x]~2],x]

[Out] Sqrtla - bl*ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtla - bl] - Sqrtla + b*Cot[x]"2
]

Maple [A] time = 0.022, size = 71, normalized size = 1.5

1

—Ja+b(cot (x)* +b arctan( a + b (cot (x))* \/_i " b) \/_; — - a arctan( a+b(cot (x))° \/_; n b) N a—

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)*(at+b*cot(x)"2)"(1/2),x)

[Out] -(at+b*xcot(x)~2)"(1/2)+b/(-a+b) " (1/2)*arctan((atb*cot(x)~2)~(1/2)/(-a+b)~(1/
2))-a/(-a+b) ~(1/2)*arctan((a+bxcot(x)~2)"(1/2)/(-a+b)~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)*(atb*cot(x)~2)~(1/2),x, algorithm="maxima"

[Out] Exception raised: ValueError




118
Fricas [B] time = 2.22684, size = 587, normalized size = 12.23

(a-Db)ca
COS

1
1 Va-blog —2(a2 —2ab+b2) cos (2x)* - 242 +bz—2((a—b)cos(2x)2—(2a—b)cos(Zx) +a)\/a—b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)*(atb*cot(x)~2)~(1/2),x, algorithm="fricas")

[Out] [1/4xsqrt(a - b)*log(-2*(a”2 - 2*a*b + b~2)*cos(2*x)72 - 2*a"2 + b™2 - 2*((
a - b)*cos(2%x)"2 - (2%a - b)*cos(2*x) + a)*sqrt(a - b)*sqrt(((a - b)*cos(2

*x) — a - b)/(cos(2%x) - 1)) + 4x(a”2 - a*b)*cos(2*x)) - sqrt(((a - b)*cos(

2%x) - a - b)/(cos(2*x) - 1)), 1/2*sqrt(-a + b)*arctan(-sqrt(-a + b)*sqrt((

(a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*(cos(2*x) - 1)/((a - b)*cos(2%x)

- a)) - sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))]

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a + bcot? (x) cot (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)*(a+b*cot (x)**2)**(1/2),%)

[Out] Integral(sqrt(a + b*cot(x)**2)*cot(x), x)

Giac [B] time = 1.31237, size = 128, normalized size = 2.67

)2] 4~a—bb .
- 2
(Vu —bsin (x) — \/a sin (x)2 —bsin (x)2 + b) -b

_% Va - blog((\/a —bsin (x) - \/a sin (x)2 —bsin (x)2 +b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)*(atb*cot(x)~2)7(1/2),x, algorithm="giac")
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[Out] -1/2%(sqrt(a - b)*log((sqrt(a - b)*sin(x) - sqrt(a*sin(x)”2 - b*sin(x)~2 +
b))~2) - 4xsqrt(a - b)*b/((sqrt(a - b)*sin(x) - sqrt(axsin(x)”2 - bxsin(x)~
2 + b))"2 - b))*sgn(sin(x))
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321 [ +a+bcot?(x) tan(x) dx

Optimal. Leaf size=60

Jitanh™! [‘/u + bcotz(x)] T T tanh™? [\/a + bcotz(x)]

Va Va-b

[Out] Sqrtla]*ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtla]] - Sqrtl[a - bl*ArcTanh[Sqrt[a
+ b*Cot [x]~2]/Sqrt[a - bl]

Rubi [A] time = 0.096891, antiderivative size = 60, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 15, T > % _

integrand size
0.333, Rules used = {3670, 446, 83, 63, 208}

Vi tanh™! [‘/u + bcotz(x)] N o PR [\/a + bcotz(x)]

Va Va-b

Antiderivative was successfully verified.

[In] Int[Sqrtla + b*Cot[x]~2]*Tan[x],x]

[Out] Sqrt([al*ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrt[al] - Sqrtl[a - bl*ArcTanh[Sqrt([a
+ b*Cot [x]~2]/Sqrt[a - bl]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(E_I)*x& DD~ )~ (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + f
£~2%x"2), x], x, (cxTanle + fx*x])/ff], x]] /; FreeQ[{a, b, ¢, d, e, f, m, n
, P}, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rule 446

Int[(x_)"(m_.)*x((a_) + (b_)*(x_)"(m_))"(p_.)*((c_) + (d_.)*x(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)7p
x(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[
bxc - axd, 0] && IntegerQ[Simplify[(m + 1)/n]]
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Rule 83

Int[((e_.) + (£_D*(x_))"(p_.)/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))),
x_Symbol] :> Dist[(b*xe - a*f)/(b*c - axd), Int[(e + fxx)"(p - 1)/(a + b*x)
, xJ, x] - Dist[(d*e - c*f)/(b*c - a*xd), Int[(e + fxx)"(p - 1)/(c + d*x), x
1, x] /; FreeQ[{a, b, c, 4, e, £}, x] && LtQ[0, p, 1]

Rule 63

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - (axd)/b +
(d*x"p)/b)"n, x], x, (a + b*x)~(1/p)], x]1] /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rubi steps

f\/a + bcot?(x) tan(x) dx = — Subst (f Lbiz dx, x, cot(x)]

x@+x)

3 1 Va + bx 2
=_ [E Subst [f A dx, x, cot (x))]

1 1 1 1
= —| =aSubst dx, x, cot?(x )) ——(-a+b Subst( — dx,x
(2 (fx\/a+bx @)= 3 ) f(1+x)\/a+bx

aSubst(f 1x2dx,x,\/a+bcot2(x)] (—a+b)Subst(f al xzdx,x,\/a+bcot
1--+

a oy
b b b_ b

b - b
_ i \Ja + bcot?(x) » \Ja + bcot?(x)
= Vatanh [T — Va—-btanh T

Mathematica [A] time = 0.0266822, size = 60, normalized size = 1.

\/Etanh_l [\/u + bcotz(x)J T T tanh™? [\/a + bcotz(x)]

Vi Vio
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Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + b*Cot[x]~2]*Tan[x],x]

[Out] Sqrt([al*ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrt[al] - Sqrtl[a - bl*ArcTanh[Sqrt[a
+ bxCot [x]~2]/Sqrt[a - b]]

Maple [C] time = 0.289, size = 591, normalized size = 9.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*cot(x)"2) " (1/2)*tan(x),x)

[Out] 1/2%47(1/2)/((2*a~(1/2)*(a-b)~(1/2)-2*a+b)/b)~(1/2)*(E1llipticF ((-1+cos(x))*
((2xa~(1/2)*(a-b)~(1/2)-2*a+b)/b) ~(1/2) /sin(x), ((8*a~ (3/2)*(a-b) " (1/2)-4x*a"
(1/2)*(a-b) = (1/2) *b+8*a~2-8*axb+b~2) /b~2) ~(1/2) ) *b+2xE1lipticPi((-1+cos(x))
*x((2%xa~(1/2)*(a-b) ~(1/2)-2xa+b) /b) ~(1/2) /sin(x) ,-1/(2*xa~(1/2) *(a-b) ~(1/2)-2
*xa+b) *b, (- (2*%a”~ (1/2)*x(a-b) ~(1/2)+2*a-b) /b) ~(1/2) / ((2*a~ (1/2)*(a-b) ~(1/2) -2
a+b) /b) ~(1/2))*a-2*E1lipticPi ((-1+cos(x))*((2*a~(1/2)*(a-b)~(1/2)-2*a+b)/b)
~(1/2)/sin(x),-1/(2*a~ (1/2)*(a-b) ~(1/2)-2*a+b) *b, (-(2*a~ (1/2)*(a-b) ~(1/2)+2
*a-b) /b))~ (1/2)/((2*a~(1/2)*(a-b) ~(1/2) -2*%a+b) /b) ~(1/2) ) *b-2xE1llipticPi ((-1+
cos(x))*((2*a~(1/2)*(a-b)~(1/2)-2*%a+b) /b)~(1/2) /sin(x) ,1/(2xa”~ (1/2)*(a-b) " (
1/2)-2*a+b) *b, (- (2xa~ (1/2) *(a-b) ~(1/2)+2*a-b) /b) ~(1/2) / ((2*a~ (1/2) *(a-b) ~ (1
/2)-2%a+b) /b) " (1/2))*a)*sin(x) ~3*(-2/b*(cos(x)*a~ (1/2)*(a-b) ~(1/2)-a~(1/2) *
(a-b)~(1/2)+ax*cos(x)-b*cos(x)-a)/(cos(x)+1)) " (1/2)*(1/b*(cos(x)*a~(1/2)* (a-
b)~(1/2)-a~(1/2)*(a-b) " (1/2)-a*cos (x)+b*cos(x)+a)/(cos(x)+1)) " (1/2)*((cos(x
) "2xa-b*cos(x) "2-a)/(cos(x)"2-1))"(1/2)*27(1/2) / (-1+cos(x) )/ (cos(x) "2*a-b*c
os(x)~2-a)

Maxima [F] time = 0., size = 0, normalized size = 0.

f /b cot (x)2 + atan (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)~2)~(1/2)*tan(x),x, algorithm="maxima")
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[Out] integrate(sqrt(b*cot(x)~2 + a)*tan(x), x)

Fricas [A] time = 1.74937, size = 949, normalized size = 15.82

a tan(x)2+b

2a—b)tan(x)2—2\/a—b t
1 tan (x)> + b 1 ( an(x)?
—+/alog 2atan(x)2+2x/ﬁ %tan(x)2+b + —Va-"blog > tan®)

2 tan (x) 2 tan (x)° +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*cot(x)~2)~(1/2)*tan(x),x, algorithm="fricas")

[Out] [1/2x*sqrt(a)*log(2*a*xtan(x)~2 + 2*sqrt(a)*sqrt((a*tan(x)~2 + b)/tan(x)~2)*t
an(x)~2 + b) + 1/2*sqrt(a - b)*xlog(((2*a - b)*tan(x)~2 - 2*sqrt(a - b)*sqrt
((axtan(x)”"2 + b)/tan(x)"2)*tan(x)"2 + b)/(tan(x)"2 + 1)), -sqrt(-a + b)*ar
ctan(-sqrt(-a + b)*sqrt((a*tan(x)”2 + b)/tan(x)"2)/(a - b)) + 1/2xsqrt(a)*l
og(2xaxtan(x) "2 + 2xsqrt(a)*sqrt((a*xtan(x)~2 + b)/tan(x)"2)*tan(x)"2 + b),
-sqrt(-a)*arctan(sqrt(-a)*sqrt((a*xtan(x)”"2 + b)/tan(x)~2)/a) + 1/2*xsqrt(a -
b)*xlog(((2*a - b)*tan(x)~2 - 2*sqrt(a - b)*sqrt((a*xtan(x)~2 + b)/tan(x)~2)
xtan(x)”"2 + b)/(tan(x)"2 + 1)), -sqrt(-a)*arctan(sqrt(-a)*sqrt((a*xtan(x)~2

+ b)/tan(x)~2)/a) - sqrt(-a + b)*arctan(-sqrt(-a + b)*sqrt((a*tan(x)”2 + b)
/tan(x)"2)/(a - b))]

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a + beot? (x) tan (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot (x)**2)**(1/2)*tan(x),x)

[Out] Integral(sqrt(a + bxcot(x)**2)*tan(x), x)
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Giac [B] time = 1.32114, size = 252, normalized size = 4.2

2

Va-b sin(x)—\/u sin(x)z—h sin(x)2+b) —2a+b
2V-a2+ab

V—a? +ab

2+Va — baarctan

+ Va-blog ((Va —bsin (x) - \/a sin (x)2 —bsin (x)2 + b)‘

N =

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)~2)~(1/2)*tan(x),x, algorithm="giac")

[Out] 1/2*(2*sqrt(a - b)*axarctan(1/2*x((sqrt(a - b)*sin(x) - sqrt(a*sin(x)”2 - bx*
sin(x)72 + b))72 - 2%a + b)/sqrt(-a”2 + a*b))/sqrt(-a”2 + axb) + sqrt(a - b
)*log((sqrt(a - b)*sin(x) - sqrt(a*sin(x)~2 - b*sin(x)~2 + b))~2))*sgn(sin(

x)) - 1/2x(2xsqrt(a - b)*a*arctan(-(a - b)/sqrt(-a”2 + a*b)) + sqrt(-a”2 +
axb)*sqrt(a - b)*log(b))*sgn(sin(x))/sqrt(-a~2 + ax*b)
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3.22 f cotZ(x)\/ a + b cot*(x) dx

Optimal. Leaf size=89

i (- 2b) tanh™! [@L“?]
—% Cot(x)\/MTOtz(x) +Va-— btan_l a-b COt(x) _ a+b cot(x)
N 0

[Out] Sqrtla - bl*ArcTan[(Sqrt[a - b]*Cot[x])/Sqrtla + b*Cot[x]~2]] - ((a - 2%b)*
ArcTanh [(Sqrt [b] *Cot [x])/Sqrt[a + b*Cot[x]~2]1])/(2xSqrt[b]) - (Cot[x]*Sqrtl[
a + bxCot[x]72])/2

Rubi [A] time = 0.12499, antiderivative size = 89, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 17, e e e

0.412, Rules used = {3670, 478, 523, 217, 206, 377, 203}

integrand size

ilh (a-2b) tanh ™! [%Lt(z)]
—% Cot(x)m +Va— btan_l a —bcot(x) _ \ a+b cot“(x)

Antiderivative was successfully verified.

[In] Int[Cot[x]~2*Sqrtla + b*Cot[x]~2],x]

[Out] Sqrtla - bl*ArcTan[(Sqrt[a - bl*Cot[x])/Sqrtla + bxCot[x]~2]] - ((a - 2*b)x*
ArcTanh [(Sqrt [b]*Cot [x])/Sqrt[a + b*Cot[x]~2]]1)/(2%Sqrt[b]l) - (Cot[x]*Sqrtl[
a + bxCot[x]72])/2

Rule 3670

Int[((d_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_I)*xx)01)"(@))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*xffx*x)/c) m*x(a + b*(ff*x)"n) p)/(c”2 + £
£72xx72), x1, x, (c*Tan[e + f*x])/ff], x1]1 /; FreeQ[{a, b, ¢, d, e, f, m, n
, pY, x] & (IGtQ[p, O] || EqQn, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[n]))

Rule 478



126

Int[((e_)*(x_))"(m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_)*((c_) + (d_.)*(x_)"(n_
))"(q_ ), x_Symbol]l :> Simp[(e”(n - 1)*(e*x)"(m - n + 1)*(a + bxx™n) " (p + 1)
x(c + d*x™n)"q)/(b*(m + nx(p + q) + 1)), x] - Dist[e"n/(b*x(m + nx(p + q) +
1)), Int[(exx)"(m - n)*(a + b*x"n) p*x(c + d*x"n)~(q - 1)*Simp[a*ckx(m - n +
1) + (a*d*(m - n + 1) - n*xq*(b*c - a*d))*x"n, x], x], x] /; FreeQ[{a, b, c,
d, e, p}, x] && NeQ[b*c - axd, 0] &% IGtQ[n, 0] && GtQ[g, 0] && GtQ[m - n
+ 1, 0] & IntBinomialQ[a, b, ¢, d, e, m, n, p, q, x]

Rule 523

Int[(Ce ) + (£_)*x(x_)"(m_))/(((a ) + (b_)*(x_)"(n_))*Sqrtl(c_) + (d_.)*(x
)7 (n.)]), x_Symbol] :> Dist[f/b, Int[1/Sqrtlc + d*x"n], x], x] + Dist[(bxe
- axf)/b, Int[1/((a + bxx"n)*Sqrtlc + d*x"n]), x], x] /; FreeQ[{a, b, c, d
, e, T, n}, x]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] & 'GtQ[a, O]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 377

Int[((a_) + (b_)*x(x_)"(n_)) " (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rt[a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps
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20 + b2
fcotz(x)\/u + beot?(x)dx = — Subst [f % dx, x, cot(x)]

1 [ 1 a+ (—a + 2b)x?
= —= cot(x)~/a + bcot?(x) + = Subst dx, x, cot(x)
2 2 [f (1 + xz) Va + bx? ]

1 1 1
=——cot(x)\Ja+b cot?(x) + (a — b) Subst dx, x,cot(x) |+ =(-a +
2 f(l +x2) Va + bx? 2

- Cot(X)m + (a — b) Subst f ! ~dx,x, cot(x)
2 RN v

\a+ b cot?(

(a—2b) tanh ™ oot
\Ja+b cotz(x) 1
2vVb 2

_ a—btanl[ Va — b cot(x) J_

\a+ b cot?(x)

Mathematica [B] time = 22.2456, size = 2105, normalized size = 23.65

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[x]~2*Sqrt[a + bxCot[x]~2],x]

[Out] -(Sqrt[(-a - b + a*Cos[2xx] - b*Cos[2xx])/(-1 + Cos[2*x])]*Cot[x])/2 + ((-4

xSqrt[a - b]*Sqrt[bl*ArcTan[(Sqrt[a - bl*(-1 + Tan[x/2]72))/Sqrt[b*Cos[x]~2
*xSec[x/2] 74 + 4xaxTan[x/2]72]] - (a - 2xb)*ArcTanh[(Sqrt[2]*(a + (-a + b)*C
os[x])*Sec[x/2]72)/(Sqrt[bl*Sqrt[(a + b + (-a + b)*Cos[2xx])*Sec[x/2]74])]

+ (a - 2*b)*ArcTanh[(2*a + b*(-1 + Tan[x/2]72))/(Sqrt[b]*Sqrt [bxCos[x] ~2*Se
c[x/2]174 + 4xa*Tan[x/2]72])])*((b*Sqrt[-(a/(-1 + Cos[2*x])) - b/(-1 + Cos[2
xx]) + (axCos[2*x])/(-1 + Cos[2*x]) - (b*Cos[2xx])/(-1 + Cos[2*x])])/(-a -

b + a*Cos[2*x] - bxCos[2*x]) - (axCos[2*x]*Sqrt[-(a/(-1 + Cos[2*x])) - b/(-
1 + Cos[2*x]) + (axCos[2*x])/(-1 + Cos[2*x]) - (b*Cos[2*x])/(-1 + Cos[2*x])
1)/(-a - b + a*Cos[2*x] - b*Cos[2*x]) + (b*Cos[2*x]*Sqrt[-(a/(-1 + Cos[2*x]
)) - b/(-1 + Cos[2*x]) + (a*Cos[2*x])/(-1 + Cos[2*x]) - (b*Cos[2*x])/(-1 +

Cos[2*x])])/(-a - b + axCos[2*x] - b*Cos[2*x]))*Sqrt[a + b*Cot[x]~2]*Tan[x/
2])/(Sqrt[2] *Sqrt [b]l*Sqrt[(a + b + (-a + b)*Cos[2*x])*Sec[x/2] 4] *(((-4*Sqr
t[a - b]*Sqrt[bl*ArcTan[(Sqrt[a - bl*(-1 + Tan[x/2]72))/Sqrt [bxCos[x] ~2*Sec
[x/2]74 + 4*xaxTan([x/2]72]] - (a - 2*b)*ArcTanh[(Sqrt[2]*(a + (-a + b)*Cos[x
1)*Sec[x/2]72)/(Sqrt[bl*Sqrt[(a + b + (-a + b)*Cos[2*x])*Sec[x/2]74])] + (a

— —cot(x)

}+

1
2
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- 2xb)*ArcTanh[(2%a + b*(-1 + Tan[x/2]72))/(Sqrt [b]*Sqrt [b*Cos [x] “2*Sec[x/
2]74 + 4*axTan[x/2]72])])*Sqrt[a + bxCot[x]~2]*Sec[x/2]72)/(2%Sqrt [2]*Sqrt[
bl*Sqrt[(a + b + (-a + b)*Cos[2xx])*Sec[x/2]74]) - (Sqrt[b]l*(-4*Sqrt[a - b]
xSqrt [b] *ArcTan[(Sqrt[a - bl*(-1 + Tan[x/2]172))/Sqrt [b*Cos[x] ~2*Sec[x/2] "4
+ 4xa*xTan[x/2]72]] - (a - 2xb)*ArcTanh[(Sqrt[2]*(a + (-a + b)*Cos[x])*Sec[x
/2172)/(Sqrt[bl*Sqrt[(a + b + (-a + b)*Cos[2*x])*Sec[x/2]74])] + (a - 2%b)*
ArcTanh[(2*a + b*(-1 + Tan[x/2]72))/(Sqrt[b]l*Sqrt[b*Cos[x] "2*Sec[x/2]"4 + 4
xa*xTan [x/2]72])])*Cot [x] *Csc [x] "2*Tan [x/2])/ (Sqrt [2] *Sqrt [a + b*Cot [x]~2]*S
grt[(a + b + (-a + b)*Cos[2xx])*Sec[x/2]74]) - ((-4*Sqrt[a - blx*Sqrt[b]*Arc
Tan[(Sqrt[a - b]l*(-1 + Tan[x/2]72))/Sqrt [b*Cos[x] "2*Sec[x/2]"4 + 4*axTan[x/
2172]1 - (a - 2*b)*ArcTanh[(Sqrt[2]*(a + (-a + b)*Cos[x])*Sec[x/2]72)/(Sqrt
[b]*Sqrt[(a + b + (-a + b)*Cos[2*x])*Sec[x/2]74])] + (a - 2*b)*ArcTanh[(2*a

+ b*x(-1 + Tan[x/2]72))/(Sqrt [b]l*Sqrt [b*Cos [x] "2*Sec[x/2] "4 + 4xa*Tan[x/2]"
2])1)*Sqrt[a + bxCot[x] 2]*Tan[x/2]*(-2*(-a + b)*Sec[x/2] 4*Sin[2*x] + 2x(a

+ b + (-a + b)*Cos[2*x])*Sec[x/2] "4*Tan[x/2]))/(2*Sqrt [2]*Sqrt [b]*((a + b
+ (-a + b)*Cos[2*x])*Sec[x/2]74)~(3/2)) + (Sqrtl[a + bxCot[x] 2]*Tan[x/2]*(-
(((a = 2%b)*(-((8qrt[2]*(-a + b)*Sec[x/2]"2+Sin[x])/(Sqrt[b]*Sqrt[(a + b +
(-a + b)*Cos[2*x])*Sec[x/2]174]1)) + (Sqrt[2]*(a + (-a + b)*Cos[x])*Sec[x/2]"
2xTan[x/2])/(Sqrt[bl*Sqrt[(a + b + (-a + b)*Cos[2*x])*Sec[x/2]74]) - ((a +
(-a + b)*Cos[x])*Sec[x/2] "2x(-2*(-a + b)*Sec[x/2]"4*Sin[2*x] + 2*(a + b + (
-a + b)*Cos[2*x])*Sec[x/2] "4*Tan[x/2]))/(Sqrt[2]*Sqrt[bl*((a + b + (-a + b)
*Cos [2*x])*Sec[x/2]174)"(3/2))))/(1 - (2x(a + (-a + b)*Cos[x])"2)/(b*(a + b
+ (-a + b)*Cos[2*x])))) - (4*xSqrtla - bl*Sqrt[b]l*(-(Sqrtla - b]*(-2xb*Cos[x
1xSec[x/2]~4*Sin[x] + 4xa*xSec[x/2] 2xTan[x/2] + 2*b*Cos[x]~2*Sec[x/2] “4*Tan
[x/2])*(-1 + Tan([x/2]72))/(2*%(b*Cos [x] "2xSec[x/2] "4 + 4*axTan[x/2]72)~(3/2)
) + (Sqgrtla - bl*Sec[x/2] 2xTan[x/2])/Sqrt[b*Cos[x] "2*Sec[x/2]"4 + 4*axTan[
x/2172]1))/(1 + ((a - b)*(-1 + Tan[x/2]172)72)/(b*Cos[x] "2*Sec[x/2] "4 + 4*a*T
an[x/2]17°2)) + ((a - 2*b)*((Sqrt[b]l*Sec[x/2] " 2*Tan[x/2])/Sqrt [bxCos [x] ~2*Sec
[x/2]74 + 4xaxTan[x/2]72] - ((-2*b*Cos[x]*Sec[x/2] 4*Sin[x] + 4xax*Sec[x/2]~
2xTan[x/2] + 2*%bxCos[x] "2*Sec[x/2] "4xTan[x/2])*(2xa + b*x(-1 + Tan[x/2]72)))
/ (2xSqrt [b] * (b*Cos [x] "2*Sec[x/2] "4 + 4*a*xTan[x/2]72)7(3/2))))/(1 - (2%xa + b
* (-1 + Tan[x/2]72)) "2/ (b*(b*Cos [x] "2*Sec[x/2] "4 + 4xaxTan[x/2]172)))))/(Sqrt
[2]*Sqrt [b]*Sqrt[(a + b + (-a + b)*Cos[2*x])*Sec[x/2]74])))

Maple [B] time = 0.035, size = 174, normalized size = 2.

_Cotz(x) a-+b(cot (1)’ -3 In (cot () Vb + yJa + b (cot (x))z) % +Vbln (Cot () Vb + a + b cot (x))z) ) b(al— !

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x) ~2%(a+b*cot(x)~2)~(1/2),x)
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[Out] -1/2*cot(x)*(at+bxcot(x)~2)~(1/2)-1/2*a/b~(1/2)*1n(cot (x)*b~(1/2)+(a+b*xcot (x
)72)7(1/2))+b~ (1/2)*1n(cot (x) *b~ (1/2) +(at+b*cot (x)"2) " (1/2))-(b~4x*(a-b))~(1/
2)/b/(a-b)*arctan(b~2*(a-b)/ (b~ 4*(a-b)) " (1/2) / (a+b*cot (x)"2) " (1/2) *cot (x) )+
ax(b"4*(a-b))~(1/2)/b"2/(a-b)*arctan(b”2*x(a-b) /(b~4*x(a-b)) "~ (1/2)/(a+b*cot (x
)7"2)"(1/2)*cot (x))

Maxima [F] time = 0., size = 0, normalized size = 0.

f \bcot (x)2 +acot (x)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x) ~2*(atb*cot(x)~2)~(1/2),x, algorithm="maxima"

[Out] integrate(sqrt(b*cot(x)~2 + a)*cot(x)”2, x)

Fricas [B] time = 1.84215, size = 1901, normalized size = 21.36

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x) " 2*(atb*cot(x)~2)7(1/2),x, algorithm="fricas")

[Out] [1/4x(2*xsqrt(-a + b)*bxlog(-(a - b)*cos(2xx) - sqrt(-a + b)*sqrt(((a - b)*c
os(2%x) - a - b)/(cos(2*x) - 1))*sin(2*x) + b)*sin(2*x) - (a - 2%b)*sqrt(b)
*xlog(((a - 2*b)*cos(2*x) - 2*sqrt(b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2
*x) — 1))*sin(2*x) - a - 2%b)/(cos(2%x) - 1))*sin(2%x) - 2*(b*xcos(2*x) + b)
xsqrt (((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1)))/(b*sin(2*x)), 1/4*(4*xsqrt
(a - b)*bxarctan(-sqrt(a - b)*sqrt(((a - b)*cos(2xx) - a - b)/(cos(2*x) - 1
))*sin(2*x)/((a - b)*cos(2*x) + a - b))*sin(2xx) - (a - 2*b)*sqrt(b)*log(((
a - 2*b)*cos(2*xx) - 2xsqrt(b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1
))*sin(2*x) - a - 2%b)/(cos(2*x) - 1))*sin(2*x) - 2x(bxcos(2*x) + b)*sqrt ((
(a - b)*cos(2xx) - a - b)/(cos(2*x) - 1)))/(b*sin(2*x)), 1/2x((a - 2%b)*sqr
t(-b)*arctan(sqrt(-b)*sqrt(((a - b)*cos(2*xx) - a - b)/(cos(2*x) - 1))*sin(2
xx) /(b*xcos(2%x) + b))*sin(2*x) + sqrt(-a + b)*b*xlog(-(a - b)*cos(2*x) - sqr
t(-a + b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin(2*x) + b)*sin
(2xx) - (b*cos(2*x) + b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1)))/(
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b*xsin(2*x)), 1/2*(2*sqrt(a - b)*b*arctan(-sqrt(a - b)*sqrt(((a - b)*cos(2*x
) —a - b)/(cos(2*x) - 1))*sin(2*x)/((a - b)*cos(2*x) + a - b))*sin(2*x) +
(a - 2xb)*sqrt(-b)*arctan(sqrt(-b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x
) = 1))*sin(2*x)/(bxcos(2*x) + b))*sin(2*x) - (bxcos(2*x) + b)*sqrt(((a - b
)*cos(2*x) - a - b)/(cos(2*x) - 1)))/(b*sin(2xx))]

Sympy [F] time = 0., size = 0, normalized size = 0.

f \a+b cot? (x) cot? (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot (x)**2*(a+bkcot (x)**2)**(1/2),x)

[Out] Integral(sqrt(a + b*cot(x)**2)*cot(x)**2, x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x) ~2*(atb*cot(x)~2)~(1/2),x, algorithm="giac")

[Out] Timed out
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323  [+a+bcot?(x)dx

Optimal. Leaf size=65

~Va-btan™ Na-beotls) —vVbtanh™ M

[Out] -(Sqrtl[a - bl*ArcTan[(Sqrt[a - b]*Cot[x])/Sqrtla + b*Cot[x]~2]]) - Sqrtl[blx*
ArcTanh [(Sqrt [b]*Cot [x])/Sqrt[a + b*Cot[x]~2]]

Rubi [A] time = 0.0452154, antiderivative size = 65, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 12, e e .

0.5, Rules used = {3661, 402, 217, 206, 377, 203}

integrand size

~Va-btan™ Na-beot) | _ Vb tanh™? \/Ecot(x)

\Ja + beot?(x) \Ja + b cot?(x)

Antiderivative was successfully verified.

[In] Int[Sqrt[a + b*Cot[x]~2],x]

[Out] -(Sqrtl[a - bl*ArcTan[(Sqrt[a - b]*Cot[x])/Sqrtla + b*Cot[x]~2]]) - Sqrt[blx*
ArcTanh [(Sqrt [b]*Cot [x])/Sqrt[a + b*Cot[x]~2]]

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tanl[e + f*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
ffxx)"n)p/(c”2 + ff72*x72), x], x, (cxTanle + fxx])/ff], x1] /; FreeQl{a,
b, c, e, £, n, p}, x] & (IntegersQ[n, p] || IGtQlp, 0] || EqQ[n~2, 4] || E
qQ[n~2, 16])

Rule 402

Int[((a ) + (b_)*(x )"2)"(p_.)/((c_) + (d_.)*(x_)"2), x_Symbol] :> Dist[b/
d, Int[(a + b*x"2)"(p - 1), x], x] - Dist[(b*c - a*d)/d, Int[(a + b*x"2)"(p
- 1)/(c + d*x~2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c - ax*d, 0] &&
GtQlp, 0] && (EqQlp, 1/2] || EqQ[Denominator(pl, 41)
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Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] && 'GtQ[a, O]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] || LtQ[b, 01)

Rule 377

Int[((a_) + (b_)*x(x_)"(m_)) " (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x™n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] &% NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtl[a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps

/ 2
f\/a +beot?(x)dx = — Subst[ ot bx ——dx, x, cot(x)J

- (b Subst ( !

(1 + xz) Va + bx?

\/aj-w dx, x, cot(x))) + (—a + b) Subst [f

1 cot(x)
=- bSubst[f dx, x, + (- a+b)Subst{f—d X, X,
1-bx? [ 2 ] 1-(-a+b)x? [
a+ bcot (x) a+

= —Va-btan™ [MJ —Vbtanh™! M]

\Ja + beot?(x) \Ja + beot?(x)

dx, x, cot (x)]

CC
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Mathematica [C] time = 0.391168, size = 167, normalized size = 2.57

4i (\/a —byJa + beot?(x) + a—ib cot(x)) 4i (\/a —byJa+beot?(x) +a +ib cot(x))
—Va-blog

(a — b)3>2(cot(x) + 1) (a — b)*>2(cot(x) — i)

1
Ei Va-blog|-

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + b*Cot[x]~2],x]

[Out] (I/2)*(Sqrtla - bl*Log[((-4*I)*(a - I*b*Cot[x] + Sqrt[a - b]*Sqrt[a + b*Cot
[x]~2]))/((a - b)~(3/2)*(I + Cot[x]))] - Sqrtl[a - bl*Logl[((4*xI)*(a + Ixbx*Co

t[x] + Sqrtla - bl*Sqrtla + b*Cot[x]~2]))/((a - b)~(3/2)*(-I + Cot[x]))] +
(2xI)*Sqrt [b] *Log[bxCot [x] + Sqrt[b]*Sqrt[a + b*Cot[x]~2]1])

Maple [B] time = 0.026, size = 137, normalized size = 2.1

~VbIn (cot (%) Vb + \a +b(cot (x))z) + L vb% (a — b) arctan| (a — b) b? cot (x) ! !
bla-b) V@ =) Jo 4 b (cot (v)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*cot(x)"2)"(1/2),x)

[Out] -b~(1/2)*1n(cot(x)*b~(1/2)+(a+b*cot(x)~2)~(1/2))+(b"4*(a-b))~(1/2)/b/(a-b)*
arctan(b”2*x(a-b)/(b~4*x(a-b)) " (1/2)/(a+b*cot(x)"2) " (1/2)*cot (x))-a*x(b"4*x(a-b
))~(1/2)/b"2/(a-b) *arctan(b~2*(a-b)/(b~4*(a-b)) ~(1/2) /(atb*cot (x) ~2) ~(1/2) *
cot(x))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)~2)~(1/2),x, algorithm="maxima"
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[Out] Exception raised: ValueError

Fricas [B] time = 1.81478, size = 1285, normalized size = 19.77

(a—2b)cos(2x) + 2~

1 - 2x)—a- 1
—V-a+blog|-(a-b)cos2x)+ V-a+D (@-bjcos@x) —a bsin(Zx)+b +—\/I_?log
2 cos(2x)—1 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*cot(x)~2)~(1/2),x, algorithm="fricas")

[Out] [1/2x*sqrt(-a + b)*log(-(a - b)*cos(2*x) + sqrt(-a + b)*sqrt(((a - b)*cos(2x*
x) - a - b)/(cos(2xx) - 1))*sin(2*x) + b) + 1/2xsqrt(b)*log(((a - 2xb)*cos(
2xx) + 2*sqrt(b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin(2*x) -
a - 2*%b)/(cos(2*x) - 1)), -sqrt(a - b)*arctan(-sqrt(a - b)*sqrt(((a - b)*c
0s(2*%x) - a - b)/(cos(2*%x) - 1))*sin(2*x)/((a - b)*cos(2*x) + a - b)) + 1/2
xsqrt (b) *log(((a - 2xb)*cos(2*x) + 2xsqrt(b)*sqrt(((a - b)*cos(2*x) - a - b
)/ (cos(2%x) - 1))*sin(2*x) - a - 2*b)/(cos(2*x) - 1)), sqrt(-b)*arctan(sqrt
(-b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin(2*x)/(b*cos(2*x) +
b)) + 1/2*xsqrt(-a + b)*log(-(a - b)*cos(2xx) + sqrt(-a + b)*sqrt(((a - b)*
cos(2*x) - a - b)/(cos(2*x) - 1))*sin(2*x) + b), -sqrt(a - b)*arctan(-sqrt(
a - b)xsqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin(2*x)/((a - b)*co
s(2xx) + a - b)) + sqrt(-b)*arctan(sqrt(-b)*sqrt(((a - b)*cos(2*x) - a - b)
/(cos(2xx) - 1))*sin(2*x)/(b*cos(2*x) + b))]

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a + beot? (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*cot(x)**2)**(1/2),x)

[Out] Integral(sqrt(a + b*cot(x)**2), x)
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Giac [B] time = 21.9382, size = 284, normalized size = 4.37

2
V-a+b cos(x)—\/—a cos(x)2+b cos(x)2+a) +a-2b
2V-a+bbarct
1 a arctan Zm
+ V-a+blog [(V—a +bcos(x) — \/—a cos (x)2 +b

2 Vab - 12

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)~2)~(1/2),x, algorithm="giac")

[Out] -1/2%(2*sqrt(-a + b)*b*xarctan(1/2*((sqrt(-a + b)*cos(x) - sqrt(-a*xcos(x)"2
+ b*xcos(x)72 + a))”"2 + a - 2*b)/sqrt(axb - b~2))/sqrt(a*b - b~2) + sqrt(-a
+ b)*xlog((sqrt(-a + b)*cos(x) - sqrt(-a*xcos(x)~2 + b*cos(x)"2 + a))~2))*sgn
(sin(x)) + 1/2x(2*sqrt(-a + b)*b*arctan(-sqrt(-a + b)*sqrt(b)/sqrt(a*b - b~
2)) + sqrt(a*xb - b"2)*sqrt(-a + b)*log(-a - 2*sqrt(-a + b)*sqrt(b) + 2%b))*

sgn(sin(x))/sqrt(a*xb - b~2)
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3.24 [ +a+bcot?(x) tan’(x) dx

Optimal. Leaf size=51

Va-btan™ m + tan(x)y/a + b cot?(x)
\Ja+ b cot?(x)

[Out] Sqrtla - bl*ArcTan[(Sqrt[a - bl*Cot[x])/Sqrtla + b*Cot[x]~2]] + Sqrtl[a + bx*
Cot [x]~2] *Tan [x]

Rubi [A] time = 0.088678, antiderivative size = 51, normalized size of antiderivative =
. . f rul
1., number of steps used = 5, number of rules used = 5, integrand size = 17, number of rules _

0.294, Rules used = {3670, 475, 12, 377, 203}

Va-btan™ M + tan(x)y/a + b cot?(x)
\Ja + beot?(x)

Antiderivative was successfully verified.

integrand size

[In] Int[Sqrt[a + b*Cot[x]~2]*Tan[x]"2,x]

[Out] Sqrtla - bl*ArcTan[(Sqrt[a - bl*Cot[x])/Sqrtla + bxCot[x]~2]] + Sqrtl[a + bx*
Cot [x]~2] *Tan [x]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_I)*xx)1)"())"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*xffx*x)/c) m*x(a + b*(ff*x)"n) p)/(c”2 + £
£72%x72), x], x, (cxTanl[e + fxx])/ff], x]] /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[n]))

Rule 475

Int[((e_)*(x_))"(m_)*x((a_) + (b_.)*x_)D"(m_)) " (p_)*((c_) + (d_.)*(x_)"(n_)
)~(q_), x_Symbol] :> Simp[((e*x)"(m + 1)*(a + b*x™n) (p + 1)*(c + d*x"n)"q)
/(axex(m + 1)), x] - Dist[1/(a*xe™n*(m + 1)), Int[(exx)"(m + n)*(a + b*x"n)”
px(c + d*x"n)~(q - 1)*Simp[cxb*(m + 1) + nx(bxc*x(p + 1) + axdxq) + d*x(bx(m
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+ 1) + b*nx(p + q + 1))*x"n, x], x], x] /; FreeQ[{a, b, c, d, e, p}, x] &&
NeQ[b*xc - axd, 0] &% IGtQ[n, 0] && LtQ[0, q, 1] && LtQ[m, -1] && IntBinomia
1Q[a, b, ¢, d, e, m, n, p, q, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 377

Int[((a_) + (b_)*xx_D)"(m_))"(p_)/((c_) + (d_)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + bxx™n)~(1/n)] /; FreeQ[{a, b
, ¢, dY, x] &% NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[nl]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rubi steps
. 2
f\/a + b cot?(x) tan?(x) dx = — Subst f Na+ b dx, x, cot(x)
x2 (1 + xZ)

= \/a + b cot?(x) tan(x) — Subst [f (1 " x;()l;;;w dx, x, cot(x)]

= \Ja + b cot?(x) tan(x) — (-a + b) Subst f (1 " xz)l\/m dx, x, cot(x)]

cot(x)

1
2 — (=
a + b cot(x) tan(x) — (—a + b) Subst f a2 dx, x,

Va-btan™ m ++ja+b cot?(x) tan(x)
\Ja + b cot?(x)

Mathematica [C] time = 0.0867389, size = 44, normalized size = 0.86

1.1 - 2
tEm(x)\/ﬁog(X)H}’p6rgeometric2F1 (_5' L5 _(ab)—cot(x))

a + b cot?(x)

\Ja+b cot?(x)
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Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + b*Cot[x]~2]*Tan[x]~2,x]

[Out] Sqrtla + b*Cot[x] 2]*Hypergeometric2F1[-1/2, 1, 1/2, -(((a - b)*Cot[x]"2)/(
a + b*Cot[x]72))]*Tan[x]

Maple [B] time = 0.219, size = 750, normalized size = 14.7

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*cot(x)~2)~(1/2)*tan(x)"2,x)

[Out] -1/2%4~(1/2)/b"(1/2)/(-a+b) " (1/2)*(-1+cos(x))*(-cos(x) *1n(4*cos(x)*(-a+b) ~(
1/2)*(-(cos(x) "2*a-b*cos(x) "2-a) /(cos(x)+1) "2) ~(1/2) -4*a*xcos (x) +4*b*cos (x)+
4x(-a+b) " (1/2)* (- (cos(x) "2*a-b*cos(x)"2-a)/(cos(x)+1)"2)~(1/2))*b~(3/2) +cos
(x)*(=a+b) " (1/2)*b~ (1/2) * (- (cos (x) "2*a-b*cos(x) "2-a) /(cos(x)+1)~"2)~(1/2)-co
s(x)*1In(-4/b~(1/2)*(-1+cos(x) ) *(cos (x) *b~ (1/2) * (- (cos (x) "2*a-b*cos(x) "2-a)/
(cos(x)+1)"2)~(1/2)+a*cos(x)-b*cos (x)+(-(cos(x) "2*a-b*cos(x)"2-a)/(cos(x)+1
)72)7(1/2)*%b~(1/2)+a) /sin(x) "2)*(-a+b) ~(1/2) *a+cos(x) *1In(-4/b~ (1/2) *(-1+cos
(x))*(cos(x)*b~ (1/2) * (- (cos(x) "2*xa-b*cos(x) "2-a)/(cos(x)+1)7"2)~(1/2)+a*cos(
x)-b*xcos (x)+(-(cos(x) "2*a-b*cos(x)"2-a)/(cos(x)+1)"2)~(1/2)*b~(1/2)+a) /sin(
x)"2)*(—a+b) " (1/2) ¥b+cos (x) *1n(-2/b~(1/2) *(-1+cos (x) ) * (cos (x) *b~ (1/2) * (- (co
s(x) "2*a-b*cos(x)"2-a)/(cos(x)+1)"2) " (1/2)+a*cos (x)-b*cos (x)+(-(cos(x) "2*a-
b*xcos(x)"2-a)/(cos(x)+1)72)~(1/2)*b~(1/2)+a) /sin(x) "2) *(-a+b) ~(1/2) *a-cos (x
Y*¥1n(-2/b7(1/2) * (-1+cos(x) ) *(cos(x)*b~ (1/2) * (- (cos (x) "2*a-b*cos(x) ~2-a)/(co
s(x)+1)72) " (1/2)+a*xcos (x)-b*cos (x)+(-(cos(x) "2*a-b*cos(x) "2-a)/(cos(x)+1) "2
)" (1/2)*%b~(1/2)+a) /sin(x) "2) *(—a+b) ~(1/2) ¥*b+cos (x) *1n(4d*cos (x) *(-a+b) ~(1/2)
* (- (cos(x) "2*a-b*cos(x)"2-a)/(cos(x)+1)"2) " (1/2)-4*a*xcos (x)+4*b*cos (x)+4* (-
a+b) " (1/2)* (- (cos(x) "2*a-bxcos(x) "2-a)/(cos(x)+1)~2)~(1/2))*b~(1/2) *a+(-(co
s(x) "2%a-bxcos (x)"2-a)/(cos(x)+1)~2) ~(1/2)*b~(1/2)*(-a+b) ~(1/2) ) *((cos (x) "2
*a-b*cos(x) "2-a)/(cos(x)"2-1))"(1/2) /cos(x) /sin(x)/(-(cos(x) "2*a-b*cos(x) "2
-a)/(cos(x)+1)72)~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/bcot (x)2 + atan (x)2 dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)~2)~(1/2)*tan(x)~2,x, algorithm="maxima"

[Out] integrate(sqrt(b*cot(x)~2 + a)*tan(x)”2, x)

Fricas [A] time = 2.09976, size = 521, normalized size = 10.22

aztaun(x)zl—2(3az—4ab)taun(x)2+112—8ab+8192—4(at8m(x)3—(a—21”))taun(x))\/—a+b\/rE
1

—V-a+blog|- 1 >

4 tan (x)” +2 tan(x)” +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*cot(x)~2)~(1/2)*tan(x)~2,x, algorithm="fricas")

[Out] [1/4x*sqrt(-a + b)*log(-(a"2*tan(x)~4 - 2%(3*a”2 - 4xa*b)*tan(x)"2 + a”2 - 8
xaxb + 8*%b72 - 4x(axtan(x)”3 - (a - 2*b)*tan(x))*sqrt(-a + b)*sqrt((axtan(x
)72 + b)/tan(x)"2))/(tan(x) "4 + 2*xtan(x)”2 + 1)) + sqrt((a*xtan(x)”2 + b)/ta
n(x)~2)*tan(x), 1/2*sqrt(a - b)*arctan(2*sqrt(a - b)*sqrt((a*xtan(x)~2 + b)/
tan(x)"2)*tan(x)/(a*tan(x)”2 - a + 2*b)) + sqrt((a*xtan(x)~2 + b)/tan(x)~2)*

tan(x)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f \Ja + beot? (x) tan? (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)**2)**x(1/2)*tan(x)**2,x)

[Out] Integral(sqrt(a + bxcot(x)**2)*tan(x)**2, x)
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Giac [B] time = 1.54874, size = 323, normalized size = 6.33

)2) ~ 4ay-a+b
(V—a +bcos(x) - \/—a cos (x)2 + bcos (x)2 +a

% V-a+ blog((\/—a +bcos(x)— \/—a Cos (x)2 + bcos (x)2 +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)~2)~(1/2)*tan(x)~2,x, algorithm="giac")

[Out] 1/2*(sqrt(-a + b)*log((sqrt(-a + b)*cos(x) - sqrt(-a*xcos(x)”~2 + b*cos(x)"2
+ a))”~2) - 4xaxsqrt(-a + b)/((sqrt(-a + b)*cos(x) - sqrt(-a*cos(x)”2 + b*co
s(x)72 + a))”2 - a))*sgn(sin(x)) - 1/2*(a*sqrt(-a + b)*log(-a - 2*sqrt(-a +
b)*sqrt(b) + 2%b) - axsqrt(b)*log(-a - 2*sqrt(-a + b)*sqrt(b) + 2%b) - sqr
t(-a + b)*bxlog(-a - 2*sqrt(-a + b)*sqrt(b) + 2xb) + b~(3/2)*log(-a - 2*sqr
t(-a + b)*sqrt(b) + 2xb) + 2*xaxsqrt(-a + b))*sgn(sin(x))/(a + sqrt(-a + b)*
sqrt(b) - b)
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3.25 f \/a + b cot?(x) tan*(x) dx

Optimal. Leaf size=85

Va- 3a-b)t b cot?
L (a4 beor?(x) - v Bran-t| Yz beot@ | O )a“(";\l“ cot™(x)
° \Ja + b cot?(x) a

[Out] -(Sqrtl[a - bl*ArcTan[(Sqrtl[a - b]*Cot[x])/Sqrtla + b*Cot[x]~2]]) - ((3*a -
b)*Sqrt[a + b*Cot[x]~"2]*Tan[x])/(3*a) + (Sqrtl[a + bxCot[x]~2]*Tan[x]~3)/3

Rubi [A] time = 0.14087, antiderivative size = 85, normalized size of antiderivative =
. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 17, e T

integrand size
0.353, Rules used = {3670, 475, 583, 12, 377, 203}

[ PN Va - 3a - b) tan(x)4/a + b cot?
1m§@)a+bm¥@%*%:3mmﬂ 4~ beot(x) _(a )aM2 a+beot’(x)
: \Ja + bcot?(x) a

Antiderivative was successfully verified.

[In] Int[Sqrtla + b*Cot[x]~2]*Tan[x] 4,x]

[Out] -(Sqrtla - bl*ArcTan[(Sqrt[a - bl*Cot([x])/Sqrtla + b*Cot[x]"2]]1) - ((3*a -
b)*Sqrt[a + bxCot[x]~2]*Tan[x])/(3*a) + (Sqrtla + b*Cot[x]~2]*Tan[x]"3)/3

Rule 3670

Int[((d_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*x((a_) + (b_.)*x((c_.)*tan[(e_.) +
(f_)*& DD~ )~ (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + f
£~2%x72), x], x, (cxTanle + fx*x])/ff], x]] /; FreeQ[{a, b, ¢, d, e, f, m, n
, P}, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rule 475

Int[((e_)*(x_))"(m_)*x((a_) + (b_.)*x_)"(m_)) " (p_)*((c_) + (d_.)*(x_)"(n_)
)~(q_ ), x_Symbol] :> Simp[((exx)~(m + 1)*(a + b*x"n)~(p + 1)*(c + d*x"n)~q)
/(axex(m + 1)), x] - Dist[1/(a*xe"n*x(m + 1)), Int[(exx)"(m + n)*x(a + b*x"n)~
p*(c + d*x™n)~(q - 1) *Simp[lcxb*(m + 1) + n*x(b*c*x(p + 1) + axd*xq) + d*(b*x(m
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+ 1) + b*nx(p + q + 1))*x"n, x], x], x] /; FreeQ[{a, b, c, d, e, p}, x] &&
NeQ[b*xc - axd, 0] &% IGtQ[n, 0] && LtQ[0, q, 1] && LtQ[m, -1] && IntBinomia
1Q[a, b, ¢, d, e, m, n, p, q, x]

Rule 583

Int [((g_.)*(x_)) " (m_)*x((a_) + (b_.)*(x_)"(m_))"(p_.)*((c_) + (d_.)*(x_)"(n_
)" (q_D)*((e ) + (f_)*(x_)"(n_)), x_Symbol] :> Simp[(ex(g*x)~(m + 1)*(a +
b*x™n) " (p + 1)*(c + d*x"n)~(q + 1))/(a*ckg*(m + 1)), x] + Dist[1/(a*cxg ™ n*(
m+ 1)), Int[(g*x)"(m + n)*(a + b*x"n) p*x(c + d*x"n) g*Simp[a*f*cx(m + 1) -
ex(b*c + axd)*(m + n + 1) - e*nx(b*cxp + axd*q) - bxexd*(m + nx(p + q + 2)
+ 1)*x"n, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, g, p, q}, x] && IGtQ[n, O
1 && LtQ[m, -1]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 377

Int[((a_) + (b_)*xx_D)"(m_ )~ (p_)/((c_) + (d_)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*d)*x"n), x], x, x/(a + bxx"n)~(1/n)] /; FreeQ[{a, b
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rt[a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQlb, 01)

Rubi steps
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x4

1 5 a1
=3V4 + b cot“(x) tan”(x) — 3 Subst

Va + bx?
f\/a + beot?(x) tan*(x) dx = — Subst [f m dx, x, cot(x)

f —3a + b —2bx? p @)
x, x, cot(x
x2(1+x2)\/a+bx2

N N——

Subst f _daeh)

(32— b)rJa + beot?(x) tan(x) 1 > X ( (L2 Varb2

= - . +§\/a+bcot () tan’(x) + 3
(32— b)rJa + beot?(x) tan(x) 1 ” X

=— oy +§\/a+bcot (x) tan’(x) + (—a + b) Subst f(1—+
(Ba-Db)\Ja+b cot?(x) tan(x) 1 5 3

= - y + 5\/61 + b cot“(x) tan’(x) + (—a + b) Subst fm

_ 3a-b bcot?(x) t
| | N LG RN e
a + beot?(x)

Mathematica [C] time = 1.59201, size = 174, normalized size = 2.05

: , tz(x) CSCZ(X) (ﬂ _2 cotz(x)) ( [(a—b) cos?(x) sin_l (\/(u—b) cosz(x)) + \/bcoszw
CcO a a a
3 sinz(x) tan3(x)\/a + beot?(x) ( . + 1)

(a +b cotz(x)) \/bco—sz(x) + sin’(x)

a

Warning: Unable to verify antiderivative.

[In] Integrate[Sqrt[a + bxCot[x]~2]*Tan[x]~4,x]

[Out] (Sqrtl[a + bxCot[x]~2]*(1 + (b*Cot[x]~2)/a)*Sin[x]~2x((-4*x(a - b)*Cos[x] 2x(
a + b*Cot[x]~2)*Hypergeometric2F1[2, 2, 3/2, ((a - b)*Cos[x]~2)/al)/a"2 + (

(a - 2xb*Cot [x] "2)*Csc[x] "2*(ArcSin[Sqrt[((a - b)*Cos[x]~2)/all*Sqrt[((a -
b)*Cos[x]~2)/a]l + Sqrt[(b*Cos[x]~2)/a + Sin[x]~2]))/((a + b*Cot[x]~2)*Sqrt[
(b*xCos[x]72)/a + Sin[x]72]))*Tan[x]~3)/3

Maple [B] time = 0.151, size = 951, normalized size = 11.2

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*cot(x)~2)"(1/2)*tan(x) 4,x)

[Out] -1/6*%4"(1/2)/a/b~(1/2)/(-a+b) "~ (1/2)*(-1+cos(x))*(cos(x) ~3*b~(3/2)*(-a+b) " (1
/2)*(-(cos(x) "2*a-b*cos(x)"2-a)/(cos(x)+1)~2) " (1/2)+3*cos (x) "3*1n(4*cos (x)*
(-a+b) " (1/2) *(-(cos(x) "2*a-b*cos(x) "2-a) /(cos (x)+1)~2) " (1/2) -4*a*cos (x) +4*b
*cos (x)+4*(—a+b) " (1/2) *(-(cos (x) "2*a-b*cos(x) "2-a)/(cos(x)+1)"2)~(1/2))*b~(
3/2)*a-4*cos (x) ~3*(-(cos (x) "2*a-b*cos(x) "2-a)/(cos(x)+1)72) " (1/2)*b~ (1/2) *(
—-a+b) " (1/2) *a-3*cos (x) "3*1n(4*cos (x) *(—a+b) " (1/2) * (- (cos (x) "2*a-b*cos (x) ~2-
a)/(cos(x)+1)"2)~(1/2)-4*a*cos (x) +4*b*cos (x) +4*x(-a+b) ~(1/2)* (- (cos(x) "2*a-b
xcos (x)72-a)/(cos(x)+1)72)~(1/2))*b~(1/2) *a"2-3*cos (x) "3*1n(-2/b~ (1/2) *(-1+
cos(x))*(cos(x)*b~(1/2) *(-(cos(x) "2*xa-b*cos(x) "2-a)/(cos(x)+1)72) " (1/2)+a*c
08 (x)-b*cos(x)+(-(cos(x) "2*xa-b*cos(x) "2-a)/(cos(x)+1)"2)~(1/2)*b~(1/2)+a) /s
in(x)~2)*(-a+b) " (1/2)*a"2+3*cos (x) ~3*1n(-2/b" (1/2) *(-1+cos(x) ) *(cos (x) *b~ (1
/2)*(-(cos(x) " 2*a-b*cos(x)"2-a)/(cos(x)+1)"2)~(1/2)+a*cos(x)-b*cos (x)+(-(co
s(x)"2%a-bxcos(x)"2-a)/(cos(x)+1)72)~(1/2)*b~(1/2)+a) /sin(x) ~2)*(-a+b) ~(1/2
)*axb+3*cos (x) "3*1n(-4/b~(1/2)*(-1+cos (x) ) *(cos(x) *b~ (1/2) * (- (cos (x) "2*xa-b*
cos(x)"2-a)/(cos(x)+1)"2) " (1/2)+a*xcos (x)-b*cos (x)+(-(cos(x) "2*a-b*cos (x) ~2-
a)/(cos(x)+1)"2)"(1/2)*b~(1/2)+a) /sin(x) "2) *(—a+b) " (1/2) *a~2-3*cos (x) ~3*1n(
-4/b" (1/2)*(-1+cos(x) ) *(cos (x)*b~ (1/2) * (- (cos (x) "2*a-b*cos (x) "2-a) /(cos(x) +
1)72) " (1/2)+a*cos (x) -b*cos (x)+(-(cos (x) "2*a-b*cos (x) "2-a) /(cos(x)+1)"2) " (1/
2)*b~(1/2)+a) /sin(x) "2)*(-a+b) ~(1/2) *a*b+cos (x) "2* (- (cos (x) "2*a-b*cos(x) ~2-
a)/(cos(x)+1)72)"(1/2)*b~(3/2)*(—a+b) ~(1/2) -4*cos(x) "2*x (- (cos (x) "2*a-b*cos(
x)"2-a)/(cos(x)+1)"2)"(1/2)*b~ (1/2) *(-a+b) ~(1/2) *a+cos (x) *b~ (1/2) *(-a+b) ~ (1
/2)*(-(cos(x) "2*a-b*cos(x)"2-a)/(cos(x)+1)"2) " (1/2)*a+b~(1/2)*(—a+b) ~(1/2) *
(-(cos(x) "2*a-b*cos(x) "2-a)/(cos(x)+1)~2) " (1/2)*a)* ((cos (x) "2*a-b*cos (x) "2~
a)/(cos(x)"2-1))"(1/2) /cos(x)"3/sin(x)/ (- (cos(x) "2*a-b*cos(x) "2-a)/(cos(x)+
1)72)7(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/bcot (x)2 + atan (x)4 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)~2)~(1/2)*tan(x)"4,x, algorithm="maxima")

[Out] integrate(sqrt(b*cot(x)~2 + a)*tan(x)”4, x)
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Fricas [A] time = 2.11266, size = 618, normalized size = 7.27

2
a? tan(x)4—2 (3 a2—4 ab) tan(x)2+a2—8 ab+8b%+4 (a tan(x)3—(a—2 b) tan(x))v—a+b %(x));b
tan(x

4(atan(x)3—(3a—l

3av-a+blog|-

tan(x)4+2 tan(x)2+1

12a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)~2)~(1/2)*tan(x)~4,x, algorithm="fricas")

[Out] [1/12%(3*a*xsqrt(-a + b)*log(-(a”2*tan(x)~4 - 2*(3*a”2 - 4xa*b)*tan(x)"2 + a
T2 - 8xa*xb + 8*%b~2 + 4x(axtan(x)”3 - (a - 2xb)xtan(x))*sqrt(-a + b)*sqrt((a
*tan(x) "2 + b)/tan(x)~2))/(tan(x)"4 + 2xtan(x)"2 + 1)) + 4x(axtan(x)"3 - (3

*a - b)*tan(x))*sqrt((axtan(x)”2 + b)/tan(x)”2))/a, -1/6%(3*sqrt(a - b)*axa
rctan(2xsqrt(a - b)*sqrt((axtan(x)”~2 + b)/tan(x) "2)*tan(x)/(a*tan(x)"2 - a

+ 2%b)) - 2x(axtan(x)”3 - (3*%a - b)*tan(x))*sqrt((axtan(x)”2 + b)/tan(x)"2)

)/al

Sympy [F] time = 0., size = 0, normalized size = 0.

f \a+b cot? (x) tan* (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)**2)**(1/2)*tan(x)**4,x)

[Out] Integral(sqrt(a + bxcot(x)**2)*tan(x)**4, x)

Giac [B] time = 1.4015, size = 643, normalized size = 7.56

4(3 (\/—a + bcos (x) — \/—a cos (x)2 + b cos

2
—% 3V-a+ blog((\/—a + bcos (x) — \/—acos (x)2 + bcos(x)2 + a) ]—
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)~2)~(1/2)*tan(x)"4,x, algorithm="giac")

[Out] -1/6%(3*sqrt(-a + b)*log((sqrt(-a + b)*cos(x) - sqrt(-a*cos(x)”2 + bxcos(x)
T2 + a))72) - 4*%(3*x(sqrt(-a + b)*cos(x) - sqrt(-a*cos(x)"2 + b*cos(x)"2 + a
))"4x(2%xa - b)*sqrt(-a + b) - 6x(sqrt(-a + b)*cos(x) - sqrt(-a*cos(x)”2 + b
xcos(x)72 + a)) 2*xa"2*sqrt(-a + b) + (4%a”3 - a"2xb)*sqrt(-a + b))/ ((sqrt(-
a + b)*cos(x) - sqrt(-axcos(x)”2 + bxcos(x)"2 + a))”2 - a)~3)*sgn(sin(x)) +
1/6%(3*xa~2*sqrt(-a + b)*log(-a - 2*sqrt(-a + b)*sqrt(b) + 2%b) - 9*a~2*sqr
t(b)*log(-a - 2*xsqrt(-a + b)*sqrt(b) + 2%b) - 15*xaxsqrt(-a + b)*b*log(-a -
2xsqrt(-a + b)*sqrt(b) + 2xb) + 21*xaxb~(3/2)*log(-a - 2*sqrt(-a + b)*sqrt(b
) + 2%b) + 12*xsqrt(-a + b)*b~2*log(-a - 2*sqrt(-a + b)*sqrt(b) + 2*b) - 12x
b~ (5/2)*log(-a - 2*xsqrt(-a + b)xsqrt(b) + 2%b) + 8*a~2xsqrt(-a + b) - 18*a”
2xsqrt(b) - 24xa*xsqrt(-a + b)*b + 30*a*b”(3/2) + 12xsqrt(-a + b)*b~2 - 12xb
~(56/2))*sgn(sin(x)) /(a2 + 3*axsqrt(-a + b)*sqrt(b) - b*axb - 4*xsqrt(-a + b
)*¥b~(3/2) + 4%b~2)
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3.26 f cot®(x) (a +b (:01:2(x))3/2 dx

Optimal. Leaf size=88

(a +b (30t2(x))5/2

bcot?
- = + % (a +b cotZ(x))3/2 +(a— b)m —(a-Db)*?tanh™" [@]

[Out] -((a - b)~(3/2)*ArcTanh[Sqrt[a + bxCot[x]~2]/Sqrtl[a - b]]) + (a - b)*Sqrtla
+ b*Cot [x] 2] + (a + bxCot[x]72)7(3/2)/3 - (a + b*Cot[x]~2)~(5/2)/(5*b)

Rubi [A] time = 0.136862, antiderivative size = 88, normalized size of antiderivative =
1., number of steps used = 7, number of rules used = 6, integrand size = 17, number of rules _

integrand size
0.353, Rules used = {3670, 446, 80, 50, 63, 208}

beot?(v)”” \Ja+beot?
_ (a *beot (x)) + % (a +b cotz(x))a/2 + (a - b)\Ja + beot?(x) — (a - b)*2 tanh ™" [H—CO(x)J

5b a->b

Antiderivative was successfully verified.

[In] Int[Cot[x] 3*(a + bxCot[x]~2)~(3/2),x]

[Out] -((a - b)~(3/2)*ArcTanh[Sqrt[a + bxCot[x]~2]/Sqrtl[a - b]]) + (a - b)*Sqrt[a
+ bxCot [x]72] + (a + b*Cot[x]172)7(3/2)/3 - (a + b*Cot[x]~2)7(5/2)/(5xb)

Rule 3670

Int[((d_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*x((a_) + (b_.)*x((c_.)*tan[(e_.) +
(f_)*xDDD"(m_))~(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*xff*x)/c) m*x(a + bx(ff*x)"n) p)/(c”2 + £
f~2xx~2), x], x, (c*Tan[e + f*x])/ff], x]1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, P}, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rule 446

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(@_ )" (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/mn, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*x(a + b*x)"p
x(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[



148
bxc - axd, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 80

Int[((a_.) + (b_)*(x_))*x((c_.) + (d_)*x))"(n_)*x((e_.) + (£_)*x(x))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)"(n + L)*(e + f*x)"(p + 1))/(d*f*(n + p
+ 2)), x] + Dist[(a*xd*f*x(n + p + 2) - b*x(d*ex(n + 1) + cxf*x(p + 1)))/(d*xf*(
n+p+2)), Int[(c + d*x)"n*x(e + £*x)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f
, 0, pt, x] && NeQ[n + p + 2, 0]

Rule 50

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+ b*x)"(m + D*(c + d*x)"n)/(b*x(m + n + 1)), x] + Dist[(n*x(bxc - axd))/
(bx(m + n + 1)), Int[(a + b*x) mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,

c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] && ( !'IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]))) && !ILtQ[m + n

+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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x3 (a + bxz)s/2

3 20V gy = — S
f cot”(x) (a + bcot (x)) dx = —Subst [ f T+ dx, x, cot(x)]

/.
=_ (% Subst (f x(a+—bx)32 dx, x, cotz(x)))

1+x
(a +b cotz(x))S/ ‘o (a + bx)3? )
= - = + > Subst (fﬁ dx, x, cot (x))
5/2
1 a+ bcot’(x 1 Va+b
=3 (a + bcotz(x))3/2 - ( = ( )) + E(a —b) Subst (f f:xx dx, x, cot?(x)

b eot? 5/2
= (a —b)rJa + bcot?(x) + % (a +b cotz(x))B/2 - (a ! C;);; (x)) + %(a - b)? Subst(
— b)? Subst J
b cot? 52  (a—Db) (
=(a-b)\Ja+ b cot?(x) + % (u +b cotz(x))a/2 - (a ! C;); (X)) +
\Ja + beot?
=—(a-b)*? tanh ™" H—CO(X) + (a - b)yJa + beot?(x) + % (a +b cotz(x))?)/2 -

Va-b

Mathematica [A] time = 0.497448, size = 91, normalized size = 1.03

\Ja + bcot?(x) \Ja + b cot?(x) (3a2 + b(6a — 5b) cot?(x) — 20ab + 3b2 cot(x) + 15b2)

(a - b)¥2|-tanh™’ -

,ngg 15b

Antiderivative was successfully verified.

[In] Integrate[Cot[x]~3x(a + b*Cot[x]~2)7(3/2),x]

[Out] -((a - b)~(3/2)*ArcTanh[Sqrt[a + bxCot[x]~2]/Sqrt[a - bl]) - (Sqrtl[a + bxCo
t[x] 2] *(3*%a~2 - 20*axb + 15%b~2 + (6*a — 5%b)*bxCot[x] "2 + 3*b~2*xCot[x] 4)

)/ (15%b)

Maple [B] time = 0.023, size = 150, normalized size = 1.7

5 2
—51—b (a+b(cot (x))*)? + m\/a + b (cot (x))% + %”Ja + b(cot (¥))% = bra + b (cot (x))* + b2 arctan (\/;
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x) " 3*(a+b*cot(x)"2)~(3/2),x)

[Out] -1/5*(a+b*cot(x)”~2)"(5/2)/b+1/3*b*cot (x) " 2*(at+b*cot (x)"2)~(1/2)+4/3*a*x(a+b*
cot(x)72)~(1/2)-b*(a+b*cot(x)~2)~(1/2)+b~2/(-a+b) ~(1/2) *arctan((a+b*cot (x)~
2)7(1/2)/(-a+b)~(1/2) ) -2*xaxb/ (-a+b) ~(1/2) *arctan((a+b*cot (x)~2)~(1/2)/(-a+b

)~ (1/2))+a"2/(~a+b) " (1/2) *arctan((a+b*cot (x)~"2) " (1/2)/(-a+b)~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x) " 3*(atb*cot(x)~2)~(3/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 2.32319, size = 1152, normalized size = 13.09

15 ((ab - 1) cos (2x)* + ab — b? — 2 (ab - b?) cos (2x))Va - blog (—2 (a2 —2ab+ 1) cos 2x)* —2a% + b2 -2 ((a -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x) " 3*(atb*cot(x)~2)~(3/2),x, algorithm="fricas")

[Out] [-1/60*(15%((a*xb - b"2)*cos(2*x)”"2 + a*xb - b~2 - 2*(a*xb - b~2)*cos(2%*x))*sq
rt(a - b)*log(-2%(a™2 - 2*axb + b~2)*cos(2*x)"2 - 2*a”2 + b2 - 2*((a - b)*
cos(2%x)72 - (2%a - b)*cos(2*x) + a)*sqrt(a - b)*sqrt(((a - b)*cos(2*x) - a
- b)/(cos(2*x) - 1)) + 4x(a”2 - a*b)*cos(2*x)) + 4*x((3*xa”2 - 26xa*b + 23%b
"2)*cos(2%x)72 + 3*%a”2 - 14xaxb + 13%b72 - 2x(3*a”2 - 20%a*xb + 12*b~2)*cos(
2%x) ) *sqrt (((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1)))/(bxcos(2*x)"2 - 2*b*
cos(2%x) + b), -1/30*%(15*%((a*b - b"2)*cos(2*x)"2 + a*xb - b2 - 2*(a*b - b2



151

)*cos(2*x))*sqrt(-a + b)*arctan(-sqrt(-a + b)*sqrt(((a - b)*cos(2*x) - a -
b)/(cos(2*x) - 1))*(cos(2*x) - 1)/((a - b)*cos(2*x) - a)) + 2x((3xa”2 - 26%
a*b + 23*%b72)*cos(2%x)72 + 3*%a”2 - 14*xaxb + 13%b”2 - 2x(3*%a”2 - 20*xaxb + 12
*xb~2) *cos (2*x) ) *sqrt (((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1)))/(b*cos(2*x
)72 = 2%b*cos(2*x) + b)]

Sympy [F] time = 0., size = 0, normalized size = 0.
3
f(a + b cot? (x))2 cot® (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)**3*(a+bkcot (x)**2)**(3/2),x)

[Out] Integral((a + bxcot(x)**2)**(3/2)*cot(x)**3, x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x) ~3*(a+b*cot(x)~2)~(3/2),x, algorithm="giac")

[Out] Timed out
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2 2,32
3.27 f cot“(x) (a + b cot (x)) dx
Optimal. Leaf size=127

(3a2 —12ab + 8b2) tanh ™ [M

a+b cot?(x ] 1 1
- NPT ot (0]a + beot?(x) — = (5a — 4b) cot(x)y/a + b cot?(x) + (a - b ta
8vb 4 8

[Out] (a - b)~(3/2)*ArcTan[(Sqrt[a - b]*Cot[x])/Sqrtla + b*Cot[x]~2]] - ((3*a"2 -
12*a*b + 8%b~2)*ArcTanh[(Sqrt[b]*Cot[x])/Sqrt[a + b*Cot[x]~21])/(8%Sqrt [b]

) - ((5%a - 4*b)*Cot[x]*Sqrt[a + b*Cot[x]~2])/8 - (b*Cot[x] 3*Sqrtl[a + b*Co

t[x]172]1)/4

Rubi [A] time = 0.229799, antiderivative size = 127, normalized size of antiderivative

. . ber of rul
1., number of steps used = 8, number of rules used = 8, integrand size = 17, 2 > -

0.471, Rules used = {3670, 477, 582, 523, 217, 206, 377, 203}

integrand size

(3a2 —12ab + 8b2) tanh ™ (M

\Ja+b cot? ] 1 1
- i ahet®) _ Zb cot>(x)4/a + b cot?(x) — §(5a — 4b) cot(x)r/a + bcot?(x) + (a — b)*2 ta

Antiderivative was successfully verified.

[In] Int[Cot[x] 2*(a + b*Cot[x]~2)~(3/2),x]

[Out] (a - b)~(3/2)*ArcTan[(Sqrt[a - bl*Cot[x])/Sqrtla + bxCot[x]"2]] - ((3*a"2 -
12xaxb + 8+b~2)*ArcTanh[(Sqrt[b]*Cot [x])/Sqrt[a + b*Cot[x]~2]1])/(8*Sqrt [b]

) - ((5%a - 4xb)*Cot[x]*Sqrt[a + b*Cot[x]~2])/8 - (b*Cot[x] 3*Sqrtl[a + b*Co

t[x]"21)/4

Rule 3670

Int[((d_.)*tan[(e_.) + (f£_D)*(x_)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +

(f_)*xD1DD"(m_))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*xffx*x)/c) " m*x(a + bx(ff*x)"n) p)/(c”2 + £
£ 2xx~2), x], x, (c*Tan[e + f*x])/ff]l, x]] /; FreeQ[{a, b, ¢, d, e, f, m, n
, P}, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))
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Rule 477

Int[((e_)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))~(p_)*((c_) + (d_.)*(x_)"(n_
))~(q_), x_Symbol] :> Simp[(d*x(exx)~(m + 1)*(a + b*x"n)~(p + 1)*(c + d*x"n)
“(q - 1))/(bxex(m + nx(p + @) + 1)), x] + Dist[1/(b*(m + nx(p + @) + 1)), I
nt[(e*xx) “m*(a + b*x"n) p*(c + d*x"n)~(q - 2)*Simp[c*((cxb - a*xd)*(m + 1) +
c¥b*n*(p + q)) + (dx(c*b - a*xd)*(m + 1) + d*nx(q - 1)*(b*xc - a*xd) + c*b*d*n
x*(p + @))*x"n, x], x], x] /; FreeQ[{a, b, ¢, d, e, m, p}, x] && NeQ[b*c - a
xd, 0] && IGtQ[n, 0] && GtQ[g, 1] && IntBinomialQ[a, b, ¢, d, e, m, n, p, q
, x]

Rule 582

Int[((g_.)*(x_))"(m_.)*x((a_) + (b_)*(x_)"(m_)) (p_)*((c_) + (d_.)*(x_)"(n
N7 (g_)*((e ) + (f_)*(x_)"(n_)), x_Symbol] :> Simp[(fxg~(n - 1)*(gxx) " (m
-n+ Dx*x(a + bxx™n)"(p + D*(c + d*x"n)"(q + 1))/ (bxd*(m + n*x(p + q + 1)
+ 1)), x] - Dist[g™n/(bxd*(m + nx(p + q + 1) + 1)), Int[(g*x)"(m - n)*(a +
b*x"n) “px(c + d*x"n) g*Simp[axf*cx(m - n + 1) + (axf*dx(m + nxq + 1) + b*x(f
xckx(m + n¥xp + 1) - exdx(m + n*x(p + g + 1) + 1)))*x"n, x], x], x] /; FreeQ[{

a, b, c, d, e, f, g, p, q}, x] && IGtQ[n, 0] && GtQ[m, n - 1]

Rule 523

Int[((e_) + (£_)*(x_)"(m_))/(((a_) + (b_.)*(x_)"(n_))*Sqrtl(c_) + (d_.)*(x
)7 (n_)]1), x_Symbol] :> Dist[f/b, Int[1/Sqrtl[c + d*x"n], x], x] + Dist[(bx*e
- a*xf)/b, Int[1/((a + b*x"n)*Sqrtlc + d*x"nl), x], x] /; FreeQ[{a, b, c, d
, e, £, n}, xl]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && 'GtQ[a, O]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtl[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 377

Int[((a_) + (b_)*x(x_)"(m_))~(p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + b*x™n)~(1/n)] /; FreeQ[{a, Db
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[nl]
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Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rubi steps

x? (a + bx2)3/2

f cotz(x) (a +b (:otz(x))gg)/2 dx = — Subst f — 1T

dx, x, cot(x)]

a(4a - 3b) + (50 - 4b)bx?)

dx, x, cot(x)

_ 1 3 2 1 xz(
= —Zbcot (x)\ja + bcot*(x) — ZSubst [f

(1 + x2) Va + bx?
Subst ( f a<5a_4b)(i_b(,
+x

= —é(5a — 4b) cot(x)+/a + b cot?(x) — }Lb cot®(x)y/a + bcot?(x) +
= —é(5u — 4b) cot(x)rJa + b cot?(x) - }Lb cot3(x)rJa + bcot?(x) + (a — b)? Subst f —

_ 1 / 2 1 300 | 2
= —§(5u — 4b) cot(x)+/a + b cot*(x) — A_Lb cot>(x)y/a + b cot*(x) + (a — b)? Subst T

(Baz —12ab + 8b2) tanh™! [M]

\Ja+b cotz(x)
8vb

1
__5 _
5o

\Ja + b cot?(x)

Mathematica [A] time = 1.14985, size = 253, normalized size = 1.99

csc(x)y(a - b) cos(2x) —a—b (\/a -b (\/—_b cot(x) csc(x)V(a — b) cos(2x) —a—b (5a +2b csc?(x) — 6b) -2 (3a2 —12
8V2vV-bva - by/csc2(x)(—((a — b) cos(2x) -

Antiderivative was successfully verified.

[In] Integrate[Cot[x]~2*(a + bxCot[x]~2)~(3/2),x]

[Out] (Sqrtl[-a - b + (a - b)*Cos[2*x]]*Csc[x]*(8*Sqrt[2]*(a - b) 2xSqrt[-b]*ArcTa
nh[(Sqrt[2]*Sqrt[a - b]*Cos[x])/Sqrt[-a - b + (a - b)*Cos[2*x]]] + Sqrtl[a -
bl *(-(Sqrt [2]*(3*%a"2 - 12*a*b + 8*b~2)*ArcTanh[(Sqrt[2]*Sqrt[-b]*Cos[x])/S
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grt[-a - b + (a - b)*Cos[2*x]]]) + Sqrt[-bl*Sqrt[-a - b + (a - b)*Cos[2x*x]]
*xCot [x]*Csc[x]*(Bxa - 6xb + 2xb*Csc[x]~2))))/(8%Sqrt[2]*Sqrt[a - bl*Sqrt[-b
1xSqrt[-((-a - b + (a - b)*Cos[2*x])*Csc[x]~2)])

Maple [B] time = 0.026, size = 286, normalized size = 2.3

_COZ(X) (a + b (cot (x))z)E _3e cgt () a+b(cot (x))* - 38_{12 In (cot () Vb + +Ja + b (cot (X))Z) ! + b cozt (x) \/;

b

Sl

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x) " 2*(at+b*cot(x)~2)~(3/2),x)

[Out] -1/4*cot(x)*(at+bxcot(x)~2)~(3/2)-3/8*a*xcot (x)*(a+bxcot(x)~2)~(1/2)-3/8*%a"2/
b~ (1/2)*1n(cot (x)*b~ (1/2)+(a+b*cot (x)~2) ~(1/2))+1/2*b*cot (x) * (a+b*cot (x) ~2)
~(1/2)+3/2*%b~ (1/2) *a*1n(cot (x)*b~ (1/2)+(a+b*cot (x) "2) " (1/2))-b~(3/2) *1n(cot
(x)*b~ (1/2)+(a+b*cot (x)"2)~(1/2) )+ (b~ 4*(a-b)) " (1/2)/(a-b) *arctan(b~2*(a-b)/
(b~4x(a-b))~(1/2)/(atb*cot (x)~2) " (1/2) *cot (x))-2*a/b*(b~4*(a-b))~(1/2)/(a-b
)*arctan(b~2*(a-b)/(b~4*x(a-b)) ~(1/2)/(a+b*cot (x)~2) " (1/2) *cot (x))+a~2x (b~ 4*
(a-b))~(1/2)/v"2/(a-b) *arctan(b~2x(a-b) / (b~4*(a-b)) ~(1/2) / (a+b*xcot (x)~2) " (1
/2)*cot (x))

Maxima [F] time = 0., size = 0, normalized size = 0.
3
f (b cot (x) + a)z cot (x)? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x) 2*(atbxcot(x)~2)7(3/2),x, algorithm="maxima")

[Out] integrate((b*cot(x)~2 + a)~(3/2)*cot(x)"2, x)

Fricas [B] time = 2.01435, size = 2689, normalized size = 21.17

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x) " 2*(atb*cot(x)~2)~(3/2),x, algorithm="fricas")

[Out] [1/16%(8*(a*xb - b~2 - (axb - b~2)*cos(2*x))*sqrt(-a + b)*xlog(-(a - b)*cos(2
*x) + sqrt(-a + b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin(2*x)
+ b)*sin(2*x) - (3*a”2 - 12%a*b + 8+b~2 - (3*%a”2 - 12%axb + 8xb~2)*cos(2*x
))*sqrt(b)*log(((a - 2xb)*cos(2*x) + 2*sqrt(b)*sqrt(((a - b)*cos(2*x) - a -
b)/(cos(2xx) - 1))*sin(2*x) - a - 2*b)/(cos(2*x) - 1))*sin(2*x) + 2% (4%b~2
xcos (2*x) - (b*a*xb - 6%xb~2)*cos(2*x)~2 + bxaxb - 2*b~2)*sqrt(((a - b)*cos(2
*¥x) — a - b)/(cos(2*x) - 1)))/((b*cos(2*x) - b)*sin(2*x)), -1/8*x((3*xa"2 - 1
2%axb + 8%b72 - (3*%a”2 - 12%axb + 8%b72)*cos(2*x))*sqrt(-b)*arctan(sqrt(-b)
xsqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin(2*x)/(b*cos(2*x) + b))
xsin(2*x) - 4x(axb - b™2 - (axb - b~2)*cos(2*x))*sqrt(-a + b)*log(-(a - b)*
cos(2*x) + sqrt(-a + b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin
(2xx) + b)*sin(2%x) - (4xb~2*cos(2*x) - (B*axb - 6%b72)*cos(2*x)”2 + b¥ax*b
- 2%b72)*sqrt (((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1)))/((bxcos(2xx) - b)
xsin(2*x)), -1/16%(16*%(axb - b™2 - (axb - b~2)*cos(2*x))*sqrt(a - b)*arctan
(-sqrt(a - b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin(2*x)/((a
- b)*cos(2*x) + a - b))*sin(2%x) + (3%a”2 - 12%a*b + 8*b~2 - (3*a”2 - 12*ax
b + 8%b~2)*cos(2*x))*sqrt(b)*log(((a - 2xb)*cos(2*x) + 2*sqrt(b)*sqrt(((a -
b)*cos(2%x) - a - b)/(cos(2*x) - 1))*sin(2xx) - a - 2*b)/(cos(2*x) - 1))*s
in(2*x) - 2%(4*b~2%cos(2*x) - (b*a*b - 6%b~2)*cos(2%x) "2 + b¥axb - 2%b72)*s
grt(((a - b)*cos(2*x) - a - b)/(cos(2xx) - 1)))/((b*cos(2*x) - b)*sin(2*x))
, —1/8%x(8x(axb - b™2 - (axb - b~2)*cos(2*x))*sqrt(a - b)*arctan(-sqrt(a - b
)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin(2*x)/((a - b)*cos(2*x
) + a - b))x*sin(2xx) + (3*a”2 - 12*a*xb + 8%b72 - (3*a™2 - 12%a*xb + 8%b~2)*c
0s(2*x))*sqrt (-b) *arctan(sqrt (-b) *sqrt (((a - b)*cos(2*x) - a - b)/(cos(2*x)
- 1)) *sin(2*x)/(b*xcos(2*x) + b))*sin(2*x) - (4xb~2*xcos(2xx) - (b*axb - 6%b
“2)*cos(2%x) "2 + bkaxb - 2xb~2)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) -
1))/ ((b*cos(2*x) - b)*sin(2*x))]

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + b cot? (x))g cot? (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot (x)**2*(a+bkcot (x)**2)**(3/2),x)



[Out] Integral((a + bxcot(x)**2)**(3/2)*cot(x)**2, x)
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Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x) " 2*(atb*cot(x)~2)7(3/2),x, algorithm="giac")

[Out] Timed out
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3.28 f cot(x) (a +b (:01:2(x))3/2 dx

Optimal. Leaf size=69

a->b

b cot?
—(a - b)m - % (a +b cotz(x))g/2 + (a - b)3? tanh™! [@]

[Out] (a - b)~(3/2)*ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtla - bl] - (a - b)*Sqrtla +
bxCot [x]~2] - (a + b*Cot[x]~2)~(3/2)/3

Rubi [A] time = 0.091423, antiderivative size = 69, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 15, e -

integrand size
0.333, Rules used = {3670, 444, 50, 63, 208}

b cot?
—(a - b)m - % (a +b Cotz(x))3/2 + (a—b)32tanh™ {@]

a->

Antiderivative was successfully verified.

[In] Int[Cot[x]*(a + bxCot[x]~2)"(3/2),x]

[Out] (a - b)~(3/2)*ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrt[a - bl] - (a - b)*Sqrtla +
bxCot [x] 2] - (a + bxCot[x]72)7(3/2)/3

Rule 3670

Int[((d_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*x((a_) + (b_.)*x((c_.)*tanl[(e_.) +
(f_D)*xD1DD)"(_))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*xffx*x)/c) " m*x(a + bx(ff*x)"n) p)/(c”2 + £
f~2xx72), x], x, (c*Tan[e + f*x])/ff]l, x]1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, P}, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rule 444

Int[(x_)"(m_.)*x((a_) + (b_)*(x_)"(m_))"(p_.)*((c_) + (d_)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[(a + b*x) p*(c + d*x)7q, x], x, x"n], x
1 /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[b*c - axd, 0] && EqQ[m - n +
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1, 0]

Rule 50

Int[((a_.) + (b_)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+bxx)"(m + 1)*(c + d*x)"n)/(b*x(m + n + 1)), x] + Dist[(n*x(b*xc - axd))/
(bx(m + n + 1)), Int[(a + b*x) ™ m*x(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] & ( !'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, 4, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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b2 312
f cot(x) (a + b<30t2(x))3/2 dx = —Subst [ f % dx, x, Cot(x)]
32
- (% Subst (f % dx, x, cotz(x)))
; (a +b cotz(x)) - —(a —b) Subst (f
= —(a - b)~Ja + bcot?(x) - % (a +b cotz(x))a/2 - %(a — b)? Subst (f m dx
~b)?Subst | [ —— dx,x,\Ja+b
(a-Db) us(flaxz X, X, /0 +

Va + bx

dx, x, cotz(x))

— (@ b)na+ beot?(x) — - H beot?(x)” - -
\Ja + beot?
= (a-b)* tanh™’ H—CO(X) — (a = b)yJa + bcot?(x) — ! (a +b cotz(x)) i

Va-b

Mathematica [A] time = 0.164916, size = 63, normalized size = 0.91

/ 2
L at+beot(x)| 1 5 )
(a-b)*?tanh™ | ——n——| - E\Ia + b cot”(x) (4a + b cot“(x) - 3b)

Va-b

Antiderivative was successfully verified.

[In] Integrate[Cot[x]*(a + b*Cot[x]~2)7(3/2),x]

[Out] (a - b)~(3/2)*ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrt[a - bl] - (Sqrtla + bx*Cot[x
172]1*(4*a - 3*b + b*Cot[x]172))/3

Maple [B] time = 0.018, size = 136, normalized size = 2.

b(cot ) [ 2 4a | 2, 4] 2 _ 12 (\/ 21 )—]
— a + b (cot (x)) 3 a+ b(cot (x))” + byJa + b(cot (x))” — b” arctan | y/a + b(cot (x)) Naww) W

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(cot(x)*(a+b*cot(x)~2)~(3/2),x)

[Out] -1/3*b*cot(x)~2*(at+b*cot(x)~2) " (1/2)-4/3*a*x(a+bxcot(x)~2) " (1/2)+b* (a+b*cot(
x)7"2)"(1/2)-b"2/ (-a+b) " (1/2) *arctan((a+bxcot (x)~2) " (1/2)/(—a+b) " (1/2) ) +2*a*

b/ (-a+b) ~(1/2)*arctan((a+b*cot (x)"2)~(1/2)/(-a+b)~(1/2))-a"2/(-a+b) "~ (1/2)*a
rctan((atb*xcot (x)~2)~(1/2)/(-a+b)~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)*(atb*cot(x)~2)~(3/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 2.28255, size = 803, normalized size = 11.64

3((a—b)cos(2x)—a+b)\/a—blog(—2(a2 —2ab+ 1) cos (2x)° —2a% + b2 +2((a - b) cos (2x)° - (2a - b) cos

12 (cos (2 x) -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)*(at+bxcot(x)"2)7(3/2),x, algorithm="fricas")

[Out] [-1/12%(3x((a - b)*cos(2*x) - a + b)*sqrt(a - b)*log(-2*(a~2 - 2*axb + b~2)
xcos(2%x)72 - 2*¥a”2 + b72 + 2x((a - b)*cos(2*x)72 - (2*a - b)*cos(2*x) + a)
xsqrt(a - b)*sqrt(((a - b)*cos(2*¥x) - a - b)/(cos(2*x) - 1)) + 4x(a”2 - axb
)*cos(2*x)) + 8%(2%(a - b)*cos(2xx) - 2*xa + b)*sqrt(((a - b)*cos(2*x) - a -
b)/(cos(2xx) - 1)))/(cos(2*x) - 1), 1/6%(3*x((a - b)*cos(2*x) - a + b)*sqrt

(-a + b)*arctan(-sqrt(-a + b)*sqrt(((a - b)*cos(2xx) - a - b)/(cos(2*x) - 1

) *(cos(2xx) - 1)/((a - b)*cos(2xx) - a)) - 4x(2x(a - b)*cos(2*x) - 2*%a + b
)xsqrt(((a - b)*cos(2xx) - a - b)/(cos(2*x) - 1)))/(cos(2*x) - 1)]
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Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + beot? (x))g cot (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)*(a+b*cot (x)**2)**(3/2),%)

[Out] Integral((a + bxcot(x)**2)**(3/2)*cot(x), x)

Giac [B] time = 5.72451, size = 285, normalized size = 4.13

8 (3 (ab - bz)(\/a — bsin (x) - \/a sin (x)? — bsin

5 2
—% 3(a—-Db)2 log[(\/a —bsin (x) — 4y/asin (x)2 —bsin (x)2 + b) ] -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)*(atb*cot(x)~2)7(3/2),x, algorithm="giac")

[Out] -1/6%(3*x(a - b)~(3/2)*log((sqrt(a - b)*sin(x) - sqrt(a*sin(x)”2 - bxsin(x)~
2 + b))72) - 8+(3x(axb - b"2)*(sqrt(a - b)*sin(x) - sqrt(a*sin(x)”2 - b*sin
(x)72 + b)) 4xsqrt(a - b) - 3x(a*xb”™2 - b73)*(sqrt(a - b)*sin(x) - sqrt(axsi
n(x)7"2 - b*sin(x)”2 + b)) 2*sqrt(a - b) + 2x(a*b”3 - b~4)*sqrt(a - b))/ ((sq
rt(a - b)*sin(x) - sqrt(a*sin(x)~2 - b*sin(x)"2 + b))~2 - b)"3)*sgn(sin(x))
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3.29 f (a +b cotz(x))3/2 tan(x) dx

Optimal. Leaf size=75

b t2 b t2
232 tanh™! {@] - bm —(a—-b)%? tanh ™! [@]

Va Va-b

[Out] a~(3/2)*ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrt[al] - (a - b)~(3/2)*ArcTanh[Sqrt[
a + b*Cot[x]~2]/Sqrt[a - bl] - bxSqgrtl[a + b*Cot[x] 2]

Rubi [A] time = 0.127804, antiderivative size = 75, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 6, integrand size = 15, e -

integrand size
0.4, Rules used = {3670, 446, 84, 156, 63, 208}

b tz b tZ
a*? tanh™" [@] - b\/oTotz(x) —(a-b)¥ tanh™ [@]

\/E a->b

Antiderivative was successfully verified.

[In] Int[(a + b*Cot[x]~2)~(3/2)*Tanlx],x]

[Out] a~(3/2)*ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrt[al] - (a - b)~(3/2)*ArcTanh[Sqrt[
a + bxCot[x]~2]/Sqrtla - bl] - b*Sqrtl[a + b*Cot[x]"2]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*x((a_) + (b_.)*x((c_.)*tan[(e_.) +
(f_)*xDDD"(m_))~(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*xff*x)/c) m*x(a + bx(ff*x)"n) p)/(c”2 + £
f~2xx~2), x], x, (c*Tan[e + f*x])/ff], x]1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, P}, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rule 446

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(@_ )" (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/mn, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*x(a + b*x)"p
x(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[
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bxc - axd, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 84

Int[((e_.) + (£_D*(x_))"(p)/(((a_.) + (b_)*(x_))*((c_.) + (d_.)*(x_))),
x_Symbol] :> Simp[(f*x(e + fxx)"(p - 1))/(b*dx(p - 1)), x] + Dist[1/(bxd), I
nt [((bxd*xe”2 - axcxf~2 + f*x(2*bkd*e — b*xcxf - axd*xf)*x)*(e + £xx)"(p - 2))/
((a + b*x)*(c + d*x)), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && GtQlp, 1]

Rule 156

Int[(((e_.) + (£_)*(x_))"(p)*((g_.) + (h_.)*(x_)))/(((a_.) + (b_.)*(x_))*
(Cc_.) + (d_.)*(x_))), x_Symbol] :> Dist[(b*g - axh)/(b*xc - axd), Int[(e +
fxx)"p/(a + b*x), x], x] - Dist[(d*g - cxh)/(b*c - a*d), Int[(e + f*x)7p/(c
+ d*x), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x]

Rule 63

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + bxx)~(1/p)]1, x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rubi steps
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f (a +b cotz(x))g’/2 tan(x) dx = — Subst f (a + bx2)3/2
x (1 + xZ)

(a + bx)*? )
m dx, x, cot (x)))

[ 1 a? + (2a — b)bx )
= —brJa + bcot?(x) — = Subst dx, x, cot?(x
B 2 (fx(1+x)\/a+bx )
1 1 1
= —brJa + beot?(x ——aZSubst( dx,x,cotzx)+—a—b28ubst( —
Vo beot® =3 v @)+ gte-vrses{ [

a? Subst [f ! > dx,x,yJa+b cotz(x)] (a — b)? Subst [f —
a2 1-
= —bJa + bot?(x) - b b - +

\Ja + beot?(x) \Ja + beot3(x)
—Ptanh Y 7| (a —b)32 tanh | 4———— " |— b\/ a + b cot?(x)

Va Va-b

dx, x, cot(x)J

=- (% Subst (

Mathematica [A] time = 0.0696176, size = 75, normalized size = 1.

\Ja + bcot?(x) \Ja + b cot?(x)
atanh | ————— |- bJa+b cot?(x) — (a — b)32 tanh™' | ———

Va Va-b

Antiderivative was successfully verified.

[In] Integratel[(a + b*Cot[x]~2)~(3/2)*Tan[x],x]

[Out] a~(3/2)*ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrt[al] - (a - b)~(3/2)*ArcTanh[Sqrt[
a + bxCot[x]~2]/Sqrt[a - b]] - bxSqrt[a + b*Cot[x]~2]

Maple [C] time = 0.226, size = 2628, normalized size = 35.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+bxcot(x)~2)~(3/2)*tan(x) ,x)
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[Out] 1/((2*xa~(1/2)*(a-b)~(1/2)-2*a+b)/b) " (1/2)*sin(x) "2*((cos(x) "2*a-b*cos(x) ~2-
a)/(cos(x)72-1))"(3/2)*(2%27(1/2)*(1/b* (cos(x)*a~ (1/2)*(a-b) ~(1/2)-a~ (1/2)*
(a-b)~(1/2)-a*cos(x)+b*cos(x)+a)/(cos(x)+1)) " (1/2)*(-2/b*x(cos(x)*a~ (1/2) *(a
-b)~(1/2)-a~(1/2)*(a-b) ~(1/2)+a*cos(x) -b*cos(x)-a)/(cos(x)+1))~(1/2)*E1llipt
icF((-1+cos(x))*((2%xa~(1/2)*(a-b)~(1/2)-2*a+b) /b)~(1/2) /sin(x), ((8*a~(3/2) *
(a-b)~(1/2)-4*a~(1/2)*(a-b) "~ (1/2) *b+8*a~2-8*a*b+b~2) /b~2) ~(1/2) ) *a*xb*sin(x)
xcos (x)-27(1/2)*(1/b*x(cos(x)*a~ (1/2)*(a-b) ~(1/2)-a~ (1/2)*(a-b) ~(1/2) —a*cos(
x)+bxcos(x)+a)/(cos(x)+1)) " (1/2)*(-2/b*x(cos (x)*a~ (1/2)*(a-b) " (1/2)-a~(1/2) *
(a-b)~(1/2)+a*cos(x)-b*cos(x)-a)/(cos(x)+1))~(1/2)*E1llipticF((-1+cos(x))* ((
2xa”~ (1/2)*(a-b) " (1/2)-2*a+b) /b) ~(1/2) /sin(x), ((8*xa~(3/2)*(a-b) " (1/2)-4*xa~ (1
/2)*(a-b) " (1/2) *b+8*a~2-8*axb+b~2) /b~2) " (1/2) ) *b~2*sin(x) *cos (x)+2%27(1/2) *
(1/b*(cos(x)*a~ (1/2)*(a-b)~(1/2)-a~(1/2)*(a-b) ~(1/2) —a*cos (x)+bxcos (x)+a) / (
cos(x)+1))~(1/2)*(-2/b*x(cos(x)*a~(1/2)*(a-b) ~(1/2)-a"(1/2)*(a-b) ~(1/2)+a*co
s(x)-bxcos(x)-a)/(cos(x)+1))~(1/2)*E1lipticPi((-1+cos(x))*((2*a~(1/2)*(a-b)
~(1/2)-2*a+b)/b)~(1/2) /sin(x),-1/(2*a~(1/2) *(a-b) ~(1/2) -2*a+b)*b, (-(2*xa~(1/
2)*(a-b)~(1/2)+2*a-b) /b) ~(1/2) / ((2*xa~(1/2)*(a-b) ~(1/2) -2*a+b) /b) ~(1/2) ) *xa~2
*sin(x)*cos(x)-4*27(1/2)*(1/b*(cos(x)*a”~(1/2)*(a-b)~(1/2)-a~(1/2)*(a-b)~(1/
2)-ax*cos(x)+b*cos(x)+a)/(cos(x)+1)) " (1/2)*(-2/b*(cos(x)*a~(1/2)*(a-b) ~(1/2)
-a~(1/2)*(a-b)~(1/2)+a*xcos(x) -b*cos(x)-a)/(cos(x)+1))~(1/2)*EllipticPi((-1+
cos(x))*((2xa~(1/2)*(a-b) ~(1/2)-2*%a+b) /b)~(1/2) /sin(x) ,-1/(2*a~(1/2)*(a-b) "~
(1/2)-2*a+b) *b, (-(2*a~ (1/2)*(a-b) " (1/2)+2*xa-b) /b) ~(1/2) / ((2*a~ (1/2) *(a-b) ~(
1/2)-2*a+b) /b) ~(1/2)) *a*b*sin(x) *cos(x)+2x2~(1/2)*(1/b*(cos(x) *a~ (1/2)*(a-b
)~ (1/2)-a~(1/2)*(a-b) ~(1/2) -a*cos (x)+b*xcos(x)+a) /(cos(x)+1) )~ (1/2)*(-2/b*(c
os(x)*a”~(1/2)*(a-b)~(1/2)-a~(1/2)*(a-b) " (1/2)+a*cos(x)-b*cos(x)-a)/(cos(x)+
1))~ (1/2)*E1lipticPi((-1+cos(x))*((2*a~(1/2)*(a-b) ~(1/2)-2*a+b) /b) ~(1/2)/si
n(x),-1/(2*xa"~(1/2)*(a-b) ~(1/2)-2*xa+b) *b, (-(2*xa~ (1/2)*(a-b) ~(1/2)+2*xa-b) /b))~
(1/2)/((2*xa~(1/2)*(a-b) "~ (1/2)-2*a+b) /b) ~(1/2) ) *b~2*xsin(x) *cos (x) -2%2~ (1/2) *
(1/b*(cos(x)*a~ (1/2)*(a-b)~(1/2)-a~(1/2)*(a-b) " (1/2) —a*cos (x) +bxcos (x)+a) / (
cos(x)+1))~(1/2)*(-2/b*x(cos(x)*a~(1/2)*(a-b) ~(1/2)-a"(1/2)*(a-b) ~(1/2)+a*co
s(x)-bxcos(x)-a)/(cos(x)+1))~(1/2)*E11lipticPi((-1+cos(x))*((2*a~(1/2)*(a-b)
~(1/2)-2*a+b)/b)~(1/2) /sin(x),1/(2*a~(1/2)*(a-b) ~(1/2)-2*a+b)*b, (-(2*xa~(1/2
)*(a-b) " (1/2)+2%a-b)/b)~(1/2)/((2xa~(1/2)*(a-b) " (1/2)-2*a+b) /b) ~(1/2) ) *a~2%
sin(x)*cos(x)+2*27(1/2)*(1/b*(cos(x)*a~(1/2)*(a-b)~(1/2)-a~ (1/2)*(a-b) ~(1/2
)—axcos (x)+b*cos(x)+a)/(cos(x)+1))~(1/2)*(-2/b*(cos(x)*a~ (1/2)*(a-b) ~(1/2)-
a~(1/2)*(a-b)~(1/2)+a*cos(x)-b*cos(x)-a)/(cos(x)+1))~(1/2)*E1llipticF ((-1+co
s(x))*x((2*xa~(1/2)*x(a-b)~(1/2)-2*a+b) /b) ~(1/2) /sin(x) , ((8*a~(3/2)*(a-b) ~(1/2
)-4xa~ (1/2)*(a-b) ~(1/2) *b+8*a~2-8xa*xb+b~2) /b~2) ~(1/2) ) *a*xb*sin(x) -2~ (1/2) *(
1/b*(cos(x)*a~(1/2)*(a-b)~(1/2)-a~(1/2)*(a-b) ~(1/2)-a*cos(x)+b*xcos(x)+a)/(c
os(x)+1)) " (1/2)*(-2/b*(cos(x)*a” (1/2)*(a-b) ~(1/2)-a"~(1/2) *(a-b) " (1/2) +a*cos
(x)-b*cos(x)-a)/(cos(x)+1))~(1/2)*E1llipticF((-1+cos(x))*((2*xa~(1/2)*(a-b)~(
1/2)-2%a+b) /b) ~(1/2)/sin(x), ((8*a~(3/2)*(a-b) ~(1/2)-4*a~ (1/2)*(a-b)~(1/2)*b
+8%a~2-8*ax*xb+b~2) /b"2) " (1/2) ) *b"2*sin(x)+2*27 (1/2)*(1/b*(cos(x)*a~ (1/2) * (a-
b)~(1/2)-a~(1/2)*(a-b) ~(1/2)-a*cos (x)+b*xcos(x)+a)/(cos(x)+1))~(1/2) *(-2/b*(
cos(x)*a~(1/2)*(a-b)~(1/2)-a~(1/2)*(a-b) " (1/2)+a*xcos (x)-b*cos(x)-a)/(cos(x)
+1))7(1/2)*E1llipticPi((-1+cos(x))*((2xa~(1/2)*(a-b) ~(1/2)-2*a+b) /b) ~(1/2) /s
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in(x),-1/(2*a~(1/2)*(a-b) ~(1/2)-2*a+b) *b, (- (2*xa~ (1/2) * (a-b) ~(1/2) +2*a-b) /b)
~(1/2)/((2xa~(1/2)*(a-b) " (1/2)-2*a+b) /b) ~(1/2) ) *a~2*sin(x) -4*2~(1/2) * (1/b*(
cos(x)*a~(1/2)*(a-b)~(1/2)-a~(1/2)*(a-b) ~(1/2) -a*cos(x)+b*cos(x)+a)/(cos(x)
+1))7(1/2)*(-2/b*(cos (x)*a~ (1/2)*(a-b) " (1/2)-a"~ (1/2)*(a-b) ~(1/2)+a*cos(x)-b
xcos(x)-a)/(cos(x)+1))~(1/2)*E1lipticPi((-1+cos(x))*((2*a~(1/2)*(a-b)~(1/2)
-2xa+b) /b) ~(1/2) /sin(x) ,-1/(2*xa~ (1/2)*(a-b) ~(1/2)-2*xa+b) *b, (-(2*xa~ (1/2) * (a-
b)~(1/2)+2*a-b)/b)~(1/2)/((2xa~(1/2)*(a-b) ~(1/2)-2*a+b) /b) " (1/2) ) *axb*sin(x
)+2x27(1/2) % (1/b*(cos(x)*a~ (1/2)*(a-b) ~(1/2)-a~ (1/2)*(a-b) ~(1/2) —a*cos (x)+b
*cos(x)+a)/(cos(x)+1))~(1/2)*(-2/b*(cos(x)*a~ (1/2)*(a-b) ~(1/2)-a~(1/2)*(a-b
)~ (1/2)+axcos (x)-b*cos(x)-a)/(cos(x)+1))~(1/2)*E1lipticPi((-1+cos(x))*((2*a
~(1/2)*(a-b) " (1/2)-2*a+b) /b) ~(1/2) /sin(x) ,-1/(2*a~ (1/2) *(a-b) " (1/2) -2*a+b) *
b, (-(2*%a~(1/2)*(a-b) " (1/2)+2xa-b) /b) ~(1/2) / ((2*a~(1/2)*(a-b) " (1/2)-2*a+b) /b
)7 (1/2))#b"2%sin(x) -2*27(1/2) *(1/b* (cos (x) *a~ (1/2)*(a-b) ~(1/2)-a~(1/2)*(a-b
)~ (1/2)-a*cos(x)+b*cos(x)+a)/(cos(x)+1))~(1/2)*(-2/b*(cos(x)*a~(1/2)*(a-b) "~
(1/2)-a~(1/2)*(a-b)~(1/2)+a*cos(x) -b*cos(x)-a)/(cos(x)+1))~(1/2)*E1llipticPi
((~1+cos(x))*((2xa~(1/2)*(a-b) " (1/2)-2*a+b) /b) ~(1/2) /sin(x) ,1/(2*%a~ (1/2)*(a
-b) ~(1/2)-2*a+b)*b, (-(2*xa~(1/2)*(a-b) " (1/2)+2*a-b) /b) ~(1/2) / ((2*xa~(1/2) *(a-
b) ~(1/2)-2*%a+b) /b) ~(1/2))*a"2*sin(x)+cos(x) "2x ((2*a~ (1/2)*(a-b) ~(1/2)-2*a+b
)/b) " (1/2)*axb-cos (x) "2x((2*a~ (1/2)*(a-b) ~(1/2)-2*a+b) /b) ~(1/2) *b~2-((2*a" (
1/2)*(a-b) "~ (1/2)-2*a+b) /b) ~(1/2) *a*xb) / (cos (x) "2*a-b*cos(x) "2-a) "2

Maxima [F] time = 0., size = 0, normalized size = 0.

3

f (b cot (x)2 + a)i tan (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)~2)~(3/2)*tan(x),x, algorithm="maxima")

[Out] integrate((b*cot(x)~2 + a)~(3/2)*tan(x), x)

Fricas [A] time = 7.13679, size = 1531, normalized size = 20.41

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*cot(x)~2)~(3/2)*tan(x),x, algorithm="fricas")
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[Out] [1/2xa~(3/2)*log(2xaxtan(x)”2 + 2*sqrt(a)*sqrt((a*xtan(x)”"2 + b)/tan(x) 2)*t
an(x)”2 + b) - 1/4*x(a - b)~(3/2)*log(-((8*a”2 - 8xa*b + b~2)*tan(x)"4 + 2x(
4xa*xb - 3*%b"2)*tan(x)"2 + b~2 + 4x((2%a - b)*tan(x)”"4 + bxtan(x)~2)*sqrt(a
- b)*sqrt((a*xtan(x)~2 + b)/tan(x)~2))/(tan(x)"4 + 2*tan(x)"2 + 1)) - b*sqrt
((axtan(x)~2 + b)/tan(x)~2), -sqrt(-a)*a*xarctan(sqrt(-a)*sqrt((a*tan(x)~2 +
b) /tan(x) "2) *tan(x) "2/ (a*tan(x)”"2 + b)) - 1/4x(a - b)~(3/2)*log(-((8%a~2 -
8%axb + b72)*tan(x)"4 + 2x(4xaxb - 3%b72)*tan(x)"2 + b72 + 4*%((2*a - b)*ta
n(x)~4 + bxtan(x)"2)*sqrt(a - b)*sqrt((a*xtan(x)~2 + b)/tan(x)”2))/(tan(x) "4
+ 2*¢tan(x)"2 + 1)) - b*xsqrt((a*xtan(x)”2 + b)/tan(x)”2), 1/2*%(-a + b)~(3/2)
xarctan(-2*sqrt(-a + b)*sqrt((a*tan(x)~2 + b)/tan(x)~2)*tan(x)~2/((2*a - b)
xtan(x)”2 + b)) + 1/2*%a”(3/2)*log(2*a*xtan(x) 2 + 2*sqrt(a)*sqrt((axtan(x) 2
+ b)/tan(x)"2)*tan(x)~2 + b) - bxsqrt((a*tan(x)”2 + b)/tan(x)"2), -sqrt(-a
)*axarctan(sqrt(-a)*sqrt((a*tan(x) "2 + b)/tan(x) "2)*tan(x) "2/ (a*tan(x) "2 +
b)) + 1/2%(-a + b)~(3/2)*arctan(-2xsqrt(-a + b)*sqrt((axtan(x)”2 + b)/tan(x
)~"2)*tan(x) "2/ ((2*a - b)*tan(x)~2 + b)) - b*xsqrt((a*xtan(x)~2 + b)/tan(x)~2)
]

Sympy [F] time = 0., size = 0, normalized size = 0.

3

f(a +bcot? (x))E tan (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+bkxcot(x)**2)**(3/2)*tan(x),x)

[Out] Integral((a + bxcot(x)**2)*x*(3/2)*tan(x), x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)~2)~(3/2)*tan(x),x, algorithm="giac")

[Out] Timed out
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3.30 f (a +b cotz(x))3/2 tan?(x) dx

Optimal. Leaf size=80

~b32 tanh ™ M +(a-b)¥?tan™ Va—beot®) + atan(x)y/a + b cot?(x)
\Ja + b cot?(x) \Ja + beot?(x)

[Out] (a - b)~(3/2)*ArcTan[(Sqrt[a - b]*Cot[x])/Sqrtla + b*Cot[x]~2]] - b~(3/2)*A
rcTanh [ (Sqrt [b]l *Cot [x])/Sqrt[a + b*Cot[x]~2]] + a*Sqrtl[a + bxCot[x] 2]*Tan[
x]

Rubi [A] time = 0.125483, antiderivative size = 80, normalized size of antiderivative =
1., number of steps used = 7, number of rules used = 7, integrand size = 17, number of rules _

0.412, Rules used = {3670, 474, 523, 217, 206, 377, 203}

~b32 tanh™ [M] +(a-b)¥?tan™ [m] + atan(x)y/a + b cot?(x)

\Ja + b cot?(x) \Ja + beot?(x)

Antiderivative was successfully verified.

integrand size

[In] Int[(a + b*Cot[x]~2)~(3/2)*Tan[x]"2,x]

[Out] (a - b)~(3/2)*ArcTan[(Sqrt[a - b]*Cot[x])/Sqrtla + b*Cot[x]~2]] - b~ (3/2)*A
rcTanh [(Sqrt [b] *Cot [x])/Sqrt[a + b*Cot[x]~2]] + a*Sqrtl[a + bxCot[x] 2]*Tan[
x]

Rule 3670

Int[((d_.)*tan[(e_.) + (f_.)*(x_)]1)"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_I)*xx)1)"(m))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*xffx*x)/c) m*x(a + b*(ff*x)"n) p)/(c”2 + £
£72%x72), x], x, (cxTanl[e + fxx])/ff], x1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[n]))

Rule 474

Int[((e_.)*(x_))"(m_)*x((a_) + (b_.)*(x_)"(m_)) " (p_)*((c_) + (d_.)*(x_)"(n_)
)~(q_ ), x_Symbol] :> Simp[(c*(e*x)”"(m + 1)*x(a + b*x™n) (p + 1)*x(c + d*x"n)~
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(g - 1))/(akex(m + 1)), x] - Dist[1/(a*e™n*(m + 1)), Int[(exx)"(m + n)*(a +
b*x"n) "p*x(c + d*x™n) " (q - 2)*Simp[cx(cxb - axd)*(m + 1) + c*xnx(b*xcx(p + 1)
+ axdx(q - 1)) + d*x((c*b - axd)*(m + 1) + cxb*nx(p + q))*x"n, x], x], x] /
; FreeQ[{a, b, c, d, e, p}, x] && NeQ[b*c - axd, 0] && IGtQ[n, 0] && GtQlq,
1] && LtQ[m, -1] && IntBinomialQ[a, b, ¢, d, e, m, n, p, q, x]

Rule 523

Int[(Ce) + (£_)*x(x_)"(m_))/(((a_) + (b_)*(x_)"(n_))*Sqrtl(c_) + (d_.)*(x
)7 (n_)]1), x_Symbol] :> Dist[f/b, Int[1/Sqrtl[c + d*x"n], x], x] + Dist[(bx*e
- axf)/b, Int[1/((a + b*x"n)*Sqrt[c + d*x"nl), x], x] /; FreeQ[{a, b, c, d
, e, £, n}, x]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 377

Int[((a ) + (b_)*xx_D)"(m_ )" (p_)/((c_) + (d_)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*d)*x"n), x], x, x/(a + bxx"n)~(1/n)] /; FreeQ[{a, b
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[nl]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1)/(Rt[a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 0])

Rubi steps
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(a + bx2)3/2

f (a +b cot2(x))3/2 tan?(x) dx = — Subst [f m
(i 2.2
= aJa + b cot?(x) tan(x) — Subst [f (ffxz)z% dx, x, cot(x)]
= aJa + bcot?(x) tan(x) + (a — b)? Subst f (1 " xz)lx/m dx, x, cot(x)] - 1% Su

cot(x)

[ 1
=a+/a+Db COtz(X) tan(x) + (El - b)2 Subst f 1—(—a—+l’])xZ dx, X, \/:2
a + bcot“(x)

= (a—b)*? tan™! NVazbeot® | _ b32 tanh ™ M + aqJa + beot?(x)
\Ja+ b cot?(x) \a+b cot?(x)

dx, x, cot(x)]

Mathematica [B] time = 0.704609, size = 222, normalized size = 2.78
sin(x)y/cesc2(x)(=((a - b) cos(2x) — a — b)) (\/a -b (\/Ebz tanh ™ (%) + av-bsec(x)y/(a — b) cos(2x) — «
V2vV-bVa - b\(a=b) cos@x) —a - Db

Antiderivative was successfully verified.

[In] Integrate[(a + b*Cot[x]~2)~(3/2)*Tan[x]~2,x]

[Out] (Sqrt[-((-a - b + (a - b)*Cos[2xx])*Csc[x]~2)]*(-(Sqrt[2]*(a - b) 2xSqrt[-b

I*ArcTanh [ (Sqrt [2]*Sqrt[a - b]l*Cos[x])/Sqrt[-a - b + (a - b)*Cos[2*xx]]]) +
Sqrt[a - bl*(Sqrt[2]*b~2xArcTanh[(Sqrt[2]*Sqrt [-bl*Cos[x])/Sqrt[-a - b + (a
- b)*Cos[2*x]]] + a*Sqrt[-bl*Sqrt[-a - b + (a - b)*Cos[2*x]]*Sec[x]))*Sin[

x])/(Sqrt[2]*Sqrt[a - bl*Sqrt[-bl*Sqrt[-a - b + (a - b)*Cos[2*x]])

Maple [B] time = 0.147, size = 1276, normalized size = 16.
result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*cot(x)~2)~(3/2)*tan(x)”2,x)



172

[Out] -1/2/b~(5/2)/(-a+b)~(1/2)*((cos(x) "2*a-b*cos(x)~2-a)/(cos(x)~2-1))"(3/2)*(-
1+cos(x)) "3*(2*cos (x) *In(4*cos(x) *(-a+b) ~(1/2)* (- (cos(x) "2*a-b*cos(x) "2-a)/
(cos(x)+1)72) "~ (1/2)-4*a*xcos (x)+4*xbxcos (x)+4* (—a+b) " (1/2) * (- (cos (x) "2*xa-b*co
s(x)"2-a)/(cos(x)+1)72)"(1/2))*b~(9/2) -4*cos (x) *1n(4*cos (x)* (—a+b) ~(1/2) * (-
(cos(x) "2*a-b*cos(x)"2-a)/(cos(x)+1)"2)~(1/2) -4*a*xcos(x)+4*xb*cos (x)+4* (-a+b
)" (1/2)* (- (cos (x) "2*xa-b*cos (x) "2-a)/(cos (x)+1)"2)~(1/2) ) *b~(7/2) *a+2*cos (x)
*(—a+b) " (1/2)*b~(5/2) * (- (cos (x) "2*xa-b*xcos (x) ~2-a) /(cos (x)+1)~2) ~(1/2) *a+2*c
os(x)*In(4*cos(x)*(-a+b) "~ (1/2)*(-(cos(x) "2*a-b*cos(x)"2-a)/(cos(x)+1)"2)~ (1
/2)-4*a*xcos (x)+4*xbxcos (x)+4* (—a+b) " (1/2) *(-(cos (x) "2*xa-b*cos (x) "2-a) /(cos(x
)+1)72)7(1/2))*%b~ (5/2) *a~2+2*a*x (- (cos (x) "2*a-b*cos(x) "2-a)/(cos(x)+1)"2) " (1
/2)*¥b~(5/2)*(-a+b) " (1/2)+3*cos (x) *(-a+b) ~(1/2)*1n(-4/b~ (1/2)* (-1+cos(x) ) *(c
os(x)*b~(1/2) *(-(cos (x) "2*a-b*cos (x) "2-a)/(cos (x)+1)~2) ~(1/2)+a*cos (x) -b*co
s(x)+(-(cos(x)"2*a-b*xcos(x)"2-a)/(cos(x)+1)"2)"(1/2)*b~(1/2)+a)/sin(x) "2) *a
~3*b-6*cos(x)*(-a+b) " (1/2)*1n(-4/b~(1/2) *(-1+cos(x) ) *(cos (x)*b~(1/2) *(-(cos
(x)"2*a-b*cos(x)"2-a)/(cos(x)+1)"2)~(1/2)+a*cos(x)-b*cos(x)+(-(cos(x) "2*a-b
*cos(x)"2-a)/(cos(x)+1)"2)"(1/2)*b~(1/2)+a) /sin(x) ~2) *a~2*b~2+3*cos (x) * (-a+
b)~(1/2)*1n(-4/b~ (1/2)*(-1+cos (x) ) *(cos (x)*b~ (1/2) * (- (cos (x) "2*a-b*cos (x) "2
-a)/(cos(x)+1)"2) " (1/2)+a*cos (x)-b*cos (x)+(-(cos (x) "2*a-b*cos(x) "2-a) / (cos(
x)+1)72)"(1/2)*b~(1/2)+a) /sin(x) ~2) *a*xb~3-3*cos (x) *(-a+b) "~ (1/2)*1In(-2/b~(1/
2)*(-1+cos(x))*(cos(x)*b~(1/2)* (- (cos(x) "2*a-b*cos(x)"2-a)/(cos(x)+1)"2) " (1
/2)+ax*xcos (x)-b*xcos (x)+(-(cos(x) "2*a-b*cos(x) "2-a)/(cos(x)+1)"2)"(1/2)*b~(1/
2)+a)/sin(x) "2) *a”~3*b+6*cos (x)*(—a+b) " (1/2)*1n(-2/b~ (1/2) *(-1+cos (x) ) *(cos(
x)*b~(1/2)* (- (cos(x) "2*a-b*cos(x) "2-a) /(cos(x)+1)~2)~(1/2)+a*cos (x)-b*cos(x
)+ (-(cos(x)"2*a-b*cos(x)"2-a)/(cos(x)+1)72)"(1/2)*b~(1/2)+a) /sin(x) ~2) *a~2*
b~2-3*cos (x)*(—a+b) ~(1/2)*1n(-2/b~ (1/2)*(-1+cos (x) ) *(cos (x) *b~ (1/2) * (= (cos (
x) "2*a-bxcos(x)"2-a)/(cos(x)+1)~"2) " (1/2)+a*cos (x)-b*cos (x)+(-(cos (x) "2*xa-b*
cos(x)"2-a)/(cos(x)+1)"2)"(1/2)*b~(1/2)+a) /sin(x) ~2) *a*b~3+cos (x) *(-a+b) ~ (1
/2)*1n(-2/b"(1/2) *(-1+cos(x) ) *(cos (x) *b~ (1/2) * (- (cos (x) "2*a-bxcos (x) "2-a) /(
cos(x)+1)72) " (1/2)+a*cos (x)-b*xcos (x)+(-(cos(x) "2*a-b*cos(x)"2-a)/(cos(x)+1)
“2)7(1/2)*b"(1/2)+a) /sin(x) "2)*b~4-cos (x) *(—a+b) ~(1/2) *1n(-4* (cos (x) *b~ (1/2
)*(—(cos(x) "2*a-b*cos(x)"2-a)/(cos(x)+1)"2) " (1/2) -a*cos (x)+b*cos (x)+ (- (cos(
x) "2*a-b*cos(x)"2-a)/(cos(x)+1)"2)~(1/2)*b~(1/2)+a)/(-1+cos(x)))*b~4) /cos(x
)/sin(x) "3/ (-(cos(x) "2*a-b*cos(x)"2-a)/(cos(x)+1)~2)~(3/2)

Maxima [F] time = 0., size = 0, normalized size = 0.
3
f (bcot (07 + a)? tan (x)? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)~2)~(3/2)*tan(x)~2,x, algorithm="maxima"
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[Out] integrate((b*cot(x)"2 + a)~(3/2)*tan(x)”2, x)

Fricas [A] time = 6.8152, size = 1520, normalized size = 19.
result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)~2)~(3/2)*tan(x)"2,x, algorithm="fricas")

[Out] [1/4x(-a + b)~(3/2)*log(-(a~2*tan(x)"4 - 2x(3*a”2 - 4*axb)*tan(x)"2 + a™2 -
8xaxb + 8*%b~2 + 4x(axtan(x)”3 - (a - 2*b)x*tan(x))*sqrt(-a + b)*sqrt((a*xtan
(x)72 + b)/tan(x)"2))/(tan(x)"4 + 2xtan(x)"2 + 1)) + 1/2%b~(3/2)*log((a*tan
(x)72 - 2xsqrt(b)*sqrt((a*xtan(x) "2 + b)/tan(x)"2)*tan(x) + 2*b)/tan(x)”2) +
axsqrt((a*xtan(x) "2 + b)/tan(x)~2)*tan(x), sqrt(-b)*b*arctan(sqrt(-b)*sqrt(
(axtan(x) "2 + b)/tan(x)~2)*tan(x)/b) + 1/4*x(-a + b)~(3/2)*log(-(a~2*tan(x)”
4 - 2%(3*%a”2 - 4*axb)*tan(x)"2 + a”2 - 8xaxb + 8%b"2 + 4*x(axtan(x)"3 - (a -
2xb)*tan(x))*sqrt(-a + b)*sqrt((a*xtan(x)”2 + b)/tan(x)”2))/(tan(x) "4 + 2%t
an(x)"2 + 1)) + axsqrt((a*xtan(x)~2 + b)/tan(x)"2)*tan(x), 1/2*%(a - b)~(3/2)
xarctan(2*sqrt(a - b)*sqrt((a*xtan(x)”2 + b)/tan(x) 2)*tan(x)/(a*xtan(x)”2 -
a + 2xb)) + 1/2xb~(3/2)*log((a*tan(x)”~2 - 2*sqrt(b)*sqrt((axtan(x)~2 + b)/t
an(x)~2)*tan(x) + 2x%b)/tan(x)~2) + ax*sqrt((a*xtan(x)”2 + b)/tan(x)~2)*tan(x)
, 1/2x(a - b)~(3/2)*arctan(2*sqrt(a - b)*sqrt((a*xtan(x)”~2 + b)/tan(x)~2)*ta
n(x)/(a*xtan(x)"2 - a + 2xb)) + sqrt(-b)*b*arctan(sqrt(-b)*sqrt((a*tan(x) "2
+ b)/tan(x)"2)*tan(x)/b) + axsqrt((a*xtan(x)~2 + b)/tan(x)~2)*tan(x)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)**2)**(3/2)*tan(x)**2,x)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out



174

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)~2)~(3/2)*tan(x)~2,x, algorithm="giac")

[Out] Timed out
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3.31 f(a + beot?(c + dx))S/2 dx

Optimal. Leaf size=171

\/E (15a2 —20ab + 8b2) tanh ™" _bcotierdn) ) 32
\Ja+b cot?(c+dx) b cot(c + dx) (a + b cot“(c + dx)) b(7a — 4b) cot(c + dx)+/a +
- 8d - ad - 8d

[Out] -(((a - b)~(5/2)*ArcTan[(Sqrt[a - b]*Cot[c + d*x])/Sqrt[a + b*Cot[c + d*x]~
2]1)/d) - (Sqrt[b]l*(16%a~2 - 20*a*b + 8xb~2)*ArcTanh[(Sqrt[b]*Cot[c + d*x])
/8qrtla + b*Cotl[c + d*x]72]11)/(8*d) - ((7*a - 4*b)*b*Cot[c + d*x]*Sqrtl[a +

b*Cot [c + d*x]72])/(8%d) - (bxCot[c + dxx]*(a + bxCot[c + d*x]~2)~(3/2))/(4

*d)

Rubi [A] time = 0.186351, antiderivative size = 171, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 8, integrand size = 16, i L

0.5, Rules used = {3661, 416, 528, 523, 217, 206, 377, 203}

integrand size

Vo (15a2 —20ab + 8b2) panh 1| Yeoterdy ) 32
Jatbcot?(c+dx) ) beot(c + dx) (a + bcot“(c + dx)) b(7a — 4b) cot(c + dx)+/a +
8d - 4d - 8d

Antiderivative was successfully verified.

[In] Int[(a + b*Cot[c + d*x]~2)"(5/2),x]

[Out] -(((a - b)~(5/2)*ArcTan[(Sqrt[a - b]*Cot[c + d*x])/Sqrt[a + b*Cot[c + d*x]~
2]1)/d) - (Sqrt[b]l*(156%a”2 - 20*axb + 8xb~2)*ArcTanh[(Sqrt[b]*Cot[c + dx*x])
/Sqrtla + b*xCot[c + d*x]~2]]1)/(8%d) - ((7*a - 4*b)*b*Cot[c + d*x]*Sqrtl[a +

b*Cot [c + d*x]~2])/(8*d) - (b*Cot[c + d*x]*(a + b*Cot[c + d*x]~2)~(3/2))/(4

*d)

Rule 3661

Int[((a_) + (b_.)*((c_.)*tanl[(e_.) + (£_)*x(x_)1)" (@ ))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tanl[e + f*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
ff*xx)™n)"p/(c”2 + ££72%xx72), x], x, (cxTanl[e + f*xx])/ff], x]] /; FreeQ[{a,
b, c, e, £, n, p}, x] & (IntegersQ[n, p] || IGtQlp, 0] || EqQ[n~2, 4] || E
qQ[n~2, 161)
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Rule 416

Int[((a_) + (b_)*x(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> Simp[(d*x*(a + b*x™n) " (p + 1)*(c + d*x™n)"(q - 1))/ (b*x(nx(p + @) + 1)),
x] + Dist[1/(bx(n*x(p + q) + 1)), Int[(a + b*x"n) px(c + d*x"n)~(q - 2)*Simp
[cx(bxcx(n*x(p + q) + 1) - axd) + dx(bxcx(n*x(p + 2%q - 1) + 1) - a*xdx(nx(q -
1) + 1))*x"n, x], x], x] /; FreeQ[{a, b, ¢, d, n, p}, x] && NeQ[b*c - axd,
0] && GtQlq, 1] & NeQ[n*(p + q) + 1, 0] && !IGtQ[p, 1] && IntBinomialQ[la
, b, ¢, d, n, p, q, x]

Rule 528

Int[((a_) + (b_)*(x_)"(_ ) (p_.)*x((c_) + (d_)*x_)"(n_))"(q_.)*((e ) + (
f_)x(x_)"(n_)), x_Symbol] :> Simp[(f*x*(a + b*x™n) " (p + 1)*(c + d*x"n)"q)/
(bx(n*x(p + g + 1) + 1)), x] + Dist[1/(bx(nx(p + q + 1) + 1)), Int[(a + b*x~
n) "px(c + d*x"n)~(q - 1)*Simp[ck(b*e - axf + bkexnx(p + q + 1)) + (d*(b*xe -
axf) + fxnxqgx(b*c - axd) + bxd*exnx(p + q + 1))*x"n, x], x], x] /; FreeQ[{
a, b, ¢, d, e, £, n, pt, x] && GtQ[g, 0] && NeQ[n*(p + q + 1) + 1, 0]

Rule 523

Int[(Ce) + (£_)*x(x_ )" (m_))/(((a_) + (b_)*(x_)"(n_))*Sqrtl(c_) + (d_.)*(x
)7"(n_)]1), x_Symbol] :> Dist[f/b, Int[1/Sqrtl[c + d*x"n], x], x] + Dist[(bx*e
- axf)/b, Int[1/((a + bxx"n)*Sqrtlc + d*x"n]), x], x] /; FreeQ[{a, b, c, d
, e, £, n}, x]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] & 'GtQ[a, O]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 377

Int[((a_) + (b_)*x(x_)"(n_)) " (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + b¥x™n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 203
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
(a, 2]11)/(Rt[a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQlb, 01)

Rubi steps

(a+bx2)5/2

Subst ( f T dx, x, cot(c + dx)]

f (a +beot?(c + dx))5/2 dx = —

d
Va+bx?(a(4a-b)+(7a-4b)bx?)
3/2
b cot(c + dx) (a +beot?(c + dx)) 72 Subst (f T4+x2 dx, x, cot(c
T 4d - 4d

)3/2 S

(7a — 4b)b cot(c + dx)\/a +beot?(c+dx) b cot(c + dx) (a + bcot?(c + dx)
- 8d - 4d

3/2
(70— 4b)b cot(c + dx)yJa + beot?(c+dv)  beot(c +dx) (a+beot?(c + )
- 8d - 4d o

32 (
(7a — 4b)b cot(c + dx)\/a +bcot?(c+dx) b cot(c + dx) (a + beot?(c + dx)) S

8d 4d
(a - b) tan™ [M) Vb (1542 - 20ab + 812) tanh ™ [M)

\Ja+b cotz(c+dx) \Ja+b cotz(c+dx)

d - 8d

Mathematica [C] time = 1.72625, size = 259, normalized size = 1.51

Vb (15a2 —20ab + 8b2) log (\/E\/a + beot?(c + dx) + b cot(c + dx)) + beot(c + dx)+Ja + bcot?(c + dx) (9(1 + 2b cot

Antiderivative was successfully verified.

[In] Integrate[(a + b*Cot[c + d*x]72)~(5/2),x]

[Out] -(b*Cot[c + d*x]*Sqrt[a + b*xCot[c + d*x]~2]*(9*a - 4*b + 2*xbxCot[c + d*x]"2
) = (4xI)x(a - b)~(5/2)*Log[((-4xI)*(a - Ixb*Cot[c + d*x] + Sqrt[a - blx*Sqr
tla + b*Cotlc + d*x]72]))/((a - B)7(7/2)*(I + Cotlc + d*x]))] + (4*xI)*(a -
b)~(5/2)*Log[((4*I)*(a + I*bxCot[c + d*x] + Sqrt[a - bl*Sqrtla + b*Cot[c +
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d*x]72]))/((a - b)~(7/2)*(-1 + Cot[c + d*x]))] + Sqrt[b]*(15*a~2 - 20*axb +
8*b~2) *Log [b*Cot [c + d*x] + Sqrt[b]l*Sqrt[a + b*xCot[c + dxx]~2]])/(8%d)

Maple [B] time = 0.057, size = 462, normalized size = 2.7

B (cot (dx + 0)°
4d

9 cot (dx + c)ab
8d

a+ b (cot (dx + ¢))* -

1 2
a+ b(cot (dx + c))2 - %\/Eln (cot (dx +¢c) Vb + \/;

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*cot(d*x+c)~2)~(5/2),x)

[Out] -1/4/d*b~2*xcot (d*x+c) ~3*(a+b*cot (d*x+c) ~2)~(1/2)-9/8/d*bxa*xcot (d*x+c)* (a+b*
cot (d*x+c)~2)~(1/2)-15/8/d*b~ (1/2) *a~2*1n(cot (d*x+c) *b~ (1/2) +(a+b*cot (d*x+c
)7"2)7(1/2))+1/2/d*b"2*cot (d*x+c) * (atb*cot (d*x+c) ~2) " (1/2)+5/2/d*b~ (3/2) *ax*l

n(cot (dxx+c)*b~ (1/2)+(a+b*cot (d*xx+c)~2)~(1/2))-1/d*b~(5/2) *1n(cot (d*x+c) *b~
(1/2)+(a+b*cot (d*x+c)~2) " (1/2))+1/d*b* (b~ 4*(a-b)) ~(1/2)/(a-b)*arctan(b~2*(a

-b)/ (b~ 4*(a-b)) " (1/2)/ (a+b*cot (d*x+c) ~2) " (1/2) *cot (d*x+c) ) -3/d*a* (b~ 4* (a-b)

)~ (1/2)/(a-b) *arctan(b™2*(a-b)/(b~4x*(a-b)) ~(1/2) / (a+b*cot (d*x+c) ~2) ~(1/2) *c

ot (d*x+c))+3/d*a"2/b* (b~ 4x(a-b) )~ (1/2)/(a-b)*arctan(b”2*(a-b)/ (b~ 4*(a-b)) ~(

1/2) / (a+b*xcot (d*xx+c) ~2) ~(1/2) *cot (d*x+c))-1/d*a~3*%(b~4*(a-b)) ~(1/2) /b~2/(a-
b)*arctan(b~2*(a-b)/(b~4*(a-b)) ~(1/2)/(a+bxcot (d*x+c) ~2) " (1/2) *cot (d*x+c) )

Maxima [F] time = 0., size = 0, normalized size = 0.
5
f (b ot (dx + 0% + a)? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(d*x+c)~2)7(5/2),x, algorithm="maxima")

[Out] integrate((b*cot(d*x + ¢c)”2 + a)~(5/2), x)

Fricas [B] time = 2.22061, size = 3595, normalized size = 21.02

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(d*x+c)~2)~(5/2),x, algorithm="fricas")

[Out] [-1/16%(8x(a”2 - 2*a*b + b~2 - (2”2 - 2*axb + b~2)*cos(2xd*x + 2%c))*sqrt(-
a + b)*log(-(a - b)*cos(2xd*x + 2*c) + sqrt(-a + b)*sqrt(((a - b)*cos(2xd*x
+ 2%xc) - a - b)/(cos(2xd*x + 2*c) - 1))*sin(2*xd*x + 2%c) + b)*sin(2xd*x +
2xc) + (15%a”2 - 20*axb + 8*b~2 - (15*xa”~2 - 20*axb + 8*b~2)*cos(2xd*x + 2xc
))*sqrt(b)*log(((a - 2xb)*cos(2*d*x + 2xc) + 2*xsqrt(b)*sqrt(((a - b)*cos(2%
d*x + 2*c) - a - b)/(cos(2*d*x + 2*c) - 1))*sin(2*d*x + 2*c) - a - 2*b)/(co
s(2%d*x + 2%c) - 1))*sin(2xdxx + 2%c) - 2% (4*b~2*cos(2xd*x + 2%c) - 3*(3*ax
b - 2*b72)*cos(2*d*x + 2%c)”2 + 9*axb - 2xb72)*sqrt(((a - b)*cos(2*d*x + 2%
c) — a - b)/(cos(2*xd*x + 2*xc) - 1)))/((d*cos(2*d*x + 2*c) - d)*sin(2xdxx +
2%c)), 1/16x(16*%(a"2 - 2*xa*xb + b™2 - (a”2 - 2xaxb + b~2)*cos(2*xd*x + 2%c))*
sqrt(a - b)*arctan(-sqrt(a - b)*sqrt(((a - b)*cos(2*d*x + 2xc) - a - b)/(co
s(2%d*x + 2%c) - 1))*sin(2xdxx + 2*c)/((a - b)*cos(2xd*x + 2xc) + a - b))*s
in(2*%d*x + 2*c) - (15%a”2 - 20*a*xb + 8*b~2 - (15%a”2 - 20*axb + 8*b~2)*cos(
2xd*x + 2%c))*sqrt(b)*log(((a - 2xb)*cos(2*d*x + 2*c) + 2*sqrt(b)*sqrt(((a
- b)*cos(2*d*x + 2*c) - a - b)/(cos(2*d*x + 2*c) - 1))*sin(2xd*x + 2%c) - a
- 2xb)/(cos(2*d*x + 2%c) - 1))*sin(2*d*x + 2%c) + 2x(4*xb~2%cos(2xd*x + 2xc
) - 3%(3*a*xb - 2%b72)*cos(2xd*x + 2%c)”2 + 9*xaxb - 2*¥b~2)*sqrt(((a - b)*cos
(2xd*x + 2*c) - a - b)/(cos(2xd*x + 2*c) - 1)))/((d*cos(2*d*x + 2%c) - d)*s
in(2xd*xx + 2%c)), -1/8%((15*%a"2 - 20*a*xb + 8%b"2 - (165%a”2 - 20*axb + 8xb~2
)*cos (2*xd*xx + 2%c))*sqrt(-b)*arctan(sqrt(-b)*sqrt(((a - b)*cos(2*d*x + 2xc)
- a - b)/(cos(2xd*xx + 2*c) - 1))*sin(2*xd*x + 2*c)/(b*xcos(2*d*x + 2%c) + b)
)*sin(2*d*x + 2*c) + 4x(a”2 - 2%axb + b72 - (a”2 - 2*a*xb + b72)*cos(2*d*x +
2%c))*sqrt(-a + b)*log(-(a - b)*cos(2+d*x + 2xc) + sqrt(-a + b)*sqrt(((a -
b)*cos(2*d*x + 2*c) - a - b)/(cos(2xd*x + 2*c) - 1))*sin(2xd*x + 2%c) + b)
*sin(2*xd*x + 2xc) - (4%b"2xcos(2*d*x + 2*c) - 3x(3*axb - 2xb~2)*cos(2*d*x +
2%c)”"2 + 9xaxb - 2*b~2)xsqrt(((a - b)*cos(2xd*x + 2*c) - a - b)/(cos(2*xd*x
+ 2%c) - 1)))/((d*cos(2*d*x + 2*c) - d)*sin(2xd*x + 2*c)), 1/8*(8x(a"2 - 2
xaxb + b72 - (a2 - 2%axb + b~2)*cos(2*d*x + 2xc))*sqrt(a - b)*arctan(-sqrt
(a - b)*xsqrt(((a - b)*cos(2xd*x + 2*c) - a - b)/(cos(2xd*x + 2*c) - 1))*sin
(2xd*x + 2*c)/((a - b)*cos(2xd*x + 2%c) + a - b))*sin(2xd*x + 2*c) - (15*a”
2 - 20%a*b + 8*b~2 - (15*%a”2 - 20*a*b + 8*b~2)*cos(2*d*x + 2%c))*sqrt(-b)*a
rctan(sqrt(-b)*sqrt(((a - b)*cos(2xd*x + 2*c) - a - b)/(cos(2xd*x + 2%c) -
1)) *sin(2xdxx + 2*c)/(b*cos(2*xd*x + 2*c) + b))*sin(2*d*x + 2%c) + (4*xb~2*co
s(2*dxx + 2xc) - 3*%(3xa*xb - 2%b72)*cos(2*d*x + 2%c)~2 + Oxa*xb - 2%b~2)*sqrt
(((a - b)*cos(2*xd*x + 2*c) - a - b)/(cos(2*d*x + 2*c) - 1)))/((d*cos(2*d*x

+ 2xc) - d)*sin(2xd*x + 2%c))]
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Sympy [F] time = 0., size = 0, normalized size = 0.

5

f (a +beot? (c + dx))E dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cot (d*x+c)**2)**(5/2),x)

[Out] Integral((a + b*cot(c + d*x)*x2)**(5/2), x)

Giac [F] time = 0., size = 0, normalized size = 0.
5
f (bcot (dx + 0% + a)? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(d*x+c)~2)~(5/2),x, algorithm="giac")

[Out] integrate((b*cot(d*x + c)~2 + a)~(5/2), x)
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3.32 f(a + beot?(c + dx))3/2 dx

Optimal. Leaf size=126

_ Va-b cot(c+dx) -1 Vb cot(c+dx)
(a — )32 tan™! | 222 | \/p(3a — 2b) tanh T | D
beot(c +dx)yJa+ beotX(c +d) Jerveorerdn Jerveoierdn

2d d 2d

[Out] -(((a - b)~(3/2)*ArcTan[(Sqrt[a - b]*Cot[c + d*x])/Sqrt[a + b*Cot[c + d*x]~
2]1)/d) - ((3xa - 2xb)*Sqrt[b]*ArcTanh[(Sqrt[b]l*Cot[c + d*x])/Sqrtl[a + bxCo
tlc + d*x]~2]]1)/(2xd) - (b*Cot[c + d*xx]*Sqrtl[a + bxCot[c + d*xx]~2])/(2xd)

Rubi [A] time = 0.0978133, antiderivative size = 126, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 16, e e -

0.438, Rules used = {3661, 416, 523, 217, 206, 377, 203}

integrand size

_ Va-b cot(c+dx) -1 Vb cot(c+dx)
(a - b2 tan ! | 22 | \/p(3a - 2b) tanh ™ | e
b cot(c + dx)\/ﬂ +0b COtZ(C + dx) +Ja+b cot?(c+dx) \Ja+b cot?(c+dx)

2d d B 2d

Antiderivative was successfully verified.

[In] Int[(a + b*Cot[c + d*x]~2)~(3/2),x]

[Out] -(((a - b)~(3/2)*ArcTan[(Sqrt[a - b]*Cot[c + dxx])/Sqrtl[a + b*Cot[c + d*x]~
2]1)/d) - ((3xa - 2xb)*Sqrt[b]*ArcTanh[(Sqrt[b]l*Cot[c + d*x])/Sqrt[a + bxCo
tlc + d*x]~2]]1)/(2xd) - (b*Cot[c + d*x]*Sqrtla + b*Cot[c + d*x]~2])/(2xd)

Rule 3661

Int[((a_) + (b_.)*((c_.)*tanl[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tanl[e + f*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
ffxx)"n)p/(c”2 + ff72*x72), x], x, (cxTanle + fxx])/ff], x1] /; FreeQ[{a,
b, ¢, e, £, n, pt, x] && (IntegersQ[n, p] || IGtQlp, O] || EqQ[n~2, 4] || E
qQ[n~2, 16]1)

Rule 416

Int[((a_) + (b_)*x(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> Simp[(d*x*(a + b*x™n) " (p + 1)*(c + d*x"n)"(q - 1))/ (b*x(nx(p + @) + 1)),
x] + Dist[1/(b*x(n*x(p + q) + 1)), Int[(a + b*x™n) px(c + d*x"n)~(q - 2)*Simp
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[cx(b*xcx(n*x(p + q) + 1) - axd) + dx(bxckx(nx(p + 2%xq - 1) + 1) - a*xdx(n*x(q -
1) + 1))*x"n, x], x], x] /; FreeQ[{a, b, ¢, d, n, p}, x] && NeQ[b*c - axd,
0] && GtQlq, 1] && NeQ[nx(p + q) + 1, 0] && !'IGtQ[p, 1] && IntBinomialQ[a
, b, ¢, d, n, p, q, x]

Rule 523

Int[(Ce) + (£_)*x(x_)"(m_))/(((a_) + (b_)*(x_)"(n_))*Sqrtl(c_) + (d_.)*(x
)7 (n_)]1), x_Symbol] :> Dist[f/b, Int[1/Sqrtl[c + d*x"n], x], x] + Dist[(bx*e
- a*xf)/b, Int[1/((a + b*x"n)*Sqrt[c + d*x"nl), x], x] /; FreeQ[{a, b, c, d
, e, T, n}, x]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && 'GtQ[a, O]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 377

Int[((a_) + (b_)*x(x_)"(m_)) " (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + b*xx™n)~(1/n)] /; FreeQ[{a, b
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[nl]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rt[a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps
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Subst ( f 7 dx, x, cot(c + dx)]

f (a +beot?(c + dx))3/2 dx = - 5

a(2a-b)+(3a—2b)bx>
b cot(c + dx)+/a + b cot?(c + dx) Subst (f (1432) Vasba?

B 2d 2d

dx, x, cot(c + dx))

2 1
bcot(c + dx)rJa + bcot?(c + dx) (a - b)* Subst (f (sz)—ﬂm dx, x, cot(c + dx))
T 2d B d

1 cot(c+dx)
a-"b)?Subst| [ ——— dx, x, ———
bcot(c + dx)Ja+ Db cotz(c + dx) ( ) (f 1-(-a+b)x? AJa+b cotz(c+dx))

B 2d d
(a _ b)3/2 tan_l [ \/ﬁcot(cﬁlx) J (3Ll _ 2b)\/Etanh_1 [ \/Ecot(c+dx)

\Ja+b cotz(c+dx) \Ja+b cotz(c+dx)) bcot (C +d

d 2d

Mathematica [C] time = 1.38656, size = 234, normalized size = 1.86

4i(\/a—b\ [a+b Cotz(c+dx)+a—ib cot(c+dx))

(a=b)>/2(cot(c+dx)+i)

4i(\/a—bﬁa+b C

—i(a - b)*?log o

—b cot(c + dx)\/a + beot?(c + dx) + i(a — b)*2log| -

2d

Antiderivative was successfully verified.

[In] Integrate[(a + b*Cot[c + d*x]~2)7(3/2),x]

[Out] (-(bxCot[c + dxx]*Sqrtl[a + b*Cot[c + d*x]~2]) + Ix(a - b)~(3/2)*Logl[((-4*I)
*(a - I*b*Cot[c + d*x] + Sqrtla - bl*Sqrt[a + bxCot[c + d*x]~2]))/((a - b)~
(6/2)*%(I + Cotl[c + d*x]))] - Ix(a - b)~(3/2)*Logl[((4*xI)*(a + Ixb*Cot[c + dx

x] + Sqgrt[a - bl*Sqrtla + bxCot[c + d*x]~2]))/((a - b)~(6/2)*(-I + Cotlc +
d*x]))] + Sqrt[b]l*(-3*%a + 2xb)*Log[b*Cot[c + d*x] + Sqrt[b]*Sqrtl[a + b*Cot[

c + d*x]72]]1)/(2xd)

Maple [B] time = 0.02, size = 298, normalized size = 2.4

bcot (dx + ¢)

Y a+b(cot (dx + c))2 - %\/Eln (cot (dx+c¢) Vb + \/a + b (cot (dx + c))z) + %b; In (cot (dx+c) Vb
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*cot(d*x+c)~2)"(3/2),x)

[Out] -1/2*b*cot (d*x+c)* (atb*cot (d*x+c)~2)~(1/2)/d-3/2/d*b”~(1/2) *a*1ln(cot (d*x+c)*
b~ (1/2)+(a+b*cot (d*xx+c)~2)~(1/2))+1/d*b~(3/2) *1n(cot (d*xx+c)*b~ (1/2)+(a+b*co
t(d*x+c)~2)7(1/2))-1/d*x(b~4*(a-b))~(1/2)/(a-b)*arctan(b~2*(a-b)/(b~4*(a-b))
~(1/2) / (a+b*xcot (d*x+c) ~2) ~(1/2) *cot (d*x+c) ) +2/d*a/bx (b~ 4* (a-b)) ~(1/2) /(a-b)
*arctan(b”2*x(a-b)/ (b~ 4*x(a-b))~(1/2)/(a+b*cot (d*x+c)~2) ~(1/2) *cot (d*x+c)) -1/
d*a~2*x(b~4*x(a-b))~(1/2)/b"2/(a-b) *arctan(b~2*(a-b)/ (b~ 4*(a-b)) ~(1/2) / (a+b*c

ot (d*x+c) ~2) ~(1/2) *cot (d*x+c))

Maxima [F] time = 0., size = 0, normalized size = 0.
3
f(b cot (dx + ¢)* + a)z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(d*x+c)~2)~(3/2),x, algorithm="maxima")

[Out] integrate((b*cot(d*x + c)~2 + a)~(3/2), x)

Fricas [B] time = 1.99124, size = 2558, normalized size = 20.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cot(d*x+c)~2)~(3/2),x, algorithm="fricas")

[Out] [-1/4x(2x(a - b)*sqrt(-a + b)*log(-(a - b)*cos(2xd*x + 2%c) - sqrt(-a + b)x*
sqrt(((a - b)xcos(2xd*x + 2*c) - a - b)/(cos(2xd*x + 2%c) - 1))*sin(2xd*x +

2%c) + b)*sin(2xd*x + 2%c) + (3*a - 2xb)*sqrt(b)*log(((a - 2*b)*cos(2xd*x

+ 2%c) - 2*sqrt(b)*sqrt(((a - b)*cos(2xd*x + 2%c) - a - b)/(cos(2*xd*x + 2xc

) - 1))*sin(2+d*x + 2%c) - a - 2%b)/(cos(2xd*x + 2%c) - 1))*sin(2kdxx + 2%c

) + 2x(b*cos(2*d*x + 2xc) + b)*sqrt(((a - b)*cos(2*xd*x + 2%c) - a - b)/(cos
(2%d*x + 2xc) - 1)))/(d*sin(2xd*x + 2%c)), 1/2x((3*a - 2*b)*sqrt(-b)*arctan
(sqrt(-b)*sqrt(((a - b)*cos(2xd*x + 2*c) - a - b)/(cos(2xd*x + 2%c) - 1))*s
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in(2xd*x + 2*xc)/(b*cos(2xd*x + 2*c) + b))*sin(2*d*x + 2%c) - (a - b)*sqrt(-
a + b)*xlog(-(a - b)*cos(2*d*x + 2xc) - sqrt(-a + b)*sqrt(((a - b)*cos(2*d*x
+ 2%c) - a - b)/(cos(2xd*x + 2%c) - 1))*sin(2*xd*x + 2%c) + b)*sin(2xd*x +

2xc) - (b*cos(2*d*x + 2xc) + b)*sqrt(((a - b)*cos(2*d*x + 2xc) - a - b)/(co
s(2+d*x + 2%c) - 1)))/(d*sin(2*d*x + 2%c)), -1/4*x(4*x(a - b)~(3/2)*arctan(-s
grt(a - b)*sqrt(((a - b)*cos(2*d*xx + 2xc) - a - b)/(cos(2xd*xx + 2%c) - 1))x*
sin(2xd*x + 2*c)/((a - b)*cos(2*d*x + 2xc) + a - b))*sin(2xd*x + 2%c) + (3%
a - 2*b)*sqrt(b)*log(((a - 2*b)*cos(2xd*x + 2*c) - 2*sqrt(b)*sqrt(((a - b)*
cos(2*d*x + 2xc) - a - b)/(cos(2xd*x + 2%c) - 1))*sin(2xd*x + 2%c) - a - 2%
b)/(cos(2xd*x + 2%c) - 1))*sin(2*xd*x + 2%c) + 2% (b*cos(2*d*x + 2xc) + b)*sq
rt(((a - b)*cos(2xd*x + 2%c) - a - b)/(cos(2*xd*x + 2xc) - 1)))/(d*sin(2*d*x
+ 2xc)), -1/2x(2*(a - b)~(3/2)*arctan(-sqrt(a - b)*sqrt(((a - b)*cos(2*d*x
+ 2%c) - a - b)/(cos(2*d*x + 2xc) - 1))*sin(2*d*x + 2xc)/((a - b)*cos(2*d*
X + 2%xc) + a - b))*sin(2xd*x + 2%c) - (3*a - 2*b)*sqrt(-b)*arctan(sqrt(-b)*
sqrt(((a - b)xcos(2xd*x + 2*c) - a - b)/(cos(2xd*x + 2%c) - 1))*sin(2xd*x +
2%c)/(b*cos(2*d*x + 2%c) + b))*sin(2xd*x + 2%c) + (bxcos(2xd*x + 2%c) + b)
*sqrt (((a - b)*cos(2xd*x + 2*c) - a - b)/(cos(2xdxx + 2xc) - 1)))/(d*sin(2*
dxx + 2%c))]

Sympy [F] time = 0., size = 0, normalized size = 0.

3

f (a +beot? (c + dx))E dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(dxx+c)**2)*x(3/2),x)

[Out] Integral((a + bxcot(c + d*xx)**2)**(3/2), x)

Giac [F] time = 0., size = 0, normalized size = 0.
3
f(b cot (dx + ¢)* + a)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(d*x+c)~2)~(3/2),x, algorithm="giac")

[Out] integrate((b*cot(d*x + c)~2 + a)~(3/2), x)
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3.33 [ +a+bcot?(c+dx)dx

Optimal. Leaf size=87

Va-btan™! Nabeotlerds) | i 1| Ybeotierdn)

d d

[Out] -((Sqrt[a - blxArcTan[(Sqrt[a - bl*Cot[c + d*x])/Sqrt[a + b*Cot[c + d*x] 2]
1)/d) - (Sqrt([b]*ArcTanh[(Sqrt[b]*Cot[c + d*x])/Sqrtl[a + b*Cot[c + d*x]~2]]
)/d

Rubi [A] time = 0.0549406, antiderivative size = 87, normalized size of antiderivative

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 16, e -

integrand size
0.375, Rules used = {3661, 402, 217, 206, 377, 203}

Va-btan™ Va-beot(ctdy) Vbtanh! _Vbeot(ctdy)

d B d

Antiderivative was successfully verified.

[In] Int[Sqrtl[a + b*Cot[c + d*x]~2],x]

[Out] -((Sqrtla - bl*ArcTan[(Sqrtla - b]*Cot[c + dx*x])/Sqrtla + b*Cot[c + d*x]~2]
1)/d) - (Sqrt([b]*ArcTanh[(Sqrt[b]*Cot[c + d*x])/Sqrtl[a + b*Cot[c + d*x]~2]]
)/d

Rule 3661

Int[((a_) + (b_.)*((c_.)*tanl[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[(c*ff)/f, Subst[Int[(a + bx(
ffxx)"n)"p/(c”2 + f£f72*x72), x], x, (cxTanl[e + fxx])/ff], x]1] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, p] || IGtQ[p, O] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rule 402

Int[((a_) + (b_.)*(x_)"2)"(p_.)/((c_) + (d_.)*(x_)"2), x_Symbol] :> Dist[b/
d, Int[(a + b*x72)"(p - 1), x], x] - Dist[(b*c - axd)/d, Int[(a + b*xx"2)"(p
- 1)/(c + d*xx~2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc - axd, 0] &&
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GtQlp, 0] && (EqQlp, 1/2] || EgQ[Denominator[p], 4])

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x~2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 2]1*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 377

Int[((a_) + (b_)*x(x_ )" (m_))~(p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + b*xx™n)~(1/n)] /; FreeQ[{a, b
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQla
, 01 Il GtQ[b, 01)

Rubi steps

Subst f arba? dx, x, cot(c + dx)
1+x2
f\/a+bcot2(c+dx)dx:— -

1

(a—b) Subst (f (sz)—ﬁm dx, x, cot(c + dx)) b Subst (f L ixx, cot(c + dx))

Va+bx?

d d

cot(c+dx)

(a — b) Subst f;dxxM] bSubstf L dx,x

_ 2 7 4
1-bx \/ a+b cotz(c+dx)

_(_ 2 7 4
1-(-a+b)x \/a+bcot2(c+dx)

|

a ) a
Va - btan™ MJ Vb tanh™ (M

\Ja+b cot?(c+dx) \a+b Cotz(c+dx)

d - d
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Mathematica [C] time = 0.595006, size = 202, normalized size = 2.32

41‘(@\,&4’17 cotz(c+dx)+u—ib cot(c+dx)) 4i(\/ﬁ\m+b cotz(c+dx)+a+ib cot(c+dx))
i| Va - blog| - (a-b)%2(cot(c+dx)+i) ~Va-blog (a-b)¥2(cot(c+dx)~i) +2iVblog (\/E V-
2d

Antiderivative was successfully verified.

[In] Integrate[Sqrtl[a + b*Cotl[c + d*x]~2],x]

[Out] ((I/2)*(Sqrtla - bl*Logl[((-4*I)x(a - Ixb*Cot[c + d*x] + Sqrtla - b]x*Sqrt[a
+ bxCot[c + d*x]72]1))/((a - )~ (3/2)*(I + Cot[c + d*x]))] - Sqrt[a - bl*Log
[((4xI)*(a + IxbxCot[c + d*x] + Sqrtla - b]*Sqrtl[a + b*Cot[c + d*x]~2]))/((

a - b)7(3/2)*%(-I + Cotlc + d*x]))] + (2%I)*Sqrt[b]l*Logl[b*Cot[c + d*x] + Sqr
t[b]*Sqrt[a + b*Cot[c + d*x]~2]]))/d

Maple [B] time = 0.027, size = 170, normalized size = 2.

1

_éx/gln (cot (dx+c¢) Vb + \/a + b (cot (dx + C))z) + m

Vb (a - b) arctan | (a - b) b2 cot (dx + c) ﬁt/

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*cot (d*x+c)~2)~(1/2),x)

[Out] -1/d*b~(1/2)*1n(cot (d*x+c)*b~ (1/2)+(a+b*cot (d*x+c)~2)~(1/2))+1/d* (b~ 4*(a-b)
)~ (1/2)/b/(a-b)*arctan(b™2*(a-b)/ (b~ 4*(a-b)) " (1/2) / (atb*cot (d*x+c)~2) " (1/2)

xcot (d*x+c))-1/d*a*x(b~4*(a-b))~(1/2)/b~2/(a-b)*arctan(b~2*(a-b)/(b~4*(a-b))
~(1/2) / (a+b*cot (d*x+c) ~2) ~(1/2) *cot (d*x+c))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(d*x+c)~2)~(1/2),x, algorithm="maxima")
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[Out] Exception raised: ValueError

Fricas [B] time = 1.86687, size = 1674, normalized size = 19.24

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*cot(d*x+c)~2)~(1/2),x, algorithm="fricas")

[Out] [1/2*(sqrt(-a + b)*log(-(a - b)*cos(2xd*x + 2%c) + sqrt(-a + b)*sqrt(((a -
b)*cos(2xd*x + 2%c) - a - b)/(cos(2xd*x + 2%c) - 1))*sin(2*xd*x + 2%c) + b)
+ sqrt(b)*log(((a - 2*b)*cos(2xd*x + 2*c) + 2*sqrt(b)*sqrt(((a - b)*cos(2xd
*x + 2%c) - a - b)/(cos(2*d*x + 2xc) - 1))*sin(2*d*x + 2xc) - a - 2*b)/(cos
(2xd*x + 2xc) - 1)))/d, -1/2%(2xsqrt(a - b)*arctan(-sqrt(a - b)*sqrt(((a -
b)*cos(2%d*x + 2%c) - a - b)/(cos(2xd*x + 2%c) - 1))*sin(2*xd*x + 2*c)/((a -
b)*xcos(2*d*x + 2%c) + a - b)) - sqrt(b)*log(((a - 2xb)*cos(2*d*x + 2%c) +
2xsqrt (b) *sqrt (((a - b)*cos(2xd*x + 2*c) - a - b)/(cos(2xd*x + 2%c) - 1))x*s
in(2*d*x + 2xc) - a - 2*b)/(cos(2xd*x + 2%c) - 1)))/d, 1/2x(2*sqrt(-b)*arct
an(sqrt (-b)*sqrt(((a - b)*cos(2*d*x + 2xc) - a - b)/(cos(2*d*x + 2xc) - 1))
xsin(2*d*x + 2%c)/(bxcos(2*d*x + 2%c) + b)) + sqrt(-a + b)*log(-(a - b)*cos
(2%d*x + 2xc) + sqrt(-a + b)*sqrt(((a - b)*cos(2*d*x + 2*xc) - a - b)/(cos(2
xd*x + 2%c) - 1))*sin(2xd*x + 2*c) + b))/d, -(sqrt(a - b)*arctan(-sqrt(a -
b)*sqrt(((a - b)*cos(2xd*x + 2%c) - a - b)/(cos(2*d*x + 2xc) - 1))*sin(2*d*
x + 2xc)/((a - b)*cos(2*d*x + 2xc) + a - b)) - sqrt(-b)*arctan(sqrt(-b)*sqr
t(((a - b)*cos(2xd*x + 2%c) - a - b)/(cos(2%d*x + 2%c) - 1))*sin(2xd*x + 2%
c)/(b*xcos (2xd*x + 2xc) + b)))/d]

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a+bcot2(c+dx)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cot (d*x+c)**2)**(1/2),x)

[Out] Integral(sqrt(a + bxcot(c + dxx)**2), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

f\/bcot (dx+c)2 + adx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cot(d*x+c)~2)~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(b*cot(d*x + c)~2 + a), x)
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1

3.34 dx

\/ a+b cotz(c+dx)

Optimal. Leaf size=47

tan_l[ \/ﬁcot(ﬁdx) )

\Ja+b cotz(c+dx)
dVa-b

[Out] -(ArcTan[(Sqrtla - b]*Cot[c + dxx])/Sqrtla + b*Cot[c + d*x]~2]]/(Sqrtl[a - b
1%d))

Rubi [A] time = 0.0329305, antiderivative size = 47, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 16, e -

0.188, Rules used = {3661, 377, 203}

integrand size

tan_l[ \/ﬁcot(ﬁdx) )

\Ja+b cotz(c+dx)
dVa-b

Antiderivative was successfully verified.

[In] Int[1/Sqrtl[a + b*Cotl[c + d*x]~2],x]

[Out] -(ArcTan[(Sqrt[a - b]*Cot[c + d*x])/Sqrtl[a + bxCot[c + dxx]~2]]/(Sqrtla - b
1xd))

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (f_.)*(x)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tan[e + fx*xx], x]}, Dist[(cxff)/f, Subst[Int[(a + bx(
ffxx)"n)"p/(c”2 + f£f72*x72), x], x, (cxTanle + fxx])/ff], x1] /; FreeQl{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, pl || IGtQlp, 0] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rule 377

Int[((a_) + (b_)*x(x_)"(m_)) " (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]
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Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt

la, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rubi steps

1
1 ] Subst (f M—“m dx, x, cot(c + dx))
X =-
\/a + beot?(c + dx) d

1 cot(c+dx)
Subst | | 7= dX, X, —re
(f 1—(—a+b)x2 m)
= d
tan- | Mibeotterdy)

Nrar?

Mathematica [B]

time = 0.418421, size = 111, normalized size = 2.36

) (a-b) cotZ(c-+dx)
b cot“(c+d. - -
cot(c + dx)4/ beot et | g tanh ™| Xt
a [ b cot?(c+dx)
p +1

_ 2
d\/—w\/a +beot?(c + dx

Antiderivative was successfully verified.

[In] Integrate[1/Sqrtl[a + bxCot[c + dxx]~2],x]

[Out] -((ArcTanh[Sqrt[-(((a - b)*Cot[c + d*x]~2)/a)]/Sqrt[1 + (b*Cot[c + dxx]~2)/

al]]*Cot[c + dxx]*Sqrt[1 + (b*Cot[c + d*x]~2)/al)/(d*Sqrt[-(((a - b)*Cot[c +
d*xx]~2)/a)]*Sqrt[a + b*Cot[c + d*x]~2]))

Maple [A] time = 0.027, size = 68, normalized size = 1.5
—;\/b‘1 (a —b)arctan | (a — b) b? cot (dx + ¢) ! !
db? (a - b)

Vb (a-b) \/a + b (cot (dx + )
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+bxcot(d*x+c)~2)~(1/2),x)

[Out] -1/d*x(b"4*x(a-b))~(1/2)/b~2/(a-b)*arctan(b”2*x(a-b)/(b~4x(a-b)) " (1/2)/(a+b*xco
t (d*x+c) "2) 7 (1/2) *cot (d*x+c))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cot(d*x+c)~2)~(1/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 2.14564, size = 558, normalized size = 11.87

V=a+Dblog (—2 (%~ 2ab + b?) cos 2dx +2¢)* ~2((a — b) cos 2dx +2¢) ~ b)y—a + b\/ e sin (.

4(a-b)d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cot(d*x+c)~2)~(1/2),x, algorithm="fricas")

[Out] [-1/4xsqrt(-a + b)*log(-2*x(a”2 - 2xa*xb + b~2)*cos(2xd*x + 2*c)~2 - 2*x((a -
b)*cos(2xd*x + 2%c) - b)xsqrt(-a + b)*sqrt(((a - b)*cos(2xd*x + 2%c) - a -
b)/(cos(2xd*x + 2%c) - 1))*sin(2xd*x + 2xc) + a2 - 2*b”2 + 4*x(axb - b72)*c
os(2*d*x + 2xc))/((a - b)*d), -1/2xarctan(-sqrt(a - b)*sqrt(((a - b)*cos(2x*

d*x + 2*c) - a - b)/(cos(2*d*x + 2*c) - 1))*sin(2*d*x + 2*c)/((a - b)*cos(2

xd*x + 2%c) - b))/(sqrt(a - b)*d)]
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Sympy [F] time = 0., size = 0, normalized size = 0.

1
f dx
\/a + beot? (¢ + dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cot(dxx+c)**2)*x(1/2),%)

[Out] Integral(1l/sqrt(a + b*cot(c + d*x)**2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

1
dx

\/bcot (dx + c)2 +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cot(d*x+c)~2)~(1/2),x, algorithm="giac")

[Out] integrate(1/sqrt(b*cot(d*x + c)72 + a), x)
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1
335 | — dx
2 /2
(a+bcot(c+dx»
Optimal. Leaf size=85
tan_l( \/ﬁcot(cﬂix) )
b cot(c + dx) \Ja+b cot?(c+dx)

- — 132
ad(a — b)+Ja + bcot?(c + dx) d(a—b)

[Out] -(ArcTan[(Sqrtla - b]*Cot[c + dxx])/Sqrtla + b*Cot[c + d*x]~2]]/((a - b)~(3
/2)*d)) + (b*Cot[c + d*x])/(ax(a - b)*d*Sqrt[a + b*Cot[c + d*x]~2])

Rubi [A] time = 0.0612232, antiderivative size = 85, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 16, number of rules _

integrand size
0.25, Rules used = {3661, 382, 377, 203}

tan_l[ \/ﬁcot(cﬂix) J

\a+b cotz(c+dx)

d(a— by~

b cot(c + dx)

ad(a — b)yJa + beot?(c + dx)

Antiderivative was successfully verified.

[In] Int[(a + b*Cotl[c + d*x]~2)~(-3/2),x]

[Out] -(ArcTan[(Sqrt[a - b]*Cot[c + d*x])/Sqrtla + b*Cot[c + d*x]72]]1/((a - b)~(3
/2)*d)) + (b*Cot[c + d*x])/(ax(a - b)*d*Sqrtl[a + bxCot[c + d*x]~2])

Rule 3661

Int[((a_) + (b_.)*((c_.)*tanl[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[(c*xff)/f, Subst[Int[(a + bx(
ffxx)"n) p/(c”2 + f£f72%x"2), x], x, (cxTanl[e + fxx])/ff], x]] /; FreeQl{a,
b, c, e, £, n, p}, x] & (IntegersQ[n, p] || IGtQlp, 0] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rule 382

Int[((a_) + (b_.)*(x_)"(n_))"(p_)*((c_) + (d_)*(x_)"(n_))"(q_), x_Symbol]
:> -Simp[(b*x*(a + b*x™n) " (p + 1)*(c + d*x"n)~(q + 1))/(a*xn*(p + 1)*x(bxc -
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a*d)), x] + Dist[(b*c + nx(p + 1)*(b*xc - axd))/(axn*(p + 1) x(b*c - axd)), I
nt[(a + b*xx™n)~(p + 1)*(c + d*x"n)"q, x], x] /; FreeQ[{a, b, ¢, d, n, q}, x
1 && NeQ[bxc - axd, 0] && EqQn*x(p + q + 2) + 1, 0] && (LtQlp, -11 || !LtQ
[q, -11) && NeQ[p, -1]

Rule 377

Int[((a_) + (b_)*x(x_)"(m_)) " (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, b
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQlb, 01)

Rubi steps

Subst ( f ! 35 dx, x, cot(c + dx)]

f - dx = — W
(

312
a+beot?(c + dx)) ! d

Subst (f M;Mm dx, x, cot(c + dx))

(a-Db)d

b cot(c + dx)

a(a - b)dyJa+ beot?(c + dx)

1 cot(c+dx)
Subst dx, x,
(f 1-(-a+b)x? \/zm ]

(a-b)d

b cot(c + dx)

aa — b)d\/a + beot?(c + dx)
tan_l( \/ﬁcot(wdx) ]

\Ja+b cotz(c+dx)
+

(a-b)32d

b cot(c + dx)

aa — b)d\/a + beot?(c + dx)
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Mathematica [C] time = 3.66013, size = 231, normalized size = 2.72

7 (a-b) cos?(c+dx)

cos?(c + dx) cot(c + dx) | 4(a — b)? cos?(c + dx) (a tan(c + dx) + b) Hypergeometric2F1 (2, 2,3, f) -

15a3d(a - b)\/a + beot?(c + d-

Warning: Unable to verify antiderivative.

[In] Integratel[(a + b*Cot[c + d*x]~2)~(-3/2),x]

[Out] -(Cos[c + dxx]~2*Cot[c + d*x]*(4*x(a - b)~2*Cos[c + d*x] 2xHypergeometric2F1
[2, 2, 7/2, ((a - b)*Cos[c + d*x]"2)/al*(b + axTan[c + d*x]~2) - (15*xax(2*b

+ 3*axTan[c + d*x]~2)*x(ArcSin[Sqrt[((a - b)*Cos[c + d*x]~2)/all*(b + axTan

[c + d*x]~2) - a*xSec[c + d*x]~2*Sqrt[((a - b)*Cos[c + d*x]~4*(b + a*Tan[c +
d*x]~2))/a~2]1))/Sqrt[((a - b)*Cos[c + d*x]"4*(b + axTan[c + d*x]~2))/a"2])

)/ (16%a”3*(a - b)*dxSqrt[a + b*Cot[c + d*x]~2])

Maple [A] time = 0.028, size = 104, normalized size = 1.2

1 1 bcot (dx +¢)

—————— /b4 (a-b)arctan|(a — b) b? cot (dx + c) ! + |
d(a—b)2b2 \/b4(a_b)\/u+b(cot(dx+c))2 a(a-b)d \a + b(cc

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+bxcot(d*x+c)~2)~(3/2),x)

[Out] -1/d/(a-b) 2% (b~4x(a-b))~(1/2) /b 2*arctan(b™2x(a-b)/(b~4*(a-b)) " (1/2)/(a+bx*
cot (dxx+c) ~2) "~ (1/2)*cot (d*x+c)) +bxcot (d*x+c) /a/(a-b)/d/ (a+bxcot (d*xx+c) ~2) ~(

1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(at+b*cot(d*x+c)~2)~(3/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 2.30348, size = 1169, normalized size = 13.75

(a2 +ab - (az —ab) cos (2dx+2c))\/—a + blog(—Z (a2 —2ab+ bz) cos 2dx +2¢)* +2((a - b) cos 2dx + 2¢) - b)

4 ((a4 —3a3b + 3 a2b? - ab

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cot(d*x+c)~2)~(3/2),x, algorithm="fricas")

[Out] [-1/4*%((a”2 + a*b - (a”2 - a*b)*cos(2xd*x + 2*c))*sqrt(-a + b)*log(-2*x(a~2
- 2%axb + b72)*cos(2xd*x + 2%c)"2 + 2x((a - b)*cos(2xd*x + 2%c) - b)*sqrt(-
a + b)*sqrt(((a - b)*cos(2*d*x + 2%c) - a - b)/(cos(2*d*x + 2%c) - 1))*sin(
2%d*x + 2%c) + a”2 - 2xb72 + 4*x(a*b - b72)*cos(2*d*x + 2%c)) + 4x(axb - b~2
)*sqrt(((a - b)*cos(2*d*x + 2xc) - a - b)/(cos(2xd*x + 2%c) - 1))*sin(2xd*x
+ 2xc))/((a"4 - 3*%a”3*%b + 3*%a”2*%b"2 - a*b”3)*d*cos(2*d*x + 2xc) - (a”4 - a
"3%b - a”2xb"2 + a*b”3)*xd), 1/2*%((a”2 + a*b - (a2 - a*b)*cos(2xd*x + 2%c))
xsqrt(a - b)*arctan(-sqrt(a - b)*sqrt(((a - b)*cos(2xd*x + 2*c) - a - b)/(c
os(2*d*x + 2*%c) - 1))*sin(2*xd*x + 2xc)/((a - b)*cos(2*xd*x + 2xc) - b)) - 2%
(axb - b™2)*sqrt(((a - b)*cos(2*d*x + 2xc) - a - b)/(cos(2*d*x + 2*c) - 1))
*sin(2*d*xx + 2%c))/((a”4 - 3*%a”"3*b + 3*a”"2*b~2 - a*b”~3)*d*kcos(2*d*x + 2%c)
- (a™4 - a”3*b - a”2*b"2 + a*b”~3)*d)]

Sympy [F] time = 0., size = 0, normalized size = 0.

1
dx

»

(a +beot? (c + dx))E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cot (d*x+c)**2)**(3/2),x)
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[Out] Integral((a + b*cot(c + d*x)*x2)**(-3/2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

1
dx

w

(b cot (dx + c)2 + a)E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cot(d*x+c)~2)~(3/2),x, algorithm="giac")

[Out] integrate((bxcot(d*x + c)~2 + a)~(-3/2), x)
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1

3.36 dx
) 512
(a+b cotz(c+dx))
Optimal. Leaf size=135
-1 \/ﬁcot(ﬁdx)
tan™ | —=
b(5a — 2b) cot(c + dx) N b cot(c + dx) Ja+b cot?(c+dx)

32 — 1352
3a2d(a - b)z\/a +beot?(c+dx) 3ad(a—Db)(a+bcot’(c + dx)) d(a - b)

[Out] -(ArcTan[(Sqrtla - b]*Cot[c + dxx])/Sqrtla + b*Cot[c + d*x]~2]]/((a - )~ (5
/2)*d)) + (bxCot[c + dxx])/(3%a*x(a - b)*d*(a + b*Cot[c + d*x]~2)7(3/2)) + (
(5%a - 2xb)*bxCot[c + d*x])/(3*a"2+(a - b) 2xdxSqrt[a + b*Cot[c + d*x]"2])

Rubi [A] time = 0.109509, antiderivative size = 135, normalized size of antiderivative =
1., number of steps used = 6, number of rules used = 6, integrand size = 16, number of rules _

integrand size
0.375, Rules used = {3661, 414, 527, 12, 377, 203}

tan_l[ \/ﬁcot(cﬂix) )

\Ja+b cotz(c+dx)

)3/2 B d(a - b)52

b(5a — 2b) cot(c + dx) N b cot(c + dx)

3a2d(a - b)Z\/a +bcot’(c+dx) 3ad(a-D) (a + b cot?(c + dx)

Antiderivative was successfully verified.

[In] Int[(a + b*Cotl[c + d*x]~2)~(-5/2),x]

[Out] -(ArcTan[(Sqrt[a - bl*Cot[c + d*x])/Sqrtl[a + b*Cotl[c + d*x]~2]]1/((a - b)~(5
/2)*d)) + (b*Cot[c + d*x])/(3*a*x(a - b)*d*(a + b*Cot[c + d*x]"2)7(3/2)) + (
(b*xa - 2%b)*bxCot[c + d*x])/(3*a"2*x(a - b) "2*xd*Sqrt[a + b*Cot[c + d*x]~2])

Rule 3661

Int[((a_) + (b_.)*x((c_.)*tanl[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tan[e + fx*xx], x]}, Dist[(cxff)/f, Subst[Int[(a + bx(
ffxx)"n)"p/(c”2 + f£f72*x72), x], x, (cxTanle + fxx])/ff], x1] /; FreeQl{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, pl || IGtQ[p, 0] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rule 414
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Int[((a_) + (b_.)*xx_D)"(m_)) " (p_)*x((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]

:> -Simp[(b*x*(a + b*x™n) " (p + 1)*(c + d*x"n)~(q + 1))/(a*xn*(p + 1)*x(bxc -

axd)), x] + Dist[1/(a*nx(p + 1)*(b*c - axd)), Int[(a + bxx™n) " (p + 1)*(c +
d*x"n) “g*Simp [b*c + nx(p + 1)*(b*c - a*xd) + d*bx(nx(p + q + 2) + 1)*x"n, x]
, xJ, x] /; FreeQ[{a, b, c, d, n, q}, x] && NeQ[b*c - axd, 0] && LtQ[p, -1]
&& !'( !IntegerQ[p] && IntegerQ[ql && LtQ[q, -1]) &% IntBinomialQ[a, b, c,
d, n, p, q, xJ

Rule 527

Int[((a_) + (b_.)*(x_)"(n_))"(p)*((c_) + (d_)*(x_)"(m_))"(q_.)*((e) + (f
_D*(x_)"(n_)), x_Symbol] :> -Simp[((b*e - axf)*x*x(a + bxx™n) (p + 1)*(c +
d*x™n)~(q + 1))/ (a*n*x(b*c - a*xd)*(p + 1)), x] + Dist[1/(a*n*(b*c - a*xd)*(p
+ 1)), Int[(a + bxx™n) " (p + 1)*(c + d*x"n) g*Simp[c*x(bxe - axf) + exn*(b*c
- axd)*x(p + 1) + d*x(b*e - axf)*x(nx(p + q + 2) + 1)*x"n, x], x], x] /; FreeQ
[{a, b, ¢, d, e, f, n, q}, x] && LtQlp, -1]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 377

Int[((a)) + (b_)*x )" (@ )) " (p)/((c) + (d_)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + b*x™n)~(1/n)] /; FreeQ[{a, b
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[nl]

Rule 203

Int[((a_) + (b_.)*(x_)~"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtl[a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps
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1

Subst ( f 53 dx, x, cot(c + dx)]

f 1 - gy = — (1+x2)(a+bx25)l
(a +beot?(c + dx))
3a-2b-2bx?
Subst| | —————— dx, x, cot(c + dx )
3 b cot(c + dx) _ (f (1+x2)(a+bx2)3/2 )
3a(a - byd (a + beot?(c + dv) 3a(a - b)d
3a
bst| [ ———
B b cot(c + dx) (54 — 2b)b cot(c + dx) Subs (f (1+22)1
B 2 3/2 ’ - 3a
3a(a - b)d (a + bcot“(c + dx)) 3a2(a — b)2d+/a + b cot™(c + dx)
Subst L
B b cot(c + dx) N (5a — 2b)b cot(c + dx) o (f (1+x2)
- 32 h
3a(a - b)d (a + b cot?(c + dx)) 3a2(a — b)2d+/a + b cot?(c + dx) (
Subst [ f - ! k
3 b cot(c + dx) N (5a — 2b)b cot(c + dx) ~(at
- 32 h
3a(a - b)d (a + b cot?(c + dx)) 3a2(a — b)2d+/a + b cot?(c + dx) (
tan_l( \/uTbcot(c+dx) ]
\Ja+b cot?(c+dx) b cot(c + dx) N (5a — 2b)b cot(c + d

+
— )52 32
(a—0b)d 3a(a - b)d (a +beot?(c + dx)) 3a2(a — b)2d+ja + b cot?(

Mathematica [C] time = 7.90356, size = 367, normalized size = 2.72

cot®(c + dx) | 24(a - b)? cos?(c + dx) (a tan?(c + dx) + b)z HypergeometricPFQ({Z, 2,2}, {1 9} , M) + 2

> a

Warning: Unable to verify antiderivative.

[In] Integratel[(a + b*Cot[c + d*x]~2)~(-5/2),x]

[Out] -(Cot[c + dxx]~5*(24*(a - b)~3*Cos[c + d*x] 2*HypergeometricPFQ[{2, 2, 2},
{1, 9/2}, ((a - b)*Cos[c + d*x]"2)/al*(b + a*Tan[c + d*x]~2)"2 + 24*x(a - b)
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~3%Cos[c + d*x]~2*xHypergeometric2F1[2, 2, 9/2, ((a - b)*Cos[c + d*x]~2)/al*
(3*b~2 + T*xaxbxTan[c + d*x]~2 + 4*a”2*Tan[c + d*x]~4) - (35*%ax(8*b~2 + 20*a
xb*Tan[c + d*x]~2 + 16%a”"2xTan[c + dxx]~4)*(-3*xArcSin[Sqrt[((a - b)*Cos[c +
d*x]~2)/a]l*(b + a*Tan[c + d*x]~2)72 + axSec[c + dxx]~2*Sqrt[((a - b)*Cos[
c + dxx]~4*x(b + axTan[c + d*x]~2))/a"2]*(4*b + ax(-1 + 3*Tan[c + d*x]~2))))
/8qrt[((a - b)*Cos[c + d*x] 4*(b + a*Tan[c + d*x]~2))/a~2]))/(315*xa"5x(a -
b) “2*xd* (1 + Cot[c + d*x]~2)*Sqrtla + b*Cot[c + dxx]~2]*(1 + (b*Cot[c + dxx]
~2)/a))

Maple [A] time = 0.027, size = 176, normalized size = 1.3

1 1 1 b cot (dx + ¢)
——— \b*(a-b)arctan|(a - b) b* cot (dx + ) +
da=prw TN @D b ot r) 1000 Jos e

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cot(d*x+c)~2)~(5/2),x)

[Out] -1/d/(a-b) " 3*(b"4x*(a-b))~(1/2) /b~ 2*arctan(b~2*(a-b)/(b~4*(a-b)) " (1/2)/(a+b*
cot (d*x+c)~2) " (1/2) *cot (d*x+c))+1/d/ (a-b) "2*b*cot (d*x+c) /a/ (a+b*cot (d*xx+c)~
2)~(1/2)+1/3*b*xcot (d*x+c) /a/(a-b) /d/ (a+b*cot (d*x+c) ~2) ~(3/2)+2/3/4d/ (a-b) *b/
a~2*cot (d*x+c)/(a+b*cot (d*x+c)~2)~(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cot(d*x+c)~2)~(5/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 3.18914, size = 1963, normalized size = 14.54

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cot(d*x+c)~2)~(5/2),x, algorithm="fricas")

[Out] [-1/12*(3*(a"4 + 2*xa~3%b + a™2+%b"2 + (a"4 - 2*xa”~3*b + a~2*%b"2) *cos(2*xd*x +
2%c)”"2 - 2x(a”4 - a"2*%b"2)*cos(2*d*xx + 2%c))*sqrt(-a + b)*log(-2*x(a”2 - 2*a
*b + b72)*cos(2*d*x + 2xc)”2 - 2*((a - b)*cos(2xd*x + 2%c) - b)*sqrt(-a + b
)*sqrt(((a - b)*cos(2*d*x + 2xc) - a - b)/(cos(2xd*x + 2%c) - 1))*sin(2xd*x
+ 2%c) + a”2 - 2x¥b72 + 4x(a*b - b72)*cos(2xd*x + 2%c)) - 8*(3*a”"3*b - 2*a”
2%b"2 - 2*a*xb”3 + b"4 - (3*%a"3*%b - T*a"2*b"2 + 5*axb”3 - b"4)*cos(2*d*x + 2
xc))*sqrt(((a - b)*cos(2xd*x + 2%c) - a - b)/(cos(2*d*x + 2%c) - 1))*sin(2x
d*x + 2*xc))/((a”7 - 5*a”~6%b + 10*a”5%b"2 - 10*a~4*b~3 + 5*a”3%b"4 - a~2%b”5
Yxdxcos (2%d*x + 2*c)”2 - 2x(a”7 - 3*a"6%b + 2*a”b*b”"2 + 2%a~4*b~3 - 3*a~3%*b
4 + a"2+b75)*d*cos(2xdxx + 2xc) + (a7 - a"6*b - 2*a"b*b"2 + 2*xa~4%b"3 + a
~3*%b"4 - a”2xb"5)*d), -1/6*x(3*%(a”4 + 2*a"3*b + a"2*b"2 + (a"4 - 2*¥a"3*b + a
“2*%b72) *cos(2*dxx + 2*c)"2 - 2x(a”4 - a"2xb"2)*cos(2xd*x + 2x*c))*sqrt(a - b
)*arctan(-sqrt(a - b)*sqrt(((a - b)*cos(2xd*x + 2*c) - a - b)/(cos(2xd*x +
2%c) - 1))*sin(2*xd*xx + 2*xc)/((a - b)*cos(2*xd*x + 2*%c) - b)) - 4*x(3*%a"3*b -
2%a"2%b"2 - 2*%a*b”3 + b~4 - (3*a"3*b - T*a"2*b”"2 + 5xaxb~3 - b74)*cos(2*xd*x
+ 2*c))*sqrt(((a - b)xcos(2+d*x + 2*c) - a - b)/(cos(2xd*x + 2%c) - 1))*si
n(2+xd*x + 2*xc))/((a”7 - 5*a”6xb + 10*a”5%b"2 - 10*a~4*b~3 + 5*a~3*b"4 - a"2
*b75) *d*cos (2*xd*x + 2*c)"2 - 2x(a”7 - 3*a"6*b + 2*a"5*b"2 + 2xa~4%b~3 - 3*a
“3*%b74 + a"2xb~5)*d*cos(2xdxx + 2%c) + (a7 - a"6xb - 2*a"5*b"2 + 2*a~4xb”3
+ a~3%b"4 - a"2xb~5)*d)]

Sympy [F] time = 0., size = 0, normalized size = 0.

1
dx

1921

(a+beot? (c +dx))?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cot (d*x+c)**2)**(5/2),x)

[Out] Integral((a + b*cot(c + d*x)**2)**x(-5/2), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

1

dx

o

(b cot (dx + c)2 + a)E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cot(d*x+c)~2)~(5/2),x, algorithm="giac")

[Out] integrate((b*cot(d*x + c)72 + a)~(-5/2), x)
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1

3.37 dx
. 7/2
(a+b cotz(c+dx))
Optimal. Leaf size=190
2 2 tan™
b (3342 — 26ab + 8?) cot(c + dx) N b(9a — 4b) cot(c + dx) . b cot(c + dx)

3/2

15a3d(a — b)3\/a +bcot®(c+dx) 15a2d(a - b)? (a +bcot?(c + dx)) 5ad(a — b) (a + beot?(c + dx)

[Out] -(ArcTan[(Sqrtla - b]*Cot[c + dxx])/Sqrtla + b*Cot[c + d*x]~2]]/((a - b)~(7
/2)*d)) + (bxCot[c + dx*x])/(b*a*x(a - b)*d*(a + bxCot[c + d*x]~2)7(5/2)) + (

(9%a - 4xb)*b*Cot[c + dxx])/(15%a"2x(a - b) "2xd*x(a + b*xCot[c + d*x]~2)~(3/2

)) + (b*(33*%a”2 - 26%a*b + 8%b~2)*Cot[c + d*x])/(15%a~3*(a - b) ~3xd*Sqrt[a

+ bxCot[c + d*x]~2])

Rubi [A] time = 0.194083, antiderivative size = 190, normalized size of antiderivative
1., number of steps used = 7, number of rules used = 6, integrand size = 16, number of rules _

integrand size
0.375, Rules used = {3661, 414, 527, 12, 377, 203}

b (334 - 26ab + 812) cot(c + dx) b(9a — 4b) cot(c + dx) b cot(c + dx)
+

)5/2 -

tan~

15a3d(a — b)3\/a +bcot?(c +dx) 15a%d(a - b)? (a +beot?(c + dx))3/2 5ad(a — b) (a + beot?(c + dx)

Antiderivative was successfully verified.

[In] Int[(a + b*Cotl[c + d*x]~2)~(-7/2),x]

[Out] -(ArcTan[(Sqrtla - b]*Cot[c + dxx])/Sqrtla + b*Cot[c + d*x]~2]]/((a - b)~(7
/2)*d)) + (bxCot[c + d*x])/(b*a*x(a - b)*d*(a + bxCot[c + d*x]~2)7(5/2)) + (

(9%a - 4xb)*b*Cot[c + dxx])/(15*%a"2x(a - b) "2xd*(a + bxCot[c + d*x]~2)~(3/2

)) + (b*(33*%a”2 - 26%axb + 8+b~2)*Cot[c + d*x])/(16%¥a"~3*(a - b) ~3*d*Sqrt[a

+ bxCot[c + d*x]~2])

Rule 3661

Int[((a_) + (b_.)*((c_.)*tanl(e_.) + (£_)*x(x_)1)" (@ ))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tan[e + fx*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
ff*x)™n)"p/(c”2 + ££72*%x72), x], x, (cxTanl[e + f*xx])/ff], x]] /; FreeQ[{a,
b, c, e, £, n, p}, x] & (IntegersQ[n, p] || IGtQlp, 0] || EqQ[n~2, 4] || E

)5/2 -

d
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qQ[n~2, 161)

Rule 414

Int[((a ) + (b_D)*(x )" (@ )~ (p)*((c) + (d_)*(x)"(_))"(q_ ), x_Symbol]

:> -Simp[(b*x*(a + b*x™n) " (p + 1)*(c + d*x™n)~(q + 1))/(a*xn*(p + 1)*x(bxc -

axd)), x] + Dist[1/(a*n*(p + 1)*x(b*c - a*d)), Int[(a + b*x"n)~(p + 1)*(c +
d*x"n) “g*Simp [b*c + nx(p + 1)*(b*c - a*xd) + d*bx(nx(p + q + 2) + 1)*x"n, x]
, x], x] /; FreeQ[{a, b, c, d, n, q}, x] & NeQ[bxc - axd, 0] && LtQ[p, -1]
&& '( !'IntegerQ[p] && IntegerQ[ql && LtQ[g, -1]) &% IntBinomialQ[a, b, c,
d, n, p, q, xJ

Rule 527

Int[((a_) + (b_)*x(x_)"(m_)) " (p_)*((c_) + (d_.)*(x_)"(n_))"(q_.)*((e_ ) + (£
_)*(x_)"(n))), x_Symbol] :> -Simp[((b*e - a*xf)*x*x(a + bxx™n) (p + L)*(c +
d*x"n)~(q + 1))/ (a*n*(bxc - axd)*(p + 1)), x] + Dist[1/(a*n*(bxc - axd)*(p
+ 1)), Int[(a + b*xx™n) " (p + 1)*(c + d*x"n) g*Simp[cx(bxe - axf) + exn*(b*c
- axd)*(p + 1) + dx(bxe - axf)x(nx(p + q + 2) + 1)*x"n, x], x], x] /; Free
[{a, b, ¢, 4, e, f, n, q}, x] && LtQ[p, -1]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 377

Int[((a_) + (b_)*x(x_)"(n_)) " (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x™n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rt[a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rubi steps



208

Subst ! dx, x, cot(c + dx
1 (f (1+2) (a+1:2) ( )]
f 2 77 0= d
(a + bcot“(c + dx))
Subst Sa-4b-4bc® dx, x, cot(c + dx )
~ b cot(c + dx) B [f (1422) (a+bx2) ™ ( )
5a(a — b)d (a +beot?(c + dx))S/2 5a(a - b)d
Subst ( 1o
b cot(c + dx) (9a — 4b)b cot(c + dx)
= ) 572 ) 32~
5a(a — b)d (a + bcot“(c + dx)) 15a2(a — b)%d (a + bcot“(c + dx))

b cot(c + dx)

(9a — 4b)b cot(c + dx)

b (33112 - 26

5a(a - b)d (a + beot?(c + dx))S/2

b cot(c + dx)

3/2
15a2(a — b)%d (a + beot?(c + dx)) /

(9a — 4b)b cot(c + dx)

15a3(a — b)3

b (33112 - 261

5a(a — b)d (a +beot?(c + dx))S/2

b cot(c + dx)

15a2(a — b)%d (a +beot?(c + dx))3/2

(9a — 4b)b cot(c + dx)

15a3(a — b)3

b (33a2 - 26

5a(a — b)d (a +beot?(c + dx))s/2

tan_l( \/ﬁcot(ﬁdx) ]

\Ja+b cotz(c+dx)
+

15a2(a — b)%d (a +bcot?(c + dx))3/2

b cot(c + dx)

15a3(a — b)3

(9a — 4b)b cot(c +

(a-Db)l2d

Mathematica [C]

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*Cotl[c + d*x]72)"(-7/2),x]

5a(a - b)d (a + b cot?(c + dx)

)5/2

time = 14.7461, size = 2553, normalized size = 13.44

15a%(a - b)?d (a + b cot?

[Out] -(Cot[c + dxx]*(-33075*%ArcSin[Sqrt[((a - b)*Cos[c + d*x]~2)/al] + (99225%*(a
- b)*ArcSin[Sqrt[((a - b)*Cos[c + d*x]~2)/a]l*Cos[c + d*x]~2)/a - (99225%(
a - b)"2xArcSin[Sqrt[((a - b)*Cos[c + d*x]~2)/all*Cos[c + d*x]"4)/a"2 + (33

075%(a - b)~3*ArcSin[Sqrt[((a - b)*Cos[c + d*x]~

2)/al]l*Cos[c + d*x]~6)/a"3
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- (66150*%b*ArcSin[Sqrt[((a - b)*Cos[c + d*x]~2)/all*Cot[c + dxx]~2)/a + (19
8450*(a - b)*bxArcSin[Sqrt[((a - b)*Cos[c + d*x]~2)/all*Cos[c + d*x]~2xCot[
c + d*x]"2)/a"2 + (66150*(a - b) " 3*bxArcSin[Sqrt[((a - b)*Cos[c + d*x]~2)/a
11*Cos[c + d*x]~6xCot[c + d*x]~2)/a"4 - (52920%b~2xArcSin[Sqrt[((a - b)*Cos
[c + d*x]~2)/a]l*Cot[c + d*x]~4)/a~2 + (1568760*(a - b)*b~2*ArcSin[Sqrt[((a
- b)*Cos[c + d*x]~2)/all*Cos[c + d*x] 2xCot[c + d*x]~4)/a"3 - (1568760*(a -
b) “2%b~2xArcSin[Sqrt[((a - b)*Cos[c + d*x]~2)/all*Cos[c + d*x] 4xCot[c + d*
x]74)/a"4 + (52920%(a - b)~3*b~2xArcSin[Sqrt[((a - b)*Cos[c + d*x]~2)/al]*C
os[c + d*x]~6xCot[c + d*x]~4)/a"5 - (156120%b~3*ArcSin[Sqrt[((a - b)*Cos[c +
d*x]~2)/a]l*Cot[c + d*x]~6)/a~3 + (45360*(a - b)*b~3*ArcSin[Sqrt[((a - b)*
Cos[c + d*x]~2)/all*Cos[c + d*x]~"2xCot[c + d*x]~6)/a~4 - (45360*(a - b) 2xb
“3xArcSin[Sqrt[((a - b)*Cos[c + d*x]~2)/all*Cos[c + d*x] 4*Cot[c + d*x]~6)/
a”6 + (156120%(a - b)~3*b~3xArcSin[Sqrt[((a - b)*Cos[c + d*x]~2)/all*Cos[c +
d*x] “6*Cot[c + d*x]~6)/a"6 - 77175x(((a - b)*Cos[c + dxx]~2)/a)~(3/2)*Sqrt
[(Cos[c + d*x]~2%(b + axTan[c + d*x]~2))/a] + 50715%(((a - b)*Cos[c + d*x]~
2)/a)~(5/2)*Sqrt [(Cos[c + d*x]~2+(b + axTan[c + dxx]~2))/a] - (154350xbx*(((
a - b)*Cos[c + dxx]~2)/a)~(3/2)*Cot[c + dxx]~2xSqrt[(Cos[c + dxx] 2x(b + ax*
Tan[c + d*x]~2))/al)/a + (101430*%b*(((a - b)*Cos[c + dx*x]~2)/a)~(5/2)*Cot[c
+ d*x] "2xSqrt [(Cos[c + d*x]~2*%(b + a*Tan[c + d*x]~2))/al)/a - (123480*b~2%
(((a - b)*Cos[c + dxx]~2)/a)~(3/2)*Cot[c + d*x]~4xSqrt[(Cos[c + d*x]~2*x(b +
axTan[c + d*x]~2))/al)/a"2 + (81144*b~2*(((a - b)*Cos[c + d*x]~2)/a)~(5/2)
*Cot [c + d*x] 4*Sqrt[(Cos[c + d*x]"2*(b + a*Tan[c + d*x]~2))/al)/a"2 - (352
80*b~3*(((a - b)*Cos[c + d*x]~2)/a)~(3/2)*Cot[c + d*x] 6%Sqrt[(Cos[c + dx*x]
2% (b + axTan[c + d*x]~2))/a])/a~3 + (23184xb~3*(((a - b)*Cos[c + d*x]~2)/a
)~ (5/2)*Cot [c + d*x]~6xSqrt[(Cos[c + d*x]~2x(b + a*Tan[c + d*x]~2))/al)/a"3
+ 1420%(((a - b)*Cos[c + d*x]~2)/a)~(9/2)*Hypergeometric2F1[2, 2, 11/2, ((
a - b)*Cos[c + d*x]~2)/al*Sqrt[(Cos[c + d*x]~2x(b + a*Tan[c + d*x]~2))/al +
(3540*%b*(((a - b)*Cos[c + d*x]~2)/a)~(9/2)*Cot[c + d*x] 2*Hypergeometric2F
102, 2, 11/2, ((a - b)*Cos[c + d*x]~2)/al*Sqrt[(Cos[c + d*x]~2*(b + a*Tan[c
+ d*x]72))/al)/a + (3000%b~2x(((a - b)*Cos[c + d*x]~2)/a)~(9/2)*Cot[c + dx
x] “4xHypergeometric2F1[2, 2, 11/2, ((a - b)*Cos[c + d*x]~2)/al*Sqrt[(Cosl[c
+ d*x]"2x(b + a*Tan[c + d*x]~2))/al)/a"2 + (880*b~3*(((a - b)*Cos[c + d*x]~
2)/a)~(9/2)*Cot [c + d*x] 6*Hypergeometric2F1[2, 2, 11/2, ((a - b)*Cos[c + d
xx]~2) /al*Sqrt [(Cos[c + d*x]~2x(b + a*Tan[c + d*x]~2))/al)/a"3 + 600*(((a -
b)*Cos[c + d*x]~2)/a)~(9/2)*HypergeometricPFQ[{2, 2, 2}, {1, 11/2}, ((a -
b)*Cos[c + d*x]~2)/al*Sqrt[(Cos[c + d*x]~2*(b + axTan[c + d*x]~2))/a]l + (16
80*b* (((a - b)*Cos[c + d*x]~2)/a)~(9/2)*Cot[c + d*x] 2+HypergeometricPFQ[{2
, 2, 2}, {1, 11/2}, ((a - b)*Cos[c + d*x]~2)/al*Sqrt[(Cos[c + d*x] " 2*(b + a
*Tan[c + dxx]~2))/al)/a + (1560%b~2x(((a - b)*Cos[c + dxx]~2)/a)~(9/2)*Cot[
c + dxx] “4xHypergeometricPFQ[{2, 2, 2}, {1, 11/2}, ((a - b)*Cos[c + d*x]~2)
/al*Sqrt[(Cos[c + d*x]~2*%(b + a*Tan[c + d*x]~2))/al)/a"2 + (480*b~3*(((a -
b)*Cos[c + d*x]72)/a)~(9/2)*Cot [c + d*x] 6xHypergeometricPFQ[{2, 2, 2}, {1,
11/2}, ((a - b)*Cos[c + d*x]~2)/al*Sqrt[(Cos[c + dxx] 2x(b + axTan[c + d*x
172))/al)/a"3 + 80*(((a - b)*Cos[c + d*x]~2)/a)~(9/2)*HypergeometricPFQ[{2,
2, 2, 2}, {1, 1, 11/2}, ((a - b)*Cos[c + d*x]~2)/al*Sqrt[(Cos[c + d*xx]~2x(
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b + a*Tan[c + d*x]~2))/a] + (240xb*(((a - b)*Cosl[c + d*x]~2)/a)~(9/2)*Cot [c
+ d*x] " 2xHypergeometricPFQ[{2, 2, 2, 2}, {1, 1, 11/2}, ((a - b)*Cos[c + dx
x]72)/al*Sqrt[(Cos[c + d*x]~2*%(b + a*Tan[c + d*x]~2))/al)/a + (240%b~2x(((a
- b)*Cos[c + d*x]~2)/a)~(9/2)*Cot[c + d*x] 4*HypergeometricPFQ[{2, 2, 2, 2
}, {1, 1, 11/2}, ((a - b)*Cos[c + d*x]~2)/al*Sqrt[(Cos[c + d*x]~2*(b + axTa
nlc + d*x]~2))/al)/a"2 + (80*xb~"3*(((a - b)*Cos[c + d*x]~2)/a)~(9/2)*Cot[c +
d*x] “6*HypergeometricPFQ[{2, 2, 2, 2}, {1, 1, 11/2}, ((a - b)*Cos[c + d*x]
~2)/al*Sqrt[(Cos[c + d*x]~2*x(b + a*Tan[c + d*x]~2))/al)/a~3 + 33075*xSqrt [((
a - b)*Cos[c + d*x]~4*(b + a*Tan[c + d*x]~2))/a"2] + (66150*b*Cot[c + d*x]~
2xSqrt[((a - b)*Cos[c + d*xx]~4*(b + a*Tan[c + d*x]~2))/a"2])/a + (52920%b~2
*Cot [c + d*x]~4*xSqrt[((a - b)*Cos[c + dxx] 4x(b + axTan[c + dxx]~2))/a~2])/
a”2 + (15120%b~3*Cot [c + d*x]“6*Sqrt[((a - b)*Cos[c + d*x] 4*(b + a*Tan[c +
d*xx]~2))/a"2]) /a3 - (198450%(a - b) "2*xbxArcSin[Sqrt[((a - b)*Cos[c + d*x]
~2)/all)/(a"3*(Tan[c + d*x] + Tan[c + dxx]~3)72)))/(4725%a~3*d*x(((a - b)*Co
slc + d*x]172)/a)~(7/2)*x(1 + Cot[c + d*x]~2)*Sqrt[a + bxCot[c + dxx]~2]*(1 +
(bxCot [c + d*x]~2)/a) 2*Sqrt[(Cos[c + d*x]~2x(b + a*Tan[c + d*x]~2))/al)

Maple [A] time = 0.027, size = 284, normalized size = 1.5

1 1 1 bcot (dx +¢) 1
———————+/b*(a - b)arctan | (a — b) b cot (dx + c) +
d(a—b)* b2 WD) [osbot@r+0p) @00 oy peot

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+bxcot(d*x+c)~2)"(7/2),x)

[Out] -1/d/(a-b) " 4*x(b~4*(a-b))~(1/2) /b " 2*arctan(b”2*x(a-b)/(b~4*(a-b)) " (1/2)/(a+bx*
cot (d*x+c)~2) ~(1/2)*cot (d*x+c))+1/d*b/ (a-b) “3*cot (d*x+c) /a/ (a+b*cot (d*x+c)~
2)~(1/2)+1/5*b*xcot (d*x+c)/a/(a-b) /d/ (a+b*cot (d*x+c)~2) ~(5/2)+4/15/d/ (a-b) *b
/a~2*cot (d*x+c) / (a+b*xcot (d*x+c)~2) ~(3/2)+8/15/d/ (a-b) *b/a~3*cot (d*x+c) / (a+b

*cot (d*x+c) "2) " (1/2)+1/3/d/ (a-b) "2*b*cot (d*x+c) /a/ (a+bxcot (d*x+c) ~2) " (3/2)+
2/3/d/(a-b) "2*b/a"2*cot (d*x+c) / (at+b*cot (d*x+c) ~2) " (1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(atb*cot(d*x+c)~2)~(7/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 3.4875, size = 3156, normalized size = 16.61

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cot(d*x+c)~2)~(7/2),x, algorithm="fricas")

[Out] [-1/60*%(15%(a”"6 + 3*a~5*b + 3*a"4*b”2 + a"3*b"3 - (a”6 - 3*a~5*b + 3*a~4x*b~
2 - a~3%b"3)*cos(2xd*x + 2%c)”3 + 3*x(a”6 - a~bxb - a~4*b"2 + a~3*b"3)*cos(2
xd*x + 2%c)72 - 3%(a”6 + a"b*b - a"4*b”2 - a”3*xb”3)*cos(2xd*x + 2xc))*sqrt(
-a + b)*xlog(-2x(a”2 - 2xa*b + b~2)*cos(2xd*x + 2*c)”2 + 2x((a - b)*cos(2*dx*
X + 2xc) - b)*sqrt(-a + b)*sqrt(((a - b)*cos(2*d*x + 2xc) - a - b)/(cos(2xd
*x + 2%c) - 1))*sin(2*xd*x + 2%c) + a”2 - 2*b72 + 4*x(axb - b"2)*cos(2*d*x +
2%c)) + 4*x(45*%a”bxb — 15%xa~4%b"2 - 47*a”3*b"3 + 11*a~2*xb~4 + 14*axb”5 - 8*b
"6 + (45*%a”5%b - 165%a”4*b~2 + 233*%a”3*b"3 - 159*a"2%b"4 + 54*axb”5 - 8*b~6
Yxcos (2%d*x + 2%c)”2 - 2% (45*%a”~bxb - 90*a~4%b~2 + 27*a”3*b”"3 + 44xa"2%b"4 -
34*xaxb~5 + 8*b~6)*cos(2xd*x + 2%c))*sqrt(((a - b)*cos(2*d*x + 2%c) - a - b
)/ (cos(2*d*x + 2%c) - 1))*sin(2xd*x + 2*c))/((a”10 - 7*a”~9*b + 21*a~8*b~2 -
35%a”7*b"3 + 35*xa"6*xb~4 - 21*a"5*%b"5 + 7*a"4*b"6 - a~3*%b~7)*d*cos(2*xd*x +
2%c)”"3 - 3*(a”10 - 5%a”9*b + 9*a~8%b”"2 - 5*a~7*b~3 - 5*%a"6*b"4 + 9*a~5*xb”5
- 5%a"4*b”6 + a“3*b”7)*dxcos(2*d*x + 2%c)”2 + 3*(a~10 - 3*a"9%b + a~8*b”2 +
5%a”~7*b”"3 - 5*a~6*b~4 - a~5%b”5 + 3*a"4*b"6 - a~3*b”~7)*d*cos(2*d*x + 2*c)
- (2”10 - a”9%b - 3*%a"8*b"2 + 3*%a”7*b"3 + 3*xa~6%b"4 - 3*a~5*xb”"5 - a"4*xb"6 +
a~3*b"7)*d), 1/30%x(15*x(a"6 + 3*a~b*b + 3*a"4*b”"2 + a~3*b"3 - (a”6 - 3*a"b*
b + 3*%a"4%b"2 - a"3*b"3)*cos(2*d*x + 2*c)~3 + 3*x(a"6 - a”b*b - a"4*xb"2 + a”
3*b~3) *cos(2xd*x + 2xc)"2 - 3*%(a”6 + a”"bxb - a"4*b"2 - a~3%b"3)*cos(2*xd*x +
2xc))*sqrt(a - b)*arctan(-sqrt(a - b)*sqrt(((a - b)*cos(2xd*x + 2%c) - a -
b)/(cos(2*d*x + 2%c) — 1))*sin(2*xd*x + 2xc)/((a - b)*cos(2*xd*x + 2*%c) - b)
) — 2%x(45%a”bxb - 1bxa"4*xb~2 - 47xa"3*b"3 + 11xa"2*b~4 + 14xaxb”5 - 8*b"6 +
(45%a~5%b - 165*a”4*b"2 + 233*a~3*b~3 - 159*a~2%b"4 + Bd*xaxb”5 - 8*b~6)*co
s(2%d*x + 2%c)”2 - 2*x(45%a~5xb - 90*a~4%b~2 + 27*a”"3*b"3 + 44xa~2%b"4 - 34x%
a*b”5 + 8%b76)*cos(2xd*x + 2*xc))*sqrt(((a - b)*cos(2*d*x + 2*c) - a - b)/(c
08 (2*d*x + 2*c) - 1))*sin(2xd*x + 2%c))/((a”10 - 7*a~9*b + 21*a~8*b~2 - 35%
a~7+¥b"3 + 35*%a"6xb"4 - 21*xa”5*%b”5 + T*a"4*b"6 - a~3*b”~7)*d*cos(2*d*x + 2*c)
"3 - 3%(a”10 - 5*%a”"9*%b + 9*%a~8*%b"2 - 5*xa”7*b"3 - 5*a"6*xb~4 + 9*xa~5*xb~5 - 5x
a~4*xb”6 + a”3*b”7)*d*xcos(2xdxx + 2%c)”2 + 3*%(a”10 - 3*a"9*b + a~8%b~2 + b*a
“T7+¥b~3 - B*a"6*b"4 - a"b*b"5 + 3*a"4%b”6 - a”~3*b”7)*d*cos(2xdxx + 2*c) - (a



212

710 - a”9*%b - 3*%a"8*b"2 + 3xa"7*b"3 + 3*a"6*b"4 - 3*xa"b*b"5 - a"4*%b”6 + a”3
*b~7)*d) ]

Sympy [F] time = 0., size = 0, normalized size = 0.

1
dx

N

(a +bcot? (c+ dx))E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cot(dxx+c)**2)*x(7/2),%)

[Out] Integral((a + b*cot(c + d*x)*x2)**(-7/2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

1
dx

N

(b cot (dx + c)2 + a)E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cot(d*x+c)~2)~(7/2),x, algorithm="giac")

[Out] integrate((b*cot(d*x + c)”2 + a)~(-7/2), x)
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3.38 f (1 — (:01:2(x))3/2 dx

Optimal. Leaf size=54

% cot(x)y/1 - cot?(x) — 2v2 tan™ M + g sin_l(cot(x))
V1- cot?(x)

[Out] (5%ArcSin[Cot[x]])/2 - 2xSqrt[2]*ArcTan[(Sqrt[2]*Cot[x])/Sqrt[1 - Cot[x]~2]
1 + (Cot[x]*Sqrt[1 - Cot[x]"2])/2

Rubi [A] time = 0.0459119, antiderivative size = 54, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 12, e -

0.5, Rules used = {3661, 416, 523, 216, 377, 203}

% cot(x)4/1 — cot?(x) — 2v2 tan™ M + g sin~}(cot(x))
\/1 — cot?(x)

integrand size

Antiderivative was successfully verified.

[In] Int[(1 - Cot[x]"2)"(3/2),x]

[Out] (BxArcSin[Cot[x]])/2 - 2xSqrt[2]*ArcTan[(Sqrt[2]*Cot[x])/Sqrt[1 - Cot[x]~2]
1 + (Cot[x]*Sqrt[1 - Cot[x]"2])/2

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (£_D)*xx_)D1)" (@ ))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tan[e + fx*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx(
ffxx)"n)"p/(c”2 + ff72*x72), x], x, (cxTanle + fxx])/ff], x1] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, p] || IGtQlp, O] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rule 416

Int[((a_) + (b_)*(x_)" (0 )) " (p_)*((c_) + (d_.)*x(x_)"(n_))"(q_), x_Symbol]
:> Simp[(d*x*(a + b*x™n) " (p + 1)*(c + d*x™n)"(q - 1))/ (b*x(n*x(p + @ + 1)),
x] + Dist[1/(bx(n*x(p + q) + 1)), Int[(a + b*x"n) px(c + d*x"n)~(q - 2)*Simp
[cx(b*xcx(n*x(p + q) + 1) - axd) + dx(bxckx(nx(p + 2%q - 1) + 1) - a*xdx(n*x(q -
1) + 1))*x"n, x], x], x] /; FreeQ[{a, b, ¢, d, n, p}, x] && NeQ[b*xc - axd,
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0] && GtQlq, 1] && NeQ[n*(p + @) + 1, 0] && 'IGtQ[p, 1] && IntBinomialQ[a
, b, c, d, n, p, q, x

Rule 523

Int[((e ) + (£_D)*xx_D)"(m_))/(((a_) + (b_.)*x(x_)"(n_))*Sqrtl(c_) + (d_.)*(x
)7 (n_)]1), x_Symbol] :> Dist[f/b, Int[1/Sqrtl[c + d*x"n], x], x] + Dist[(bx*e
- axf)/b, Int[1/((a + bxx"n)*Sqrtlc + d*x"nl), x], x] /; FreeQ[{a, b, c, d
, e, T, n}, x]

Rule 216

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 377

Int[((a_) + (b_)*x(x_)"(n_))"(p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*d)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, b
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQlb, 01)

Rubi steps
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[ (-2)"
(1 - cot, (x)) dx = —Subst T dx, x, cot(x)

1 — 5, 1 3 - 5x?
= — cot(x)4/1 — cot?(x) — = Subst dx, x, cot(x)
2 2 V1 -2 (1 + xz)
1 5 1 1
= — cot(x)4/1 — cot?(x) + = Subst ( dx, x, cot(x)) —4 Subst d>
2 2 f\/l—x2 Vl—xz(l +x2)

5 . 4 1 2 1 cot(x)
= —sin” " (cot(x)) + = cot(x)4/1 — cot“(x) — 4 Subst f dx, x,
~ sin” (cot(@) + 5 cot(W1 - cot?(x) T

5 2 1
=5 sin_l(cot(x)) ~2V2tan™? M + > cot(x)4/1 - cot?(x)

1 - cot?(x)

Mathematica [B] time = 0.390845, size = 123, normalized size = 2.28

% (1 - (30t2(x))3/2 sec?(2x) (_}I sin(4x) — 42 sin3(x)\/ cos(2x) log (\/E cos(x) + \/cos(Zx)) + sin3(x) — cos(2x) tan™

Antiderivative was successfully verified.

[In] Integratel[(1 - Cot[x]~2)~(3/2),x]

[Out] ((1 - Cotl[x]~2)~(3/2)*Sec[2*x] "2*(ArcTan[Cos[x]/Sqrt[-Cos[2*x]]]*Sqrt[-Cos[
2xx]]1*Sin[x]~3 + 4*ArcTanh[Cos[x]/Sqrt[Cos[2*x]]]*Sqrt[Cos[2*x]]*Sin[x]~3 -

4xSqrt [2] *Sqrt [Cos [2*x] ] *Log [Sqrt [2] #*Cos [x] + Sqrt[Cos[2*x]]]*Sin[x]"3 - S
in[4*x]/4))/2

Maple [A] time = 0.041, size = 51, normalized size = 0.9

cot (x)
2

5 arcsin (cot (x)) + 22 arctan V24/1 = (cot (x))” cot (x)

~ 2
1 - (cot (x))” + 5 ~1 + (cot (x))2

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((1-cot(x)~2)"(3/2),x)

[Out] 1/2*cot(x)*(1-cot(x)~2)"(1/2)+5/2*arcsin(cot(x))+2*x2~(1/2)*arctan(2”(1/2)*(
1-cot(x)~2)"(1/2)/(-1+cot(x)~2) *cot (%))

Maxima [F] time = 0., size = 0, normalized size = 0.
3
f (— cot (x)* + 1)2 dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l-cot(x)~2)7(3/2),x, algorithm="maxima"

[Out] integrate((-cot(x)~2 + 1)7(3/2), x)

Fricas [B] time = 1.98102, size = 317, normalized size = 5.87

cos(2x) .
\/E cos(2x)-1 sin(2x)

cos(2x)

sin(2 x)

cos(2x)-1 . cos(2x) :
42 arctan BT (2x) +2 m(cos (2x)+1) -5 arctan oozl sin (2 x)
2 sin(2x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1-cot(x)~2)7(3/2),x, algorithm="fricas")

[Out] 1/2%(4xsqrt(2)*arctan(sqrt(cos(2*x)/(cos(2*x) - 1))*sin(2*x)/(cos(2*x) + 1)
)*¥sin(2*xx) + sqrt(2)*sqrt(cos(2*x)/(cos(2*x) - 1))*(cos(2*x) + 1) - b*arcta
n(sqrt(2)*sqrt(cos(2*x)/(cos(2*x) - 1))*sin(2*x)/(cos(2*x) + 1))*sin(2*x))/

sin(2x*x)

Sympy [F] time = 0., size = 0, normalized size = 0.

3

1 — cot” (x) 2 dx
[ (1-cot? )

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1-cot(x)**2)*x(3/2),x)

[Out] Integral((l - cot(x)*x2)**x(3/2), x)

Giac [B] time = 1.39459, size = 347, normalized size = 6.43

2
V2+4/-2 cos(x)®+1-v2
( 2y-2 cosePe1 2) — 4| cos (x) 4\/5(‘/5‘/m_”

cos(x)z cos(x)

1 5 mtsgn (cos (x)) — 4 V2 7tsgn (cos (x)) + 2 arctan | — +
4 (\/5\/—2 coS (x)2 +1- \/E) [\/5\/—2 cos(x)*+1-v2 o

| =

cos(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l-cot(x)~2)7(3/2),x, algorithm="giac")

[Out] 1/4*(5*pixsgn(cos(x)) - 4*sqrt(2)*(pixsgn(cos(x)) + 2*arctan(-1/4*((sqrt(2)
*xsqrt (-2*cos(x)"2 + 1) - sqrt(2))72/cos(x)”2 - 4)*cos(x)/(sqrt(2)*sqrt(-2*c
0s(x)72 + 1) - sqrt(2)))) + 4xsqrt(2)*((sqrt(2)*sqrt(-2*cos(x)”"2 + 1) - sqr
t(2))/cos(x) - 4*cos(x)/(sqrt(2)*sqrt(-2*cos(x)"2 + 1) - sqrt(2)))/(((sqrt(
2)*sqrt (-2xcos(x)”"2 + 1) - sqrt(2))/cos(x) - 4xcos(x)/(sqrt(2)*sqrt(-2*cos(
x)72 + 1) - sqrt(2)))72 + 8) + 10*arctan(-1/4*sqrt(2)*((sqrt(2)*sqrt(-2*cos
(x)72 + 1) - sqrt(2))72/cos(x)"2 - 4)*cos(x)/(sqrt(2)*sqrt(-2*cos(x)"2 + 1)

- sqrt(2))))*sgn(sin(x))
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3.39 f \/1 — cot?(x) dx

Optimal. Leaf size=32

V2 cot(x)
\J1- cot?(x)

[Out] ArcSin[Cot[x]] - Sqrt[2]*ArcTan[(Sqrt[2]*Cot[x])/Sqrt[1l - Cotl[x]~2]]

sin~!(cot(x)) - V2 tan™

Rubi [A] time = 0.0266071, antiderivative size = 32, normalized size of antiderivative

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 12, LT

0.417, Rules used = {3661, 402, 216, 377, 203}

integrand size

V2 cot(x)

\J1- cot?(x)

sin™! (cot(x)) — V2tan™?

Antiderivative was successfully verified.

[In] Int[Sqrt[1l - Cotl[x]~2],x]
[Out] ArcSin[Cot[x]] - Sqrt[2]*ArcTan[(Sqrt[2]*Cot[x])/Sqrt[1 - Cotl[x]~2]]

Rule 3661

Int[((a_) + (b_.)*((c_.)*tanl[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tan[e + fx*xx], x]}, Dist[(cxff)/f, Subst[Int[(a + bx(
ffxx)"n)"p/(c”2 + f£f72*x72), x], x, (cxTanle + fxx])/ff], x1] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, pl] || IGtQlp, O] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rule 402

Int[((a_) + (b_.)*(x_)"2)"(p_.)/((c_) + (d_.)*(x_)"2), x_Symbol] :> Dist[b/
d, Int[(a + b*x"2)"(p - 1), x], x] - Dist[(b*c - axd)/d, Int[(a + b*xx~2)"(p
- 1)/(c + d*x~2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c - axd, 0] &&
GtQlp, 0] && (EqQlp, 1/2] || EqQ[Denominator[p]l, 4])

Rule 216
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Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 377

Int[((a_) + (b_)*(x_)"(m )) " (p)/((c) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*d)*x"n), x], x, x/(a + bxx"n)~(1/n)] /; FreeQ[{a, b
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[nl]

Rule 203

Int[((a_) + (b_.)*x(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 0])

Rubi steps

f \1- cot?(x) dx = — Subst ( f 11+_x§2 dx, x, cot(x)]

1 1
=— [2 Subst [f N (1 " x2) dx, x, cot(x)]J + Subst fﬁ dx, x, cot(x))
cot(x)

\1- cot?(x)

1
ey
= Sin (COt(X)) — 2 Subst {f m dx, X,

= sin~! (cot(x)) — V2 tan™ [ \/zcot(x) ]

V1= cot?(x)

Mathematica [A] time = 0.0689268, size = 62, normalized size = 1.94

sin()/1 - cot’(x) (V2 log (V2 cos(a) + Eos() - tanh” (22 )
ycos(2x)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[1 - Cot[x]~2],x]
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[Out] (Sqrt[l - Cot[x]~2]*(-ArcTanh[Cos[x]/Sqrt[Cos[2*x]]] + Sqrt[2]*Log[Sqrt[2]*
Cos[x] + Sqrt[Cos[2*x]]])*Sin[x])/Sqrt[Cos[2*x]]

Maple [A] time = 0.028, size = 34, normalized size = 1.1

arcsin (cot (x)) + V2 arctan (M\M — (cot (x))z]

~1 + (cot (x))?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1-cot(x)"2)"(1/2),x)

[Out] arcsin(cot(x))+2"(1/2)*arctan(2”(1/2)*(1-cot(x)~2)~(1/2)/(-1+cot(x)"2)*cot(
x))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: RuntimeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1-cot(x)~2)~(1/2),x, algorithm="maxima")

[Out] Exception raised: RuntimeError

Fricas [B] time = 1.83894, size = 193, normalized size = 6.03

cos(2x) . cos(2x) .
\/E ¢ cos(2x)-1 Sin (2 x) ¢ \/E cos(2x)-1 St (2 x)
arctan —arctan
cos(2x)+1 cos(2x)+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1-cot(x)~2)~(1/2),x, algorithm="fricas")
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[Out] sqrt(2)*arctan(sqrt(cos(2*x)/(cos(2*xx) - 1))*sin(2*x)/(cos(2*x) + 1)) - arc
tan(sqrt (2) *sqrt (cos(2*x)/(cos(2*xx) - 1))*sin(2+*x)/(cos(2*x) + 1))

Sympy [F] time = 0., size = 0, normalized size = 0.

fﬁl — cot? (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1-cot(x)**2)**(1/2),x)

[Out] Integral(sqrt(l - cot(x)**2), x)

Giac [C] time = 1.3867, size = 230, normalized size = 7.19

—% (7’( —V2r =22 arctan (—%i \/E) + 2 arctan (—i))sgn (sin (x)) + % ntsgn (cos (x)) — V2 ntsgn (cos (x)) + 2 arc

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l-cot(x)~2)~(1/2),x, algorithm="giac")

[Out] -1/2%(pi - sqrt(2)*pi - 2*sqrt(2)*arctan(-1/2*Ixsqrt(2)) + 2*arctan(-I))*sg
n(sin(x)) + 1/2x(pi*sgn(cos(x)) - sqrt(2)*(pi*sgn(cos(x)) + 2*xarctan(-1/4*(
(sqrt(2)*sqrt(-2xcos(x)”"2 + 1) - sqrt(2))~2/cos(x)”2 - 4)*cos(x)/(sqrt(2)*s
grt(-2*cos(x)"2 + 1) - sqrt(2)))) + 2xarctan(-1/4*sqrt(2)*((sqrt(2)*sqrt(-2
xcos(x)72 + 1) - sqrt(2))~2/cos(x)"2 - 4)*cos(x)/(sqrt(2)*sqrt(-2*cos(x)”2

+ 1) - sqrt(2))))*sgn(sin(x))



222

1

\[‘\ll—cotz(x)

Optimal. Leaf size=28

3.40 dx

tan-! V2 cot(x)
\ll—cotz(x)
V2

[Out] -(ArcTan[(Sqrt[2]*Cot[x])/Sqrt[1 - Cot[x]~2]]1/Sqrt([2])

Rubi [A] time = 0.0191643, antiderivative size = 28, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 12, LT

integrand size
0.25, Rules used = {3661, 377, 203}

tan! V2 cot(x)
w[l—cotz(x)
V2

Antiderivative was successfully verified.

[In] Int[1/Sqrt[1 - Cot[x]~2],x]

[Out] -(ArcTan[(Sqrt[2]*Cot[x])/Sqrt[1 - Cot[x]~2]1/Sqrt[2])

Rule 3661

Int[((a_) + (b_.)*((c_.)*tanl(e_.) + (£_)*x(x_)1)" (@ ))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tan[e + fx*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
ff*x)"n)"p/(c™2 + f£72xx72), x], x, (cxTanl[e + f*xx])/ff], x]] /; FreeQ[{a,
b, c, e, £, n, p}, x] & (IntegersQ[n, p] || IGtQlp, 0] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rule 377

Int[((a_) + (b_)*x(x_)"(n_)) " (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b¥x™n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 203
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
(a, 2]11)/(Rt[a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQlb, 01)

Rubi steps

= — Subst

1 1
f 1—cot2xdx f 1-22(1+22
V1 - cot?() V-2 (1+5%)

= — Subst f ! dx, x, cot(x)

2
1+ 2x \1- cot?(x)

dx, x, cot(x)J

tan-! V2 cot(x)
\/l—cotz(x)
V2

Mathematica [A] time = 0.0632248, size = 42, normalized size = 1.5
Vcos(2x) csc(x) log (\/E cos(x) + \/COS(ZX))

\/2 — 2 cot?(x)

Antiderivative was successfully verified.

[In] Integratel[1/Sqrt[1 - Cot[x]~2],x]

[Out] -((Sqrt[Cos[2*x]]*Csc[x]*Log[Sqrt[2]*Cos[x] + Sqrt[Cos[2*x]]])/Sqrt[2 - 2xC
ot [x]72])

Maple [A] time = 0.026, size = 31, normalized size = 1.1

g arctan (M\M — (cot (x))z]

—1 + (cot (x))*
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1-cot(x)"2)"(1/2),x)
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[Out] 1/2%2~(1/2)*arctan(2”(1/2)*(1-cot(x)"2)~(1/2)/(-1+cot(x)~2)*cot(x))

Maxima [B] time = 1.67901, size = 122, normalized size = 4.36

1 .1
1 V2 arctan ((cos (4 x)2 + sin (4 x)2 +2cos(4x)+ 1)4 sin (5 arctan (sin (4 x), cos (4 x) + 1)) +sin (2x), (COS (4 x)2 -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cot(x)~2)~(1/2),x, algorithm="maxima")

[Out] 1/4*sqrt(2)*arctan2((cos(4*x)”2 + sin(4*x)~2 + 2*xcos(4*x) + 1)~ (1/4)*sin(1/
2%arctan2(sin(4*x), cos(4xx) + 1)) + sin(2*x), (cos(4*x)"2 + sin(4*x)"2 + 2
xcos(4xx) + 1)7(1/4)*cos(1/2*arctan2(sin(4*x), cos(4*x) + 1)) + cos(2*x))

Fricas [B] time = 2.16573, size = 171, normalized size = 6.11

\/5(2 V2cos (2x) + \/E) Cg;)(sz(i:_) N sin (2 x)

4 (cos 2 x)2 + cos (2 x))

1
4_1 \/E arctan

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cot(x)~2)~(1/2),x, algorithm="fricas")

[Out] 1/4*sqrt(2)*arctan(1/4*sqrt(2)*(2*sqrt(2)*cos(2*x) + sqrt(2))*sqrt(cos(2x*x)
/(cos(2xx) - 1))*sin(2xx)/(cos(2*x)~2 + cos(2*x)))

Sympy [F] time = 0., size = 0, normalized size = 0.

1
[—
V1 - cot? (x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cot(x)**2)**(1/2),x)
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[Out] Integral(1l/sqrt(l - cot(x)**2), x)

Giac [C] time = 1.43033, size = 46, normalized size = 1.64

V2 arcsin (\/E cos (x))

2 sgn (sin (x))

1
—zi \/Elog (i V2 + i) sgn (sin (x)) —
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(1-cot(x)~2)~(1/2),x, algorithm="giac")

[Out] -1/2%Ixsqrt(2)*log(I*sqrt(2) + I)*sgn(sin(x)) - 1/2xsqrt(2)*arcsin(sqrt(2)*
cos(x))/sgn(sin(x))
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3.41 f (—1 + cotz(x))3/2 dx

Optimal. Leaf size=61

—% cot(x)\/cotz(x) -1+ ; tanh ™ L(x) —2y2tanh™ M
\/cotz(x) -1 A /cotz(x) -1

[Out] (5%ArcTanh[Cot[x]/Sqrt[-1 + Cot[x]~2]]1)/2 - 2*Sqrt[2]*ArcTanh[(Sqrt[2]*Cot[
x])/8qrt[-1 + Cot[x]~2]] - (Cot[x]*Sqrt[-1 + Cotl[x]~2])/2

Rubi [A] time = 0.0425351, antiderivative size = 61, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 10, e -

0.6, Rules used = {3661, 416, 523, 217, 206, 377}

integrand size

_% cot(x)4fcot?(x) -1 + g tanh ™! [—cot(x) ] —2y2tanh™ [—\/E cotw) ]

\/cotz(x) -1 \Jeot?(x) -1

Antiderivative was successfully verified.

[In] Int[(-1 + Cotl[x]"2)"(3/2),x]

[Out] (5*%ArcTanh[Cot[x]/Sqrt[-1 + Cot[x]~2]]1)/2 - 2%Sqrt[2]*ArcTanh[(Sqrt[2]*Cot[
x])/Sqrt[-1 + Cot[x]~2]] - (Cot[x]*Sqrt[-1 + Cot[x]~2]1)/2

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (£_)*xx_)1)" (@ ))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tan[e + fx*xx], x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
ffxx)"n)"p/(c”2 + f£f72*x72), x], x, (cxTanle + fxx])/ff], x1] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, pl] || IGtQlp, O] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rule 416

Int[((a_) + (b_)*(x_)"(n_)) " (p_)*((c_) + (d_.)*x(x_)"(n_))"(q_), x_Symbol]
:> Simp[(d*x*(a + b*x™n) " (p + 1)*(c + d*x™n)"(q - 1))/ (b*x(n*x(p + @ + 1)),
x] + Dist[1/(bx(n*x(p + q) + 1)), Int[(a + b*x"n) px(c + d*x"n)~(q - 2)*Simp
[cx(b*xcx(n*x(p + q) + 1) - axd) + dx(bxckx(nx(p + 2%xq - 1) + 1) - a*xdx(n*x(q -
1) + 1))*x"n, x], x], x] /; FreeQ[{a, b, c, d, n, p}, x] && NeQ[b*c - axd,
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0] && GtQlq, 1] && NeQ[n*(p + @) + 1, 0] && 'IGtQ[p, 1] && IntBinomialQ[a
, b, c, d, n, p, q, x

Rule 523

Int[((e ) + (£_)*x(x_D)"(m_))/(((a_) + (b_.)*x(x_)"(n_))*Sqrtl(c_) + (d_.)*(x
)7"(n_)]1), x_Symbol] :> Dist[f/b, Int[1/Sqrtl[c + d*x"n], x], x] + Dist[(bx*e
- axf)/b, Int[1/((a + bxx"n)*Sqrtlc + d*x"nl), x], x] /; FreeQ[{a, b, c, d
, e, T, n}, x]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] & 'GtQ[a, O]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtl[a, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 377

Int[((a_) + (b_)*x(x_)"(_)) " (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rubi steps



228

[ (s coo)” (129"
(—1 + cot (x)) dx = —Subst f T dx, x, cot(x)

1 — o, .1 3 - 5x?
= —= cot(x)+/-1 + cot?(x) — = Subst dx, x, cot(x)
2 2 V-1 + x2 (1+x2)

1 5 1 1
= —= cot(x)+/—1 + cot?(x) + = Subst ( dx, x, Cot(x)) —4Subst| | ——
2 2 j‘V—1+x2 J“V—1+x2@4—

1 » 5 1 ¢ 1
=5 cot(x)4/-1 + cot?(x) + > Subst f - dx, x, cot®) —4 Subst f 172 q
- A1 + cot?(x) -

_ t _ 2 cot 1
= §tamh ! co—(x) ~2v2tanh™! M -5 cot(x)y/-1 + cot?(x)

2 A/-1+ cotz(x) A1+ COtZ(X)

Mathematica [A] time = 0.123553, size = 121, normalized size = 1.98

% (Cotz(x) - 1)3/2 sec?(2x) (_}I sin(4x) — M2 sin3(x)\/ cos(2x) log (\/E cos(x) + \/cos(Zx)) + sin3(x) — cos(2x) tan ™t (

Antiderivative was successfully verified.

[In] Integratel[(-1 + Cotl[x]~2)~(3/2),x]

[Out] ((-1 + Cot[x]72)~(3/2)*Sec[2*x] 2% (ArcTan[Cos[x]/Sqrt[-Cos[2*x]]]*Sqrt[-Cos
[2*x]]*Sin[x]~3 + 4*ArcTanh[Cos[x]/Sqrt[Cos[2*x]]]*Sqrt[Cos[2*x]]*Sin[x]~3

- 4xSqrt [2]*Sqrt [Cos [2*x]]*Log[Sqrt [2] *Cos [x] + Sqrt[Cos[2*x]]]*Sin[x]~3 -
Sin[4*x]/4))/2

Maple [A] time = 0.03, size = 48, normalized size = 0.8

_COtz(x) -1 + (cot (x))2 + g In (cot (x) + /-1 + (cot (x))z) -2 Artanh ot (3) V2 V2
-1 + (cot (x))?

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((-1+cot(x)"2)~(3/2),x)

[Out] -1/2*cot(x)*(-1+cot(x)~2)~(1/2)+5/2*1n(cot(x)+(-1+cot(x)~"2)"(1/2))-2*arctan
h(cot (x)*2~(1/2)/(-1+cot(x)~2)~(1/2))*2~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

f(cot (x)2 - 1)g dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cot(x)~2)7(3/2),x, algorithm="maxima")

[Out] integrate((cot(x)~2 - 1)7(3/2), x)

Fricas [B] time = 1.92736, size = 477, normalized size = 7.82

cos(2x) . . cos(2x) \/E\/ _cg(s)(sz(i;—)l sin
4 \/Elog 2 = os2a sin(2x) -2 cos(2x) —1]sin(2x) -2 \/E _Cos(2x)—1(COS 2x)+1) +5 log — e

4 sin (2 x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cot(x)~2)7(3/2),x, algorithm="fricas")

[Out] 1/4*(4*sqrt(2)*log(2*sqrt(-cos(2*x)/(cos(2*x) - 1))*sin(2*x) - 2%cos(2*x) -
1)*sin(2*x) - 2*xsqrt(2)*sqrt(-cos(2*x)/(cos(2*x) - 1))*(cos(2*x) + 1) + b*
log((sqrt(2)*sqrt(-cos(2*x)/(cos(2*x) - 1))*sin(2*x) + cos(2*x) + 1)/(cos(2

*xx) + 1))*sin(2*x) - bxlog((sqrt(2)*sqrt(-cos(2*x)/(cos(2*x) - 1))*sin(2%x)

- cos(2%x) - 1)/(cos(2*x) + 1))*sin(2*x))/sin(2*x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f(cot2 (x)—l)g dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cot(x)**2)**(3/2),x)

[Out] Integral((cot(x)**2 - 1)**(3/2), x)

Giac [B] time = 2.48973, size = 242, normalized size = 3.97

2
5 4 \/5(3 (\/Ecos (x) — 4/2 cos (x)2 - 1) -1
) )_ 4 2
(\/Ecos (x) — /2 cos (x)2 - 1) -6 (\/Ecos (x) — /2 cos (x)2 - 1) + ]

411 4 \/Elog ((\/Ecos (x) = /2 cos (x)2 -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cot(x)~2)7(3/2),x, algorithm="giac")

[Out] 1/4*(4*sqrt(2)*log((sqrt(2)*cos(x) - sqrt(2*cos(x)"2 - 1))72) - 4*sqrt(2)*(
3x(sqrt(2)*cos(x) - sqrt(2*cos(x)"2 - 1))72 - 1)/((sqrt(2)*cos(x) - sqrt(2x
cos(x)72 - 1))74 - 6*x(sqrt(2)*cos(x) - sqrt(2xcos(x)”2 - 1))72 + 1) + bxlog

(abs (2% (sqrt(2)*cos(x) - sqrt(2*cos(x)”2 - 1))72 - 4*xsqrt(2) - 6)/abs(2x(sq
rt(2)*xcos(x) - sqrt(2*cos(x)”2 - 1))72 + 4*xsqrt(2) - 6)))*sgn(sin(x))
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342  [+/-1+cot}(x)dx

Optimal. Leaf size=42

V2tanh™ —\/E cot®) —tanh™ —cot(x)
\/cotz(x) -1 \/cotz(x) -1

[Out] -ArcTanh[Cot[x]/Sqrt[-1 + Cot[x]~2]] + Sqrt[2]*ArcTanh[(Sqrt[2]*Cot[x])/Sqr
t[-1 + Cot[x]~2]]

Rubi [A] time = 0.0254463, antiderivative size = 42, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 10, e e .

0.5, Rules used = {3661, 402, 217, 206, 377}

integrand size

V2 tanh™! V2 cot(x) o cot(x)
‘/cotz(x) -1 \lcotz(x) -1

Antiderivative was successfully verified.

[In] Int[Sqrt[-1 + Cot[x]~2],x]

[Out] -ArcTanh[Cot[x]/Sqrt[-1 + Cot[x]~2]] + Sqrt[2]*ArcTanh[(Sqrt[2]*Cot[x])/Sqr
t[-1 + Cot[x]~2]]

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tanl[e + f*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
ffxx)"n)p/(c”2 + ff72*x72), x], x, (cxTanle + fxx])/ff], x1] /; FreeQl{a,
b, c, e, £, n, p}, x] & (IntegersQ[n, p] || IGtQlp, 0] || EqQ[n~2, 4] || E
qQ[n~2, 16])

Rule 402

Int[((a ) + (b_)*(x )"2)"(p_.)/((c_) + (d_.)*(x_)"2), x_Symbol] :> Dist[b/
d, Int[(a + b*x"2)"(p - 1), x], x] - Dist[(b*c - a*d)/d, Int[(a + b*x"2)"(p
- 1)/(c + d*x~2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c - ax*d, 0] &&
GtQlp, 0] && (EqQlp, 1/2] || EqQ[Denominator(pl, 41)



232

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] && 'GtQ[a, O]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] || LtQ[b, 01)

Rule 377

Int[((a_) + (b_)*x(x_)"(m_)) " (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x™n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] &% NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rubi steps

V=1 + 2
f \/—1 + cot?(x) dx = — Subst 7 +-;2x dx, x, Cot(x))

dx, x, cot(x)] — Subst ( !

1
fm(mz) Ny

1 t
= 2 Subst f 1—1W dx, x, L(x)] — Subst [f — dx, x, cot®)

\/ -1 + cot?(x) A/ -1 + cot?(x)

= —tanh ™ [L(X)] +V2tanh™! [M]

-1+ cot?(x) A/ -1 + cot?(x)

= 2 Subst

dx, x, cot(x))

Mathematica [A] time = 0.0436697, size = 60, normalized size = 1.43

sin(x) CotZ(x) -1 \/Elog \/Ecos(x) + \/m _tanh™! cos(x)
Vcos(2x)
ycos(2x)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[-1 + Cotl[x]~2],x]
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[Out] (Sqrt[-1 + Cot[x]~2]*(-ArcTanh[Cos[x]/Sqrt[Cos[2*x]]] + Sqrt[2]*Log[Sqrt[2]
*Cos[x] + Sqrt[Cos[2*x]]1])*Sin[x])/Sqrt[Cos[2#*x]]

Maple [A] time = 0.027, size = 35, normalized size = 0.8

—In (cot (x) + -1+ (cot (x))z) + Artanh | cot (x) V2 ! V2
\J-1 + (cot (x))?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-1+cot(x)~2)~(1/2),x)

[Out] -1ln(cot(x)+(-1+cot(x)"2)"(1/2))+arctanh(cot(x)*2"(1/2)/(-1+cot(x)"2)"(1/2))
*x27(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: RuntimeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cot(x)~2)~(1/2),x, algorithm="maxima"

[Out] Exception raised: RuntimeError

Fricas [B] time = 1.89371, size = 351, normalized size = 8.36

_ cos(2x) .
1 5 , cos(2x) 00> 001 1 1 V2 cos201 sin(2x) + cos(2x) +1 ) 1 1
= ogl|-24[———————s x)-2cosx)-1|-=1lo — log]| -
2 & cos(2x) -1 1n 2 & cos(2x)+1 &

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cot(x)~2)~(1/2),x, algorithm="fricas")
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[Out] 1/2%sqrt(2)*log(-2*sqrt(-cos(2*x)/(cos(2%x) - 1))*sin(2*x) - 2%cos(2*x) - 1
) - 1/2x1log((sqrt(2)*sqrt(-cos(2*x)/(cos(2*x) - 1))*sin(2*x) + cos(2xx) + 1

)/ (cos(2%x) + 1)) + 1/2*x1log((sqrt(2)*sqrt(-cos(2*x)/(cos(2*x) - 1))*sin(2+*x

) - cos(2xx) - 1)/(cos(2*x) + 1))

Sympy [F] time = 0., size = 0, normalized size = 0.

f \/cotz (x)—1dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cot(x)**2)*x(1/2),x)

[Out] Integral(sqrt(cot(x)**2 - 1), x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cot(x)~2)~(1/2),x, algorithm="giac")

[Out] Timed out
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1

\[‘\/—J:+cot2(x)

Optimal. Leaf size=26

3.43 dx

tanh ™ V2cot)
\/ Cotz(x)—l
V2

[Out] -(ArcTanh[(Sqrt[2]*Cot[x])/Sqrt[-1 + Cot[x]~2]]/Sqrt[2])

Rubi [A] time = 0.0172601, antiderivative size = 26, normalized size of antiderivative =

. . number of rules
1., number of steps used = 3, number of rules used = 3, integrand size = 10, ——— =

integrand size
0.3, Rules used = {3661, 377, 206}

tanh™! V2cottr)
N cotz(x)—l
V2

Antiderivative was successfully verified.

[In] Int[1/Sqrt[-1 + Cot[x]~2],x]

[Out] -(ArcTanh[(Sqrt[2]*Cot[x])/Sqrt[-1 + Cot[x]~2]]/Sqrt[2])

Rule 3661

Int[((a_) + (b_.)*((c_.)*tanl(e_.) + (£_)*x(x_)1)" (@ ))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tan[e + fx*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
ff*x)"n)"p/(c™2 + f£72xx72), x], x, (cxTanl[e + f*xx])/ff], x]] /; FreeQ[{a,
b, c, e, £, n, p}, x] & (IntegersQ[n, p] || IGtQlp, 0] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rule 377

Int[((a_) + (b_)*x(x_)"(n_)) " (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x™n)~(1/n)] /; FreeQ[{a, b
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 206
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps

f; dx = — Subst

1
A1 + cot?(x) f V-1 +x2 (l + xz)
1 cot(x)
= —Subst dx, x,
f 1-22 N1+ cot?(x)

tanh ™! _Vacot)
\/—1+Cot2(x)
V2

dx, x, cot(x))

Mathematica [A] time = 0.0333064, size = 45, normalized size = 1.73
Vcos(2x) csc(x) log (\/E cos(x) + \/COS(ZX))

\/Zlcotz(x) -1

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[-1 + Cotl[x]~2],x]

[Out] -((Sqrt[Cos[2*x]]*Csc[x]*Log[Sqrt[2]*Cos[x] + Sqrt[Cos[2*x]]1])/(Sqrt[2]*Sqr
t[-1 + Cot[x]72]))

Maple [A] time = 0.025, size = 21, normalized size = 0.8

1
\J-1 + (cot (x))

Verification of antiderivative is not currently implemented for this CAS.

2
—gArtanh cot (x) V2

[In] int(1/(-1+cot(x)~2)"(1/2),x)
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[Out] -1/2%arctanh(cot(x)*2~(1/2)/(-1+cot(x)~2)~(1/2))*2~(1/2)

Maxima [B] time = 1.69421, size = 193, normalized size = 7.42

1 1
3 \/5[2 arsinh (1) + log (COS 2 x)2 + sin (2 x)2 + \/ cos (4 x)2 + sin (4 x)2 +2cos(4x) + 1[(308 (E arctan (sin (4 x),

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1+cot(x)~2)~(1/2),x, algorithm="maxima"

[Out] -1/8x*sqrt(2)*(2*xarcsinh(1l) + log(cos(2*x)~2 + sin(2*x)7"2 + sqrt(cos(4*x)"2
+ sin(4*x)”"2 + 2xcos(4*xx) + 1)*(cos(1l/2*%arctan2(sin(4*x), cos(4xx) + 1))"2
sin(1/2*arctan2(sin(4*x), cos(4*xx) + 1))72) + 2x(cos(4*x)”"2 + sin(4x*x)"2
2%cos(4*x) + 1)~ (1/4)*(cos(2*x)*cos(1/2*xarctan2(sin(4*x), cos(4*xx) + 1))
sin(2*x)*sin(1/2*arctan2(sin(4*x), cos(4*x) + 1)))))

+ + +

Fricas [B] time = 2.10577, size = 177, normalized size = 6.81

%\/ﬁlog[Z\/ﬁ(2\/§cos(2x) + \/5) —% sin(2x) -8 cos(2x)2—8 cos(2x) -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1+cot(x)~2)~(1/2),x, algorithm="fricas")

[Out] 1/8*sqrt(2)*log(2*sqrt(2)*(2*sqrt(2)*cos(2*x) + sqrt(2))*sqrt(-cos(2x*x)/(co
s(2%x) - 1))*sin(2*x) - 8%cos(2%x)72 - 8*cos(2%x) - 1)

Sympy [F] time = 0., size = 0, normalized size = 0.

1
—d
f Veot? (x) -1 *

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(-1+cot(x)**2)**x(1/2),x)

[Out] Integral(1l/sqrt(cot(x)**2 - 1), x)

Giac [B] time = 1.7883, size = 61, normalized size = 2.35

\/Elog (|—\/§cos (x) + 42 cos (x)2 - 1|)

1 |
-5 V2log (VZ-1) sgn sin () + 2581 (in ()

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1+cot(x)~2)~(1/2),x, algorithm="giac")

[Out] -1/2%sqrt(2)*log(sqrt(2) - 1)*sgn(sin(x)) + 1/2xsqrt(2)*log(abs(-sqrt(2)*co
s(x) + sqrt(2*cos(x)”"2 - 1)))/sgn(sin(x))
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cot3(x)

\Ja+b cot2

Optimal. Leaf size=52

3.44

tanh \a+b Cotz(x)
\/a + bcotz(x) IR

i

[Out] -(ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtl[a - bl]/Sqrtla - b]) - Sqrt[a + b*Cot[x
1721/v

Rubi [A] time = 0.097881, antiderivative size = 52, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 17, i L

integrand size
0.294, Rules used = {3670, 446, 80, 63, 208}

\lu beot?(x
2 tanh ™ [ X2 o
a + bcot“(x) =

b

i

Antiderivative was successfully verified.

[In] Int[Cot[x]~3/Sqrtla + b*Cot[x]~2],x]

[Out] -(ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtl[a - bl]/Sqrtla - b]l) - Sqrtla + b*Cot[x
1721/p

Rule 3670

Int[((d_.)*tan[(e_.) + (f_.)*(x_)]1)"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_I)*x(x)1)"())"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*xffx*x)/c) m*x(a + b*(ff*x)"n) p)/(c”2 + £
£ 2xx72), x], x, (cx*Tanl[e + fx*xx])/ff]l, x]1]1 /; FreeQ[{a, b, ¢, d, e, f, m, n
, Py, x] & (IGtQlp, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rule 446

Int[(x_ )" (m_)*((a_) + (b_)*x_)" (@ )) " (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)7p
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*(c + d*x)"q, x], x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p, qF, x] && NeQ[
bxc - axd, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 80

Int[((a_.) + (b_D)*(x_))*((c_.) + (d_.)*x(x_))"(n_.)*((e_.) + (£_.)*x(x_))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)"(n + D)x(e + £xx)"(p + 1))/(d*f*x(n + p
+ 2)), x] + Dist[(axd*fx(n + p + 2) - bx(dkex(n + 1) + cxf*x(p + 1)))/(d*fx(
n+p+2)), Int[(c + d*x)"nx(e + £*x)7p, x], x] /; FreeQ[{a, b, c, d, e, £
, 0, pt, x] && NeQ[n + p + 2, 0]

Rule 63

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)]1, x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

cot(x) x>
= —Sub
f /u+bcot2(x) ! St(f (1+x2) Va + bx?

dx, x, cot(x)]

1 X 2
- (E Subst (f M—am dx, X, cot (X)])

\Ja + bcot?(x) 1

=Y - Subst

s
b 2 1+ x)Va+bx

1
'g +b C()tz(x) Subst [f W dx, X, 1,[7[ +b COtz(X))
b b

ST b " b

dx, x, cotz(x))

a+b cotz(x)

ht =
tan ( a-b ) ‘/a+bcot2(x)

a->b b
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Mathematica [A] time = 0.144826, size = 52, normalized size = 1.
b tanh_l[ \a+b cotz(x) ]

> a-b
\Ja + beot“(x) + =

b

Antiderivative was successfully verified.

[In] Integrate[Cot[x]~3/Sqrtl[a + b*Cot[x]~2],x]

[Out] -(((b*ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrt[a - bl])/Sqrtla - b] + Sqrtla + bx*C
ot[x]~2])/b)

Maple [A] time = 0.025, size = 44, normalized size = 0.9
1\/ + b (cot (x))* + arct (\/ +b(cot (1) —— ) !
——+Ja cot (x arctan [+/a cot (x
b V-a+b/ V-a+b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)~3/(a+b*cot(x)~2)"(1/2),x)

[Out] -(a+bxcot(x)~2)"(1/2)/b+1/(-a+b)~(1/2)*arctan((a+bxcot(x)~2)"(1/2)/(-a+b) " (
1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~3/(atb*cot(x)~2)7(1/2),x, algorithm="maxima")

[Out] Exception raised: ValueError
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Fricas [B] time = 2.60342, size = 659, normalized size = 12.67

\/a—bblog(—2(a2 —2ab+bz)cos(2x)2 - 24?4+ b? +2((11—b)cos(2x)2 —(2a—-Db)cos (2x) +a)\/a—b1 /%

4 (ab - bz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~3/(atb*cot(x)~2)~(1/2),x, algorithm="fricas")

[Out] [1/4*(sqrt(a - b)*bxlog(-2%(a”2 - 2%a*xb + b~2)*cos(2*x)72 - 2%xa”2 + b™2 + 2
*((a - b)*cos(2*x)72 - (2*a - b)*cos(2*x) + a)*sqrt(a - b)*sqrt(((a - b)*co
s(2xx) - a - b)/(cos(2%x) - 1)) + 4x(a"2 - axb)*cos(2*x)) - 4*(a - b)*sqrt(

((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1)))/(axb - b~2), -1/2*(sqrt(-a + b)
xb*xarctan(-sqrt(-a + b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2xx) - 1))*(co
s(2*%x) - 1)/((a - b)*cos(2xx) - a)) + 2*x(a - b)*sqrt(((a - b)*cos(2*x) - a

- b)/(cos(2*x) - 1)))/(axb - b72)]

Sympy [F] time = 0., size = 0, normalized size = 0.

cot® (x)
[,
Va + beot? (x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)**3/(atb*cot(x)**2)**x(1/2),x)

[Out] Integral(cot(x)**3/sqrt(a + bxcot(x)**2), x)

Giac [B] time = 1.72193, size = 135, normalized size = 2.6

2
log((m sin (x) - \/a sin (x)” — bsin (x)” + b) ) ) 2va-b

— . 2
2 Va - bsgn (sin () ((\/a —bsin (x) - \/a sin (x)2 —bsin (x)2 + b) - b)sgn (sin (x))
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~3/(atb*cot(x)~2)~(1/2),x, algorithm="giac")

[Out] 1/2*log((sqrt(a - b)*sin(x) - sqrt(a*sin(x)~2 - b*sin(x)"2 + b))~2)/(sqrt(a
- b)*sgn(sin(x))) + 2*sqrt(a - b)/(((sqrt(a - b)*sin(x) - sqrt(a*sin(x)~2
- b*sin(x)”"2 + b))"2 - b)*sgn(sin(x)))
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2
345 [y

a+b cotz(x)

Optimal. Leaf size=64

tan_l \/aTbcot(x) tanh_l \/Ecot(x)
\a+b cotz(x) \Ja+b cotz(x)

Va-b Vb

[Out] ArcTan[(Sqrt[a - bl*Cot[x])/Sqrtl[a + b*Cot[x]~2]]1/Sqrt[a - b] - ArcTanh[(Sq
rt [b]*Cot [x])/Sqrt[a + b*Cot[x]~2]]1/Sqrt[b]

Rubi [A] time = 0.0903149, antiderivative size = 64, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 17, i L

integrand size
0.353, Rules used = {3670, 483, 217, 206, 377, 203}

tan_l \/uTbcot(x) tanh_l \/Ecot(x)
\a+b Cotz(x) \Ja+b cotz(x)

Va-b Vb

Antiderivative was successfully verified.

[In] Int[Cot[x]~2/Sqrtla + b*Cot[x]~2],x]

[Out] ArcTan[(Sqrt[a - bl*Cot[x])/Sqrtl[a + b*Cot[x]~2]]/Sqrtla - b] - ArcTanh[(Sq
rt [b] *Cot [x])/Sqrt[a + b*Cot[x]~2]]/Sqrt[b]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_.)*(x_)]1) " (m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +

(f_I)*x(x)1)"())"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*xffx*x)/c) m*x(a + b*(ff*x)"n) p)/(c”2 + £
f72xx72), x], x, (c*Tanl[e + f*x])/ff]l, x]1]1 /; FreeQ[{a, b, ¢, d, e, f, m, n
, Py, x] & (IGtQlp, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rule 483

Int[((Ce_.)*(x_))"(m_)*((c_) + (d_)*x(x_)"(m_))"(q_.))/((a) + (b_.)*x(x_)"(
n_)), x_Symbol] :> Dist[e™n/b, Int[(e*x)"(m - n)*(c + d*x"n)"q, x], x] - Di
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st[(a*e”n) /b, Int[((e*x)"(m - n)*(c + d*x"n)"q)/(a + b*x"n), x], x] /; Free
Ql{a, b, ¢, 4, e, m, g}, x] && NeQ[bxc - a*d, 0] && IGtQ[n, 0] && LeQ[n, m,
2xn - 1] && IntBinomialQ[a, b, ¢, d, e, m, n, -1, q, xJ

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + bxx~2]] /; FreeQ[{a, b}, x] & !GtQ[a, O]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 377

Int[((a_) + (b_)*x(x_)"(n_)) " (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x™n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQlb, 01)

Rubi steps
cot?(x) x?
————~dx =-Subst f dx, x, cot(x)
f\/a+bcot2(x) [ (1+x2) Va + bx?
=- Subst( ! dx, x Cot(x)) + Subst f L dx, x, cot(x)
i+ (1+x2)\/a+bx2 /,

1 cot(x) 1
= —Subst f > dx, x, + Subst f — dx, x, ————
[ 1-bx \a+ bcotz(x)] [ 1= (-a+b)x \a+ b cot?(x)

tan_l \/aTbcot(x) tanh_l \/Ecot(x)
\Ja+b cotz(x) \atb cotz(x)
Va-b Vb

cot(x)

|
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Mathematica [B] time = 0.267719, size = 158, normalized size = 2.47

: ~1(__ V2V=bcos(x) -1 _ V2va=bcos(v)
sm(x)\/cscz(x)((b —a)cos(2x) +a + b) (\/a —btanh™! (Wm) —v=btanh™ (ﬁ))

V-bVa-b\(a-b)cos(2x)—a—-b

Antiderivative was successfully verified.

[In] Integrate[Cot[x]~2/Sqrtl[a + b*Cot[x]~2],x]

[Out] ((-(Sqrt[-b]*ArcTanh[(Sqrt[2]*Sqrt[a - bl*Cos[x])/Sqrt[-a - b + (a - b)*Cos

[2¥x]]]) + Sqrtl[a - bl*ArcTanh[(Sqrt[2]*Sqrt[-b]l*Cos[x])/Sqrt[-a - b + (a -
b)*Cos [2*x]]1])*Sqrt[(a + b + (-a + b)*Cos[2*x])*Csc[x] 2] *Sin[x])/(Sqrt[a

- bl*Sqrt[-bl*Sqrt[-a - b + (a - b)*Cos[2*x]])

Maple [A] time = 0.028, size = 80, normalized size = 1.3

[ 1 1 1 1
-1 t (x) Vb ++Ja + b( t())z)—+—\/b4( —b) arctan | (a — b) b? cot (x)
n(co X a cot (x VAR EDY a arctan | (a cot (x NZCED) \/a+b(COt o

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)~2/(at+b*cot(x)~2)"(1/2),x)

[Out] -1n(cot(x)*b~(1/2)+(atb*cot(x)~2)~(1/2))/b~(1/2)+(b~4*(a-b))~(1/2)/b"2/(a-b
Y*xarctan (b 2*x(a-b)/ (b~ 4*x(a-b)) " (1/2)/(atb*xcot(x)"2) " (1/2)*cot(x))

Maxima [F] time = 0., size = 0, normalized size = 0.
cot (x)2

f \/bcot (x)2 +a

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(cot(x)~2/(atb*cot(x)~2)~(1/2),x, algorithm="maxima"

[Out] integrate(cot(x)~2/sqrt(b*cot(x)”2 + a), x)
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Fricas [B] time = 2.09716, size = 1413, normalized size = 22.08

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~2/(atb*cot(x)~2)~(1/2),x, algorithm="fricas")

[Out] [-1/2*%(sqrt(-a + b)*b*log(-(a - b)*cos(2xx) + sqrt(-a + b)*sqrt(((a - b)*co
s(2*x) - a - b)/(cos(2xx) - 1))*sin(2*x) + b) - (a - b)*sqrt(b)*log(((a - 2
xb)*cos(2%x) + 2xsqrt(b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*si
n(2*x) - a - 2xb)/(cos(2*x) - 1)))/(axb - b~2), 1/2x(2x(a - b)*sqrt(-b)*arc
tan(sqrt(-b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2xx) - 1))*sin(2*x)/(b*co
s(2xx) + b)) - sqrt(-a + b)*bxlog(-(a - b)*cos(2*x) + sqrt(-a + b)xsqrt(((a
- b)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin(2*x) + b))/(a*b - b~2), 1/2*x(2*
sqrt(a - b)*bxarctan(-sqrt(a - b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2xx)
- 1))*sin(2*x)/((a - b)*cos(2*x) + a - b)) + (a - b)*sqrt(b)*log(((a - 2xb
)*cos(2*x) + 2*sqrt(b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin(
2xx) - a - 2*b)/(cos(2*x) - 1)))/(a*xb - b72), (sgrt(a - b)x*b*arctan(-sqrt(a
- b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2xx) - 1))*sin(2*xx)/((a - b)*cos
(2%x) + a - b)) + (a - b)*sqrt(-b)*arctan(sqrt(-b)*sqrt(((a - b)*cos(2*x) -
a - b)/(cos(2xx) - 1))*sin(2*x)/(b*cos(2*x) + b)))/(a*b - b~2)]

Sympy [F] time = 0., size = 0, normalized size = 0.

cot? (x)
[,
Va + bcot? (x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)**2/(atb*cot(x)**2)**x(1/2),x)

[Out] Integral(cot(x)**2/sqrt(a + bxcot(x)**2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

cot (x)2

f \/b cot (x)2 +a

dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~2/(atb*cot(x)~2)~(1/2),x, algorithm="giac")

[Out] integrate(cot(x)~2/sqrt(b*cot(x)”2 + a), x)
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3.46 [y

\Ja+b cotz(x)

Optimal. Leaf size=33

Va—b
a->b

;)

tanh_l [ \a+b cotz(x) )

[Out] ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtla - bl]/Sqrtl[a - b]

Rubi [A] time = 0.0638457, antiderivative size = 33, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 15, number of rules

0.267, Rules used = {3670, 444, 63, 208}

tanh_l [ \a+b Cotz(x) )

integrand size

-b

;)

a->b

Antiderivative was successfully verified.

[In] Int[Cot[x]/Sqrt[a + bxCot[x]~2],x]

[Out] ArcTanh[Sqrt[a + bxCot[x]~2]/Sqrtla - bl]l/Sqrtl[a - b]

Rule 3670

Int[((d_.)*tan[(e_.) + (f_.)*(x_)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_)*& DD~ )~ (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + f
£f~2%x72), x], x, (c*Tanle + fx*x])/ff], x]] /; FreeQ[{a, b, c, d, e, f, m, n
, P}, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[n]))

Rule 444

Int[(x_)"(m_.)*x((a_) + (b_)*(x_)"(m_))"(p_.)*((c_) + (d_.)*x(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[(a + b*x) p*(c + d*x)7q, x], x, x"n], x
1 /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[b*c - a*d, 0] && EqQ[m - n +
1, 0]
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Rule 63

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)]1, x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

cot(x) X

——————dx = —Subst
et (e

dx, x, cot(x)]

1 1 ,
_(E Subst [fw—amdx,x, cot (X)J)

Subst [f ul — dx,x,\Ja+Db cotz(x))

1--+
b

b b

tanh_l [ \Ja+b cotz(x) ]

a-b

Va-b

Mathematica [A] time = 0.0134122, size = 33, normalized size = 1.

! [_H“) J

a-b

Va-b

Antiderivative was successfully verified.

[In] Integrate[Cot[x]/Sqrt[a + b*Cot[x]~2],x]

[Out] ArcTanh[Sqrt[a + bxCot[x]~2]/Sqrtl[a - b]]/Sqrtl[a - b]
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Maple [A] time = 0.024, size = 29, normalized size = 0.9

—arctan (\/a + b (cot (x))2 \/_; " b) \/—al =

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)/(a+b*cot(x)~2)~(1/2),x)

[Out] -1/(-a+b)~(1/2)*arctan((at+b*xcot(x)"2)"(1/2)/(-a+b)~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(at+bxcot(x)"2)7(1/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 2.02038, size = 304, normalized size = 9.21

— [(a=b)cos(2x)—a-b ]
—a+b cos(2x)-1

V—a + barctan|—
a-b

log (—\/ -b W(COS (2x)-1)-(a-b)cos(2x) +a

cos(2x)-1
2Va-b ' a-b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(at+bxcot(x)"2)7(1/2),x, algorithm="fricas")

[Out] [1/2%log(-sqrt(a - b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2xx) - 1))*(cos(
2xx) - 1) - (a - b)*cos(2*x) + a)/sqrt(a - b), sqrt(-a + b)*arctan(-sqrt(-a
+ b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))/(a - b))/(a - b)]
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Sympy [F] time = 0., size = 0, normalized size = 0.

cot (x)
[,
Va + bcot? (x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(atb*cot (x)**2)**(1/2),x)

[Out] Integral(cot(x)/sqrt(a + b*cot(x)**2), x)

Giac [B] time = 1.46362, size = 82, normalized size = 2.48

—_ —_ 3 . 2 _ . 2
log (bl) sgn (sin (x)) log (| Va — bsin (x) + \/Il sin (x)° = bsin (x)° + b
2Va-b Va — bsgn (sin (x))

|

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(atb*cot(x)~2)~(1/2),x, algorithm="giac")

[Out] 1/2*log(abs(b))*sgn(sin(x))/sqrt(a - b) - log(abs(-sqrt(a - b)*sin(x) + sqr
t(a*sin(x) "2 - b*sin(x)"2 + b)))/(sqrt(a - b)*sgn(sin(x)))
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347 [ 29y

\Ja+b cotz(x)

Optimal. Leaf size=60

\a a-b
\/E a->

[Out] ArcTanh[Sqrt[a + bxCot[x]~2]/Sqrtlal]l/Sqrtl[al - ArcTanh[Sqrt[a + b*Cot[x]"2
1/8qrt[a - bl]1/Sqrt[a - b]

tanh_l [ \Ja+b cotz(x) ] tanh_l ( \Ja+b cotz(x))

Rubi [A] time = 0.0941914, antiderivative size = 60, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 15, e -

integrand size
0.333, Rules used = {3670, 446, 86, 63, 208}
tanh_l \Ja+b cotz(x) tanh_l \/u+bcot2(x)
\/E a-b
Va a-b

Antiderivative was successfully verified.

[In] Int[Tan[x]/Sqrt[a + bx*Cot[x]~2],x]

[Out] ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtlal]l/Sqrtlal - ArcTanh[Sqrt[a + bxCot[x]~2
1/8qrtla - bll/Sqrtla - bl

Rule 3670

Int[((d_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*x((a_) + (b_.)*x((c_.)*tan[(e_.) +
(f_D)*x0DD"(_))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*xff*x)/c) m*(a + b*(ff*x)"n) p)/(c”2 + £
£~2%x72), x], x, (cxTanle + fx*x])/ff], x]] /; FreeQ[{a, b, ¢, d, e, f, m, n
, P}, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rule 446

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(@_ )" (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)7p
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*(c + d*x)"q, x], x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p, qF, x] && NeQ[
bxc - axd, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 86

Int[((e_.) + (£_)*(x_))"(p_)/(((a_.) + (b_)*x_D)*x((c_.) + (d_.)*(x_))),
x_Symbol] :> Dist[b/(b*c - axd), Int[(e + f*x)7p/(a + b*x), x], x] - Dist[d
/(bxc - a*d), Int[(e + f*x)7p/(c + d*x), x], x] /; FreeQ[{a, b, ¢, 4, e, f,
p}, x] && !IntegerQ[p]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

tan(x) 1
= —S b d -
fm u St[f ) varm COW)]

dx, x, cotz(x)])

1 1
—| = Subst
(2 e (fx(1+x)\/a+bx
_(L 1 2 1 v 2
(2 Subst (f o dx, x, cot (x))) + 5 Subst (f a +x)m dx, x, cot (x)]

Subst ! dx, x, x| + b cot?(x Subst ! dx, x, xJa + b cot?(x
g maliricodio) i i oo
= - +
b b
tanh_l (\/a+b cotz(x)] tanh_l [Wﬁb cotz(x))
\/E a-b

\/E B a->b
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Mathematica [A] time = 0.0454356, size = 60, normalized size = 1.

tanh_l [ \Ja+b cotz(x) ] tanh_l ( \atb cotz(x)]

\/E a-b
\/E - a->

Antiderivative was successfully verified.

[In] Integratel[Tan[x]/Sqrt[a + b*Cot[x]~2],x]

[Out] ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtlal]l/Sqrtl[al] - ArcTanh[Sqrt[a + b*Cot[x]~2
1/Sqrtla - bl]l/Sqrtl[a - bl

Maple [C] time = 0.14, size = 376, normalized size = 6.3

, V2 sin (x) \/COS(x)\/E\/a—b—\/E\/a—b—acos(x)+bcos(x)+a\/_2cos(x)\/E\/a—b—\/E\/a—b+acos(

-1 + cos (x) b(cos(x) +1) b(cos(x) +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)/(a+b*cot(x)~2)~(1/2),x)

[Out] -2/((2*a~(1/2)*(a-b)~(1/2)-2*a+b) /b) ~(1/2)*27(1/2)*(1/b*(cos(x)*a~ (1/2)*(a-
b)~(1/2)-a~(1/2)*(a-b) " (1/2)-a*cos (x)+b*cos(x)+a)/(cos(x)+1)) " (1/2) *(-2/b*(
cos(x)*a~(1/2)*(a-b)~(1/2)-a~(1/2)*(a-b)~(1/2)+a*cos(x)-b*cos(x)-a)/(cos(x)
+1))7(1/2)*(E1lipticPi ((-1+cos(x))*((2*a~ (1/2)*(a-b) " (1/2)-2*a+b) /b) ~(1/2)/
sin(x),-1/(2*a”~(1/2)*(a-b) ~(1/2)-2*a+b) *b, (-(2*xa~(1/2)*(a-b) ~(1/2)+2*a-b) /b

)~ (1/2)/((2*%a~ (1/2)*x(a-b) ~(1/2) -2*a+b) /b) ~(1/2))-EllipticPi ((-1+cos(x))*((2

*a~ (1/2)*(a-b) " (1/2)-2*a+b) /b) ~(1/2) /sin(x) ,1/(2*xa"~(1/2)*(a-b) ~(1/2) -2*a+b)

xb, (-(2%xa~(1/2)*(a-b) " (1/2)+2*a-b) /b) " (1/2) / ((2*a~(1/2) *(a-b) ~(1/2) -2*a+b) /
b)~(1/2)))*sin(x) /((cos(x) "2*xa-b*cos(x)~2-a)/(cos(x)"2-1))"(1/2)/(-1+cos(x)

)

Maxima [F] time = 0., size = 0, normalized size = 0.

tan (x)

f \/bcot (x)2 +a -
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atb*cot(x)~2)~(1/2),x, algorithm="maxima"

[Out] integrate(tan(x)/sqrt(b*cot(x)”2 + a), x)

Fricas [A] time = 2.25094, size = 1079, normalized size = 17.98

2
(2a-b) tan(x)2—2 Va-b mx);b tan(x)2+b

tan(x)

tan(x)2+1

an(x)?
(a-b)+/Jalog (211 tan (x)? + 2 at: ((x));b tan (x)* + b) +Va - balog
an(x

2 (a2 - ab)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atb*cot(x)~2)~(1/2),x, algorithm="fricas")

[Out] [1/2%((a - b)*sqrt(a)*log(2*a*tan(x) "2 + 2xsqrt(a)*sqrt((a*tan(x)”2 + b)/ta
n(x)"2)*tan(x)"2 + b) + sqrt(a - b)*axlog(((2*a - b)*tan(x)~2 - 2*sqrt(a -
b)*sqrt((a*xtan(x) "2 + b)/tan(x)"2)*tan(x)"2 + b)/(tan(x)"2 + 1)))/(a"2 - ax
b), -1/2x(2xa*sqrt(-a + b)*arctan(-sqrt(-a + b)x*sqrt((a*tan(x)”2 + b)/tan(x
)72)/(a - b)) - (a - b)*sqrt(a)*log(2*axtan(x) "2 + 2xsqrt(a)*sqrt((a*xtan(x)
2 + b)/tan(x)"2)*tan(x)"2 + b))/(a"2 - axb), -1/2%(2*sqrt(-a)*(a - b)*arct
an(sqrt(-a)*sqrt((a*xtan(x)~2 + b)/tan(x)”"2)/a) - sqrt(a - b)*axlog(((2*a -
b)*tan(x) "2 - 2*xsqrt(a - b)*sqrt((axtan(x)”2 + b)/tan(x) ~2)*tan(x)~2 + b)/(
tan(x)"2 + 1)))/(a”2 - ax*b), -(sqrt(-a)*(a - b)*arctan(sqrt(-a)*sqrt((axtan
(x)72 + b)/tan(x)"2)/a) + a*sqrt(-a + b)*arctan(-sqrt(-a + b)*sqrt((axtan(x
)72 + b)/tan(x)72)/(a - b)))/(a”2 - a*b)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f tan (x) i
Va + beot? (x)

Verification of antiderivative is not currently implemented for this CAS.

2a
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[In] integrate(tan(x)/(atbxcot(x)**2)**(1/2),x)

[Out] Integral(tan(x)/sqrt(a + b*cot(x)**2), x)

Giac [B] time =1.65363, size = 277, normalized size = 4.62

(msin(x)— a six
Va-barctan| ———

e __ b )\ L2 ; 21
_(Zaarctan( w) Zbarctan( m)+ a +ablog(b))sgn(s1n(x))+

2V-a? +abVa-b V—a? + absgn (s
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atbxcot(x)~2)~(1/2),x, algorithm="giac")

[Out] -1/2x(2%a*xarctan(-(a - b)/sqrt(-a~2 + a*b)) - 2xb*arctan(-(a - b)/sqrt(-a~2
+ axb)) + sqrt(-a”2 + axb)*log(b))*sgn(sin(x))/(sqrt(-a~2 + ax*b)*sqrt(a -

b)) + sqrt(a - b)*arctan(1/2*x((sqrt(a - b)*sin(x) - sqrt(a*sin(x)”2 - b*sin

(x)72 + b))72 - 2%a + b)/sqrt(-a”2 + a*b))/(sqrt(-a~2 + a*xb)*sgn(sin(x))) +
1/2*%log((sqrt(a - b)*sin(x) - sqrt(a*sin(x)~2 - b*sin(x)~2 + b))~2)/(sqrt(

a - b)*sgn(sin(x)))
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tanz(x)

3.48 dx

a+b cotz(x)

Optimal. Leaf size=54

tan_l [ Va-b cot(x)

\a+b cotz(x)] tan(x)‘\l a+b COtz(x)
+

a->b a

[Out] ArcTan[(Sqrt[a - bl*Cot[x])/Sqrtl[a + b*Cot[x]~2]]/Sqrt[a - b] + (Sqrt[a + b
*Cot [x] 2] *Tan[x])/a

Rubi [A] time = 0.0912968, antiderivative size = 54, normalized size of antiderivative =
1., number of steps used = 5, number of rules used = 5, integrand size = 17, number of rules _

integrand size
0.294, Rules used = {3670, 480, 12, 377, 203}

tan_l [ \/ﬁ cot(x)

\Ja+b cotz(x)] tan(x)\/ a+b COtZ(x)
+

a->b a

Antiderivative was successfully verified.

[In] Int[Tan[x]~2/Sqrtla + b*Cot[x]~2],x]

[Out] ArcTan[(Sqrt[a - bl*Cot[x])/Sqrtl[a + b*Cot[x]~2]]/Sqrtla - b] + (Sqrtl[a + b
*Cot [x] "2]*Tan[x])/a

Rule 3670

Int[((d_.)*tan[(e_.) + (£_.)*(x_)]1) " (m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +

(f_I)*x(x)1)"())"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*xffx*x)/c) m*x(a + b*(ff*x)"n) p)/(c”2 + £
f72xx72), x], x, (c*Tanl[e + f*x])/ff]l, x]1]1 /; FreeQ[{a, b, ¢, d, e, f, m, n
, Py, x] & (IGtQlp, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rule 480

Int[((e_.)*(x_)) " (m_)*x((a_) + (b_.)*(x_)"(@_))"(p_)*((c_) + (d_.)*(x_)"(n_)
)7(q_), x_Symbol] :> Simp[((exx)"(m + 1)*(a + b*x™n) (p + 1)*(c + d*x"n)"(q
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+ 1)) /(axckxex(m + 1)), x] - Dist[1/(a*c*xe™nx(m + 1)), Int[(e*x) " (m + n)x*(a

+ b*x"n) "px(c + d*x"n) g*Simp[(b*c + a*d)*(m + n + 1) + n*x(bxc*xp + a*xd*xq)
+ bxd*(m + n*x(p + q + 2) + 1)*x"n, x], x], x] /; FreeQ[{a, b, ¢, d, e, p, q
}, x] && NeQ[b*c - a*d, 0] && IGtQ[n, 0] && LtQ[m, -1] && IntBinomialQ[a, b
, ¢, d, e, m, n, p, q, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 377

Int[((a_) + (b_)*x(x_)"(m_))~(p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x™n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] && NeQ[b*c - a*xd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rt[a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l && (GtQ[a
, 01 |l GtQ[b, 0])

Rubi steps

tan?(x)

1
———dx =—Subst
f\/Tt() (fxz(1+xz)m
\/a + b cot?(x) tan(x) Subst (f (1“‘2)#‘/73‘2 dx, x, COt(x))

= +

dx, x, cot(x))

. a
i+ beot?(@) tan(x) - 1 dx, %, cot(x)
_ + Subst f x,x,cot(x
- (1+2) Va+ b2

\a+b cot?(x) tan(x)
= + Subst f 11—b2 dx/ X, L(x)
‘ ~(Fa+b)x \Ja + bcot?(x)

tan_l [ Va-b cot(x)

\a+b cotz(x)] Vat b COtZ(X) tan(x)
+

a->b a
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Mathematica [C] time = 1.55225, size = 134, normalized size = 2.48

) ) 3a(a+2b cotz(x)) S
sin®(x) tan(x) (w + 1) 4(a - b) cos?(x) (a +b cotz(x)) Hypergeometric2F1 (2, 2,2 &b ZOS (x)) n

7 2/
3a24/a + b cot?(x)

(a-b) sinz(x) C

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[x]~2/Sqrtl[a + b*Cot[x]~2],x]

[Out] ((1 + (b*Cot[x]~2)/a)*Sin[x] 2*(4*(a - b)*Cos[x] 2x(a + bxCot[x]~2)*Hyperge
ometric2F1[2, 2, 5/2, ((a - b)*Cos[x]~2)/a] + (3*axArcSin[Sqrt[((a - b)*Cos
[x]~2)/all*(a + 2xb*Cot[x]~2))/Sqrt[((a - b)*Cos[x] 2x(a + bxCot[x]~2)*Sin[
x]72)/a"2])*Tan[x])/(3*a~2+Sqrt[a + b*Cot[x]~2])

Maple [B] time = 0.147, size = 330, normalized size = 6.1

sin (x) i [_ (cos (x))2 \/_ (cos (x))2 a—>b(cos gx))2 -a n [4 cos () Voa+b \/_ (cos (x))2 a—Db(cos ix))‘
a cos (x) ((cos ()" - 1) (cos(x)+1) (cos(x)+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)~2/(at+bxcot(x)~2)~(1/2),x)

[Out] 1/(-a+b)~(1/2)/a*sin(x)*(-cos(x) 2% (-(cos(x) "2*a-b*cos(x)"2-a)/(cos(x)+1)"2
)" (1/2)*1n(4*cos(x)*(—a+b) " (1/2) *(-(cos (x) "2*a-b*cos(x) "2-a)/(cos(x)+1)"2)~
(1/2)-4*axcos (x)+4*b*xcos (x)+4* (—a+b) ~(1/2) * (- (cos (x) "2*a-b*cos (x) "2-a) /(cos
(x)+1)72)"(1/2)) *a+cos (x) "2x (-a+b) ~(1/2) *a-cos (x) "2*(-a+b) ~(1/2) *b-cos (x) *(
-(cos(x) "2*xa-b*cos(x)"2-a)/(cos(x)+1)"2)~(1/2)*1n(4*cos(x)*(-a+b) ~(1/2) *(-(

cos (x) "2*a-b*cos(x) "2-a)/(cos(x)+1)~2) ~(1/2) -4*a*cos (x) +4*b*cos (x) +4* (-a+b)
~(1/2)*(-(cos(x) "2*xa-b*cos(x)"2-a)/(cos(x)+1)~"2)~(1/2) )*a-(-a+b)~(1/2)*a) /c
0s(x)/((cos(x) " 2*a-b*xcos(x)"2-a)/(cos(x)"2-1))"(1/2)/(cos(x)"2-1)
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Maxima [F] time = 0., size = 0, normalized size = 0.
tan (x)2

f \/b cot (x)2 +a

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(tan(x)~2/(atb*cot(x)~2)~(1/2),x, algorithm="maxima"

[Out] integrate(tan(x)~2/sqrt(b*cot(x)”"2 + a), x)

Fricas [A] time = 2.40979, size = 593, normalized size = 10.98

2
a2 tan(x)4—2 (3 a2—4 ab) tan(x)2+a2—8 ab+8b%+4 (u tan(x)3—(a—2 b) tan(x))V—a+b4 |2 San(x)” +b

) 2 2
tan(x) atan(x)“+b
V=a +blog|- —d(a-b), [Ty
¢ ¢ 08 tan(x)4+2 tan(x)2+1 (11 ) tam(x)2

4 (az - ab)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)~2/(atb*cot(x)~2)~(1/2),x, algorithm="fricas")

[Out] [-1/4x(axsqrt(-a + b)xlog(-(a"2xtan(x)"4 - 2x(3*a”2 - 4*axb)*tan(x)"2 + a™2
- 8%axb + 8*%b~2 + 4x(axtan(x)”3 - (a - 2xb)*tan(x))*sqrt(-a + b)*sqrt((axt
an(x)~2 + b)/tan(x)"2))/(tan(x)"4 + 2xtan(x)"2 + 1)) - 4x(a - b)*sqrt((axta
n(x)"2 + b)/tan(x)"2)*tan(x))/(a"2 - a*b), 1/2*(sqrt(a - b)*a*arctan(2+*sqrt

(a - b)*sqrt((a*xtan(x)"2 + b)/tan(x)"2)*tan(x)/(a*xtan(x)”"2 - a + 2*b)) + 2%

(a - b)*sqrt((a*xtan(x) "2 + b)/tan(x)"2)*tan(x))/(a"2 - axb)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f tan? (x) i
Va + beot? (x)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(tan(x)**2/(a+bxcot (x)**2)**(1/2),x)

[Out] Integral(tan(x)**2/sqrt(a + b*cot(x)**2), x)

Giac [B] time = 1.51555, size = 132, normalized size = 2.44

aarctan ! tan(x)2+b
a=b \a tan(x)2+b

N/E) mvas b\/E)Sgn (tan (X)) _ \/ﬁsgn(tan(x)) sgn(tan(x))
Va —ba a

Verification of antiderivative is not currently implemented for this CAS.

(a arctan (

[In] integrate(tan(x)~2/(atb*cot(x)~2)~(1/2),x, algorithm="giac")

[Out] (axarctan(sqrt(b)/sqrt(a - b)) - sqrt(a - b)*sqrt(b))*sgn(tan(x))/(sqrt(a -
b)*a) - (a*xarctan(sqrt(a*tan(x)~2 + b)/sqrt(a - b))/(sqrt(a - b)*sgn(tan(x
))) - sqrt(axtan(x)”2 + b)/sgn(tan(x)))/a
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cot’ (%)

3.49 dx

(a+b cotz(x))3/2

Optimal. Leaf size=59

tanh_l ( \/a+b cotz(x)]

a a-b

b(a — b)rja + b cot?(x)

(a—D)R

[Out] -(ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtl[a - bl]l/(a - b)~(3/2)) + a/((a - b)*bxS
grtla + b*Cot[x]~2])

Rubi [A] time = 0.110584, antiderivative size = 59, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 17, LT

integrand size
0.294, Rules used = {3670, 446, 78, 63, 208}

a a-b

b(a - b)yJa + b cot?(x) (a - byF2

Antiderivative was successfully verified.

tanh_l ( \Ja+b cot2(x)J

[In] Int[Cot[x]~3/(a + b*xCot[x]~2)"(3/2),x]

[Out] -(ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtla - bl]/(a - b)~(3/2)) + a/((a - b)*bxS
grtla + b*Cot[x]~2])

Rule 3670

Int[((d_.)*tan[(e_.) + (f_.)*(x_)]1)"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_I)*xx)1)"(m))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*xffx*x)/c) m*x(a + b*(ff*x)"n) p)/(c”2 + £
£72%x72), x], x, (cxTanl[e + fxx])/ff], x1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[n]))

Rule 446

Int[(x_ )" (m_)*((a_) + (b_)*x_) (@ )) " (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)7p
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*(c + d*x)"q, x], x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p, qF, x] && NeQ[
bxc - axd, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 78

Int[((a_.) + (b_)*(x_))*x((c_.) + (d_)*x))"(a_)*((e_.) + (£_)*(x_))"(p
_.), x_Symbol] :> -Simp[((b*e - axf)*(c + d*x) " (n + 1)*(e + f*xx)"(p + 1))/(
fx(p + 1)*(cxf - d*xe)), x] - Dist[(a*xdxfx(n + p + 2) - bx(d*ex(n + 1) + cxf
x(p + 1)))/(£x(p + 1)*(cxf - d*xe)), Int[(c + d*x)"n*x(e + f*xx)~(p + 1), x],
x] /; FreeQ[{a, b, ¢, d, e, £, n}, x] & LtQlp, -1] && ( !'LtQ[n, -1] || Int
egerQ[p] || !(IntegerQ[n] || !(EqQle, 0] || !(EqQlc, O] || LtQlp, nl))))

Rule 63

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQl{a, b}, x] && NegQ[a/b]

Rubi steps
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3

cot3(x) 3
f 5 dx = — Subst [f (1 . x2) (a N bx2)3/2 dx, x, Cot(x)J

(a +b cotz(x)) ?
_ (1 X 2
= - (E Subst (f — dx, x, cot (x)))

1 2
Subst ( f TV dx, x, cot (x))

a
= +
(a = b)byJa + b cot?(x) 2a-b)
Subst [f ﬁ dx,x,\Ja+b cotZ(x))

1_E+T

a
= +
(a- b)bm (a—Db)b
tanh ™ [ﬁ]

b cotz(x)
Va-b a

=- +
(a - by (2 - b)b+Ja + b cot?(x)

Mathematica [A] time = 0.217555, size = 59, normalized size = 1.

\Ja+b cotz(x)]

a-b

tanh ™
a

b(a - b)rJa + bcot?(x) (a - by

Antiderivative was successfully verified.

[In] Integrate[Cot[x]73/(a + b*Cot[x]72)7(3/2),x]

[Out] -(ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtla - bl]/(a - b)~(3/2)) + a/((a - b)*bxS
grtla + b*Cot[x]~2])

Maple [A] time = 0.025, size = 68, normalized size = 1.2

1

1 1 1 ( S 1 ) 1 1
— + arctan |y a + b (cot (x)) +
b Jasbeotmy? 7P Vea+b/N-a+b 3= [y o)

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(cot(x)~3/(a+bxcot(x)~2)"(3/2),x)

[Out] 1/b/(atb*cot(x)~2)~(1/2)+1/(a-b)/(-a+b)~(1/2)*arctan((a+bxcot(x)~2)"(1/2)/(
-a+b)~(1/2))+1/(a-b)/(atb*cot (x)~2)~(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~3/(atbxcot(x)~2)7(3/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 2.11659, size = 841, normalized size = 14.25

(ab+ b2 — (ab — b?) cos (2x))Va — blog (—\/a —b, /%(ms (2x) 1) = (a - b) cos (2 x) + a) ~2(a~ab

- 2 (a3b —a2b? — abd + b* - (a3b - 3a?b? +3ab® - b4) cos (2 x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~3/(atb*cot(x)~2)~(3/2),x, algorithm="fricas")

[Out] [-1/2x((a*b + D72 - (a*b - b72)*cos(2*x))*sqrt(a - b)*log(-sqrt(a - b)*sqrt
(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*(cos(2*x) - 1) - (a - b)*cos(2%

x) +a) - 2x(a”2 - a*xb - (2”2 - a*b)*cos(2*x))*sqrt(((a - b)*cos(2*x) - a -
b)/(cos(2*x) - 1)))/(a"3*b - a"2%b"2 - a*b™3 + b™4 - (a"3*b - 3*a"2*%b"2 +
3*a*xb”3 - b74)*cos(2*x)), —-((axb + b™2 - (a*b - b~2)*cos(2*x))*sqrt(-a + b)
*xarctan(-sqrt(-a + b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))/(a -

b)) - (@72 - axb - (a”2 - axb)*cos(2*x))*sqrt(((a - b)*cos(2%x) - a - b)/(c
0s(2*x) - 1)))/(a"3%b - a”2*b”2 - a*b”3 + b™4 - (a"3*b - 3*a"2xb”2 + 3*axb”

3 - b74)*cos(2*x))]
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Sympy [F] time = 0., size = 0, normalized size = 0.

cot® (x) i

w

(a + bcot? (x)) 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)**3/(atb*cot(x)**2)**(3/2),x%)

[Out] Integral(cot(x)**3/(a + b*cot(x)**2)**(3/2), x)

Giac [B] time = 1.40318, size = 163, normalized size = 2.76

. . 2
_ Va—blog (bl) sgn (sin (x)) asgn (sin (x)) sin (x) V“—“Og(|—v = bsin (v) + yasin ()" - b

2 (az —2ab+ bz) \/a sin ()% = bsin (x)? + b(ab 3 b2) ¥ (uz —2ab+ bz)sgn (sin (x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~3/(atb*cot(x)~2)~(3/2),x, algorithm="giac")

[Out] -1/2x%sqrt(a - b)*log(abs(b))*sgn(sin(x))/(a"2 - 2*axb + b72) + a*sgn(sin(x)
)*sin(x)/(sqrt(a*sin(x)”2 - b*sin(x)”"2 + b)*(axb - b72)) + sqrt(a - b)*log(
abs(-sqrt(a - b)*sin(x) + sqrt(a*sin(x)~2 - b*sin(x)"2 + b)))/((a"2 - 2*a*b

+ b™2)*sgn(sin(x)))
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cotz(x)

3.50 dx

(a+b cotz(x))3/2

Optimal. Leaf size=59

tan_l[ \/ﬁcot(x) ]

\Ja+b cotz(x)

cot(x)
(a-b%2 . 2.
(a - b)yJa + bcot?(x)

[Out] ArcTan[(Sqrt[a - bl*Cot[x])/Sqrtl[a + b*Cot[x]~2]1]1/(a - b)~(3/2) - Cot[x]/((
a - b)xSqrt[a + b*xCot[x]~2])

Rubi [A] time = 0.0957071, antiderivative size = 59, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 17, bl L

integrand size
0.235, Rules used = {3670, 471, 377, 203}

tan_l[ \/ﬁcot(x) ]

\Ja+b cot?(x) 3 COt(X)
(a - byF2 (a = b)yJa + beot(x)

Antiderivative was successfully verified.

[In] Int[Cot[x]~2/(a + b*xCot[x]"2)"(3/2),x]

[Out] ArcTan[(Sqrt[a - bl*Cot[x])/Sqrtl[a + b*Cot[x]~2]]/(a - b)~(3/2) - Cot[x]/((
a - b)xSqrt[a + b*Cot[x]~2])

Rule 3670

Int[((d_.)*tan[(e_.) + (f_.)*(x_)]1)"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_I)*xx)1)"())"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*xffx*x)/c) m*x(a + b*(ff*x)"n) p)/(c”2 + £
£72%x72), x], x, (cxTanl[e + fxx])/ff], x1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[n]))

Rule 471

Int[((e_)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_
))"(q_ ), x_Symbol]l :> Simp[(e”(n - 1)*(e*x)"(m - n + 1)*(a + b*xx™n) " (p + 1)
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x(c + d*x"n)"(q + 1))/ (ax(b*c - axd)*x(p + 1)), x] - Dist[e"n/(n*x(b*c - axd)
x(p + 1)), Int[(exx)"(m - n)*(a + b*x™n) " (p + 1)*(c + d*x"n) g*Simp[cx(m -
n+1) +dt(m + nx(p + q + 1) + D*x"n, x], x], x] /; FreeQ[{a, b, c, d, e,
qt, x] &% NeQ[b*c - axd, 0] && IGtQ[n, 0] && LtQ[p, -1] &% GeQ[n, m - n +
1] && GtQ[m - n + 1, O] && IntBinomialQ[a, b, ¢, d, e, m, n, p, q, xJ

Rule 377

Int[((a_) + (b_)*x(x_)"(m_)) " (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x™n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtl[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps

2

f ( cotz(x) - dx = — Subst [f ( * 7 dx, x, COt(X)]

a+b Cotz(x)) ! 1+ xz) (a + bxz)

1
corg O (f i Cot@)

(a - b)rJa + beot?(x) a=b

Subst | [ —— dx, x, ot
cot(x) + (f 1-(-atbpc? \a+b cot?(x)
(2 - b)rJa + beot?(x) a-b

tan_l( \/aTbcot(x) )

\Ja+b cotz(x)

~ cot(x)

(a - b2 (a-b)\Ja+Db cot?(x)
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Mathematica [B] time = 0.721489, size = 137, normalized size = 2.32

(a-b) cot2(x)

2 _ 2 -
(b - a) cot(x)4/ @ +1+ % csc(x) sec(x)((a — b) cos(2x) — a — b)4/ —M tanh ™" —2”
bcot (x)_'_1
2
(a — b)2 Ja + bcot?(x)4/ w +1

Antiderivative was successfully verified.

[In] Integratel[Cot[x]~2/(a + bxCot[x]~2)~(3/2),x]

[Out] ((-a + b)*Cot[x]*Sqrt[1 + (b*Cot[x]~2)/a] + (ArcTanh[Sqrt[-(((a - b)*Cot[x]

~2)/a)]/Sqrt[1 + (b*Cot[x]72)/all*(-a - b + (a - b)*Cos[2xx])*Sqrt[-(((a -

b)*Cot [x]~2)/a)]1*Csc[x]*Sec[x])/2)/((a - b)~2xSqrt[a + b*Cot[x]"2]*Sqrt[1 +
(b*Cot [x]72)/al)

Maple [A] time = 0.021, size = 99, normalized size = 1.7

1 1 i bcot(x)_
Vbt (a-b) \/a +b(cot()?) @D \

_cot (%) 1 L (a - b) arctan | (a — b) b* cot (x)

+
\Ja + b(cot (x))? (a- b)z b?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)~2/(a+b*cot(x)"2)~(3/2),x)

[Out] -cot(x)/a/(at+b*xcot(x)~2)"(1/2)+1/(a-b) 2% (b~ 4*(a-b))~(1/2) /b 2*xarctan(b~2x*(
a-b)/(b~4x(a-b))~(1/2)/(atbxcot (x)~2) ~(1/2) *cot (x))-b/(a-b)*cot (x)/a/ (a+b*c

ot(x)"2)"(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~2/(atb*cot(x)~2)7(3/2),x, algorithm="maxima")
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[Out] Exception raised: ValueError

Fricas [B] time = 3.00837, size = 884, normalized size = 14.98

(a—b) cos(2x)-a

((a—b)cos (2x) —a—b)V-a +blog (—2 (a2 ~2ab +1%) cos (22)° =2 ((a = b) cos 2x) = H)V=a + by [FF=

4(a3—a2b—ab2+b3—(a3—3a2b+3ab2—£

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~2/(atb*cot(x)~2)7(3/2),x, algorithm="fricas")

[Out] [-1/4*%(((a - b)*cos(2*x) - a - b)*sqrt(-a + b)xlog(-2+(a”2 - 2*a*xb + b~2)*c
0s(2%x)72 - 2*%((a - b)*cos(2*x) - b)*sqrt(-a + b)*sqrt(((a - b)*cos(2*x) -

a - b)/(cos(2%x) - 1))*sin(2#x) + a”2 - 2%b”"2 + 4*(a*b - b"2)*cos(2xx)) + 4

x(a - b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin(2*x))/(a"3 - a

T2%b - axb”2 + b3 - (a”3 - 3*%a”2xb + 3%axb”2 - b73)*cos(2*xx)), -1/2x(((a -
b)*xcos(2%x) - a - b)*sqrt(a - b)*arctan(-sqrt(a - b)*sqrt(((a - b)*cos(2*x

) — a - b)/(cos(2*x) - 1))*sin(2xx)/((a - b)*cos(2*x) - b)) + 2*(a - b)*sqr
t(((a - b)*cos(2xx) - a - b)/(cos(2xx) - 1))*sin(2*x))/(a"3 - a™2%b - a*b™2

+ b™3 - (2”3 - 3*%a”2xb + 3*a*b”2 - b~3)*cos(2*x))]

Sympy [F] time = 0., size = 0, normalized size = 0.

cot? (x) i

w

(a + beot? (x)) 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)**2/(atb*cot(x)**2)**(3/2),x%)

[Out] Integral(cot(x)**2/(a + b*cot(x)**2)**(3/2), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

cot (x)2

dx

W

bcot (x)2 +a)2
( )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~2/(atb*cot(x)~2)7(3/2),x, algorithm="giac")

[Out] integrate(cot(x)~2/(bxcot(x)"2 + a)~(3/2), x)
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351 [ iy

(a+b Cotz(x))?’/2

Optimal. Leaf size=55

a-b

tanh_l ( \Ja+b cotz(x)J

1
(a - byF2 (a - b)yJa + b cot?(x)

[Out] ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtla - bll/(a - b)~(3/2) - 1/((a - b)*Sqrt[a
+ bxCot [x]72])

Rubi [A] time = 0.0750258, antiderivative size = 55, normalized size of antiderivative =
1., number of steps used = 5, number of rules used = 5, integrand size = 15, number of rules _

0.333, Rules used = {3670, 444, 51, 63, 208}

tanh_l ( \Ja+b Cot2(x))

integrand size

a-b 1

(a - by (a - b)y/a + b cot?(x)

Antiderivative was successfully verified.

[In] Int[Cot[x]/(a + bxCot[x]~2)"(3/2),x]

[Out] ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtla - bl]l/(a - b)~(3/2) - 1/((a - b)*Sqrt[a
+ bxCot [x]72])

Rule 3670

Int[((d_.)*tan[(e_.) + (f_.)*(x_)]1)"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_I)*xx)1)"(m))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*xffx*x)/c) m*x(a + b*(ff*x)"n) p)/(c”2 + £
£72%x72), x], x, (cxTanl[e + fxx])/ff], x1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[n]))

Rule 444

Int[(x_ )" (m_)*((a_) + (b_)*x_) (@ )) " (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[(a + b*x) p*(c + d*x)7q, x], x, x"n], x
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1 /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[b*c - axd, 0] && EqQ[m - n +
1, 0]

Rule 51

Int[((a_.) + (b_)*x_))"(m )*x((c_.) + (d_)*(x_))"(n_), x_Symbol] :> Simp[
((a + b*x)"(m + D*(c + d*x)"(n + 1))/ ((b*c - axd)*(m + 1)), x] - Dist[(d*(
m+n+ 2))/((bxc - axd)*x(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] || (NeQ[c, 0] && LtQ[m - n, O] &% IntegerQ[n]))) && I
ntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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X

cot(x) _
| ( & dx = - Subst [ | T dx,x,cot(x)]

a+ beot?(x)
__(1 1 2
= (2 Subst (f A dx, x, cot (x)))

1 2
- 1 ) Subst (f RN pre dx, x, cot (x))
(a=b)\Ja+Db cot?(x) Aa—b)
Subst | [ —— dx, x,+Ja + bcot?(x
) 1 [f EE ”)
- (a-b)b

(a - b)rJa + b cot?(x)

1 a+bcot2(x)
tanh [ — ] )

) (a - b2 (a — b)\Ja + b cot?(x)

Mathematica [C] time = 0.0411101, size = 44, normalized size = 0.8

. 1 1 a+bc0t2(x)
Hypergeometric2F1 (—5,1, > )

(b—a)yJa+b cot?(x)

Antiderivative was successfully verified.

[In] Integratel[Cot[x]/(a + b*Cot[x]~2)~(3/2),x]

[Out] Hypergeometric2F1[-1/2, 1, 1/2, (a + b*Cot[x]"2)/(a - b)]/((-a + b)*Sqrt[a
+ bxCot [x]~2])

Maple [A] time = 0.016, size = 56, normalized size = 1.

arctan [v/a + b (cot (x)) ) -
a-b ( V-a+b)V-a+b a-b

a+ b(cot (x))2

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(cot(x)/(a+b*xcot(x)~2)~(3/2),x)

[Out] -1/(a-b)/(-a+b)~(1/2)*arctan((a+b*cot(x)"2)"(1/2)/(-a+b)~(1/2))-1/(a-b)/(a+
b*xcot (x)~2)~(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(atbxcot(x)~2)7(3/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 2.11315, size = 774, normalized size = 14.07

((a—Db)cos(2x) —a—b)\/a—blog(\/a—b1 /%(005(2@—1)—(a—b)cos(2x) +a) +2((a-b)cos(2x)

2 (a3 —a%b—ab® + b3 - (a3 - 34a2b + 3ab? - b3) cos (2 x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(atb*cot(x)~2)~(3/2),x, algorithm="fricas")

[Out] [1/2%(((a - b)*cos(2*x) - a - b)*sqrt(a - b)*log(sqrt(a - b)*sqrt(((a - b)*
cos(2*x) - a - b)/(cos(2*x) - 1))*(cos(2*x) - 1) - (a - b)*cos(2*x) + a) +

2x((a - b)*xcos(2*x) - a + b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1)
))/(@"3 - a”2xb - axb”™2 + b~3 - (a”3 - 3%a"2*xb + 3*axb”2 - b~3)*cos(2*x)),

-(((a - b)*cos(2*x) - a - b)*sqrt(-a + b)*arctan(-sqrt(-a + b)*sqrt(((a - b
)xcos(2*x) - a - b)/(cos(2xx) - 1))/(a - b)) - ((a - b)*cos(2*x) - a + b)*s
grt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1)))/(a"3 - a”2*b - a*b”™2 + b~3

- (@73 - 3*a”2*%b + 3*axb”2 - b~3)*cos(2x*x))]
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time = 15.2512, size = 48, normalized size = 0.87

( \/a+b cot? (x) )
atan| ————

1 V-a+b
(a-b)Va+bcot?(x) V-a+b(a-b)

Verification of antiderivative is not currently implemented for this CAS.

Sympy [A]

[In] integrate(cot(x)/(atb*cot (x)**2)**(3/2),x)

[Out] -1/((a - b)*sqrt(a + bxcot(x)**2)) - atan(sqrt(a + b*xcot(x)**2)/sqrt(-a + b
))/(sqrt(-a + b)*x(a - b))

Giac [B] time = 1.28151, size = 165, normalized size = 3.

|

Va-blog (|—\/u —bsin (x) + \/a sin (x)2 —bsin (x)2 +b

Va — blog (|b]) sgn (sin (x)) _ _
2 (a2~ 2ab + 1?) (a2 - 2ab + b?)sgn (sin (x)) \/a sin (x)? — bsin (x)? +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(atbxcot(x)~2)~(3/2),x, algorithm="giac")

[Out] 1/2*sqrt(a - b)*log(abs(b))*sgn(sin(x))/(a"2 - 2*%a*xb + b~™2) - sqrt(a - b)*1
og(abs(-sqrt(a - b)*sin(x) + sqrt(a*sin(x)~2 - b*sin(x)"2 + b)))/((a"2 - 2%
axb + b"2)*sgn(sin(x))) - sin(x)/(sqrt(a*sin(x)”2 - b*sin(x)”~2 + b)*(a*xsgn(

sin(x)) - bx*sgn(sin(x))))
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352 [ iy

(a+b Cotz(x))?’/2

Optimal. Leaf size=84

tanh_l ( \Ja+b cotz(x)J
b

\/E
+ —

a? a(a - b)\/oTotz(x) (a = by

[Out] ArcTanh[Sqrt[a + bxCot[x]~2]/Sqrtlal]/a~(3/2) - ArcTanh[Sqrt[a + b*Cot[x]"2
1/Sqrtla - b]l/(a - b)~(3/2) + b/(a*(a - b)*Sqrtl[a + b*Cot[x]~2])

tanh_l ( \Ja+b cotz(x)J

a-b

Rubi [A] time = 0.130786, antiderivative size = 84, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 6, integrand size = 15, e -

0.4, Rules used = {3670, 446, 85, 156, 63, 208}

tanh_l ( \Ja+b Cot2(x)J tanh_l ( \Ja+b Cot2(x)J

\/E b a-b
+

a? a(a - b)\/m (a = byF2

Antiderivative was successfully verified.

integrand size

[In] Int[Tan[x]/(a + b*Cot[x]~2)"(3/2),x]

[Out] ArcTanh[Sqrt[a + bxCot[x]~2]/Sqrtlal]l/a~(3/2) - ArcTanh[Sqrt[a + b*Cot[x]"2
1/Sqrtla - b]l/(a - ©)~(3/2) + b/(a*x(a - b)*Sqrt[a + b*Cot[x]~2])

Rule 3670

Int[((d_.)*tan[(e_.) + (f_.)*(x_)]1)"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_I)*xx)1)"())"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*xffx*x)/c) m*x(a + b*(ff*x)"n) p)/(c”2 + £
£72%x72), x], x, (cxTanl[e + fxx])/ff], x1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[n]))

Rule 446

Int[(x_ )" (m_)*((a_) + (b_)*x_) (@ )) " (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)7p
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*(c + d*x)"q, x], x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p, qF, x] && NeQ[
bxc - a*xd, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 85

Int[((e_.) + (£_D)*(x_))"(p)/(((a_.) + (b_)*(x_))*((c_.) + (d_.)*x(x_))),
x_Symbol] :> Simp[(fx(e + fxx)"(p + 1))/((p + 1)*(bxe - axf)*x(d*e - cx*f)),
x] + Dist[1/((b*e - ax*f)*(d*e - c*f)), Int[((b*d*e - bkc*f - axdxf — bxdxf*
x)*x(e + fxx)"(p + 1))/((a + b*x)*x(c + d*x)), x], x] /; FreeQ[{a, b, c, d, e
, £}, x] && LtQ[p, -1]

Rule 156

Int[((Ce_.) + (£_)*(x_))"(p)*((g_.) + (h_.)*(x_)))/(((a_.) + (b_.)*(x_))*
(Cc_.) + (d_.)*(x_))), x_Symbol] :> Dist[(b*g - axh)/(bxc - axd), Int[(e +
fxx)"p/(a + b*x), x], x] - Dist[(d*g - cxh)/(b*xc - a*d), Int[(e + f*x)7p/(c
+ d*x), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x]

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - D *(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)~(1/p)]1, x]]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rubi steps
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tan(x) _ 1
| ( & dx = - Subst [ | TR dx,x,cot(x)]

a+ beot?(x)
__(! 1 2
- (2 Subst (f e dx, x, cot (x)))

Subst ( f aboby dx,x,cotz(x))

— b _ x(1+x)Va+bx
a(a—Db)ja+b cot?(x) 2a(a - b)
1 2 1 2
_ b ) Subst (f v dx, x, cot (x)) . Subst (f v dx, x, cot*(x
a(a — b)rja + bcot?(x) 2a 2(a=D)
Subst {f ! 5 dx,x, \ja + bcotz(x) Subst f ! 5 dx, x,\/'
_ : R R

) a(a—Db)rja+b COtZ(x) ab (a-b)b

a+b cotz(x) ] tanh_l ( \/u+b cotz(x) J

a-b

\/E

732 - (a — b)32

tanh™!

—

b

+
a(a — b)rja + b cot?(x)

Mathematica [C] time = 0.0557251, size = 75, normalized size = 0.89

1 a+b cotz(x)

. 1
aHypergeometric2F1 (—5,1 =

>y a—b 727 a

a(a—Db)\ja+b cot?(x)

Antiderivative was successfully verified.

2
) + (b — a)Hypergeometric2F1 (_%,1 1 beot®(x) + 1)

[In] Integratel[Tan[x]/(a + b*Cot[x]~2)7(3/2),x]

[Out] (axHypergeometric2F1[-1/2, 1, 1/2, (a + bxCot[x]"2)/(a - b)] + (-a + b)*Hyp
ergeometric2F1[-1/2, 1, 1/2, 1 + (b*Cot[x]~2)/al)/(ax(a - b)*Sqrt[a + b*Cot
[x]1721)

Maple [C] time = 0.194, size = 962, normalized size = 11.5

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)/(atb*cot(x)~2)~(3/2),x)

[Out] -1/((2*xa"~(1/2)*(a-b)~(1/2)-2*a+b)/b) " (1/2)/(a-b)/a*x(cos(x) "2*a-b*cos(x) "2-a
)*x(27(1/2)*x(1/b*(cos(x)*a~ (1/2)*(a-b) " (1/2)-a~(1/2) *(a-b) ~(1/2) -a*cos (x) +b*
cos(x)+a)/(cos(x)+1))~(1/2)*(-2/b*(cos(x)*a~(1/2)*(a-b)~(1/2)-a~(1/2)*(a-b)
~(1/2)+a*cos(x)-b*xcos(x)-a)/(cos(x)+1))~(1/2)*E1llipticF ((-1+cos(x))*((2*a~(
1/2)*(a-b)~(1/2)-2xa+b) /b) ~(1/2) /sin(x), ((8*%a~(3/2)*(a-b) ~(1/2)-4*xa~ (1/2) *(
a-b) " (1/2) *b+8*a”~2-8*a*b+b~2) /b~2) ~(1/2) ) xb*sin(x)-2*27 (1/2) * (1/b* (cos (x) *a
~(1/2)*(a-b)~(1/2)-a~(1/2)*(a-b) ~(1/2)—a*cos (x)+bxcos(x)+a) /(cos(x)+1))~(1/
2)*%(-2/b*(cos(x)*a~(1/2)*x(a-b)~(1/2)-a~ (1/2)*(a-b) ~(1/2)+a*xcos (x) -b*cos(x) -
a)/(cos(x)+1))~(1/2)*E1llipticPi((-1+cos(x))*((2*a~(1/2)*(a-b) ~(1/2)-2*%a+b)/
b)~(1/2)/sin(x) ,-1/(2*a~(1/2)*(a-b) ~(1/2) -2*a+b) *b, (- (2*xa~ (1/2)*(a-b) ~(1/2)
+2%a-b)/b) ~(1/2)/((2*a~(1/2)*(a-b) ~(1/2)-2*%a+b) /b) ~(1/2)) *a*sin(x)+2*2~(1/2
)*¥(1/bx(cos(x)*a~(1/2)*(a-b)~(1/2)-a~(1/2)*(a-b) ~(1/2)-a*cos (x) +b*cos(x)+a)
/(cos(x)+1))~(1/2)*(-2/b*(cos (x)*a~ (1/2)*x(a-b) ~(1/2)-a~ (1/2)*(a-b) ~(1/2) +ax
cos(x)-b*cos(x)-a)/(cos(x)+1))~(1/2)*E1llipticPi((-1+cos(x))*((2*a~(1/2)*(a-
b) ~(1/2)-2*%a+b) /b)~(1/2) /sin(x),1/(2*a~ (1/2)*(a-b) ~(1/2)-2*a+b) *b, (-(2*a~ (1
/2)*(a-b)~(1/2)+2*a-b) /b)~(1/2)/ ((2*a~ (1/2)*(a-b) ~(1/2) -2*a+b) /b) ~(1/2) ) xax*
sin(x)-2*%2"(1/2)*(1/b*x(cos(x)*a~(1/2)*(a-b) " (1/2)-a~(1/2)*(a-b) ~(1/2) -a*cos
(x)+b*cos(x)+a)/(cos(x)+1))~(1/2)*(-2/b*(cos(x)*a~(1/2)*(a-b) ~(1/2)-a~(1/2)
x(a-b) ~(1/2)+a*xcos(x)-bxcos(x)-a)/(cos(x)+1))~(1/2)*E1llipticPi((-1+cos(x))*
((2*¥a~(1/2)*(a-b) "~ (1/2)-2*a+b) /b) " (1/2) /sin(x) ,1/(2*xa" (1/2) *(a-b) ~(1/2) -2*a
+b)*b, (-(2xa~(1/2)*(a-b) ~(1/2)+2xa-b) /b) ~(1/2) / ((2*a~ (1/2) *(a-b) ~(1/2) -2*a+
b) /b)~(1/2) ) *b*sin(x)+((2*a~(1/2)*(a-b)~(1/2)-2*a+b) /b) ~(1/2) *b*cos (x) - ((2x%
a~(1/2)*(a-b)~(1/2)-2*a+b) /b) ~(1/2)*b) / (-1+cos (x)) /sin(x) "2/ ((cos (x) "2*a-b*
cos(x)"2-a)/(cos(x)"2-1))"(3/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

tan (x) p
x

3

bcot (x)2 +a)?
( )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atb*cot(x)~2)~(3/2),x, algorithm="maxima")

[Out] integrate(tan(x)/(bxcot(x)~2 + a)~(3/2), x)
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Fricas [B] time = 3.02513, size = 2087, normalized size = 24.85

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atb*cot(x)~2)~(3/2),x, algorithm="fricas")

[Out] [1/2%(2*(a"2*%b - a*b~2)*sqrt((axtan(x)”2 + b)/tan(x)”"2)*tan(x)”"2 + (a"2xb -
2%xaxb”2 + b73 + (a”3 - 2*a”2*b + axb~2)*tan(x) ~2)*sqrt(a)*log(2*a*tan(x) "2
+ 2*sqrt(a)*sqrt((a*xtan(x) "2 + b)/tan(x) "2)*tan(x)"2 + b) - (a”3*tan(x)”2
+ a”2*b)*sqrt(a - b)*xlog(((2*a - b)*tan(x)~2 + 2*sqrt(a - b)*sqrt((a*tan(x)
72 + b)/tan(x)"2)*tan(x)”"2 + b)/(tan(x)"2 + 1)))/(a"4*xb - 2%xa”3*b"2 + a~2*b
"3 + (a5 - 2*%a"4*b + a”3*b"2)*tan(x)”2), 1/2%(2x(a"2*b - a*b~2)*sqrt((axta
n(x)"2 + b)/tan(x)"2)*tan(x) "2 - 2x(a”3*tan(x)~2 + a~2xb)*sqrt(-a + b)*arct
an(-sqrt(-a + b)*sqrt((axtan(x)”2 + b)/tan(x)"2)/(a - b)) + (a~2*b - 2%axb”
2 + b™3 + (273 - 2*a"2%b + ax*b"2)*tan(x)"2)*sqrt(a)*log(2*axtan(x) "2 + 2xsq
rt(a)*sqrt((a*xtan(x)~2 + b)/tan(x)"2)*tan(x)”"2 + b))/(a"4*b - 2*xa~3*b"2 + a
“2%b73 + (a”b - 2*a"4*b + a"3*b"2)*tan(x)”2), 1/2x(2x(a”2%b - axb~2)*sqrt((
axtan(x) "2 + b)/tan(x) "2)*tan(x) "2 - 2*%(a"2xb - 2%a*b”2 + b~3 + (a”3 - 2xa”
2%b + axb~2)*tan(x) ~2)*sqrt(-a)*arctan(sqrt(-a)*sqrt((a*xtan(x)~2 + b)/tan(x
)"2)/a) - (a”3*tan(x)”2 + a"2xb)x*sqrt(a - b)*log(((2*xa - b)*tan(x)”2 + 2xsq
rt(a - b)*sqrt((axtan(x)”~2 + b)/tan(x) "2)*tan(x)"2 + b)/(tan(x)"2 + 1)))/(a
“4xb - 2%a"3%b”"2 + a”2*b"3 + (a5 - 2*%a"4*b + a"3%b"2)*tan(x)"2), ((a"2xb -
axb~2) *sqrt ((axtan(x)”~2 + b)/tan(x)"2)*tan(x)"2 - (a"2*%b - 2*%a*xb”™2 + b~3 +
(a™3 - 2%a”2xb + axb”2)*tan(x) 2)*sqrt(-a)*arctan(sqrt(-a)*sqrt((axtan(x)”
2 + b)/tan(x)"2)/a) - (a"3xtan(x)"2 + a~2*b)*sqrt(-a + b)*arctan(-sqrt(-a +
b)*sqrt((a*tan(x) "2 + b)/tan(x)"2)/(a - b)))/(a"4*b - 2*a~3*b"2 + a~2*b~3
+ (a”5 - 2xa"4xb + a"3*b72)*tan(x)"2)]

Sympy [F] time = 0., size = 0, normalized size = 0.

tan (x)

dx

W

(a+beot? (x))?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atb*cot (x)**2)**(3/2),x)

[Out] Integral(tan(x)/(a + bxcot(x)**2)**x(3/2), x)
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Giac [B] time = 1.48542, size = 404, normalized size = 4.81

. . 2 __%h )\ __ab ) 2 (_ a-b )
bsgn (sin (x)) sin (x) ) (2 acarctan ( m) 4 gbarctan ( T + 2b-arctan T +
\/a sin (x)* — bsin (x)* + b(a2 - ab) 2 (‘/—ﬂz +abVa - ba? — V-a? + abVa - bab)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atb*cot(x)~2)~(3/2),x, algorithm="giac")

[Out] b*sgn(sin(x))*sin(x)/(sqrt(a*sin(x)”2 - bxsin(x)~2 + b)*(a”2 - a*b)) - 1/2x
(2%a~2xarctan(-(a - b)/sqrt(-a”2 + axb)) - 4*axb*arctan(-(a - b)/sqrt(-a~2
+ axb)) + 2xb~2*arctan(-(a - b)/sqrt(-a”2 + a*b)) + sqrt(-a”2 + ax*b)x*axlog(
b)) *sgn(sin(x))/(sqrt(-a~2 + axb)*sqrt(a - b)*a”2 - sqrt(-a~2 + a*b)*sqrt(a

- b)*axb) + sqrt(a - b)*arctan(1/2*x((sqrt(a - b)*sin(x) - sqrt(a*sin(x)"2

- bxsin(x)"2 + b))72 - 2*%a + b)/sqrt(-a”2 + axb))/(sqrt(-a~2 + a*b)*axsgn(s
in(x))) + 1/2xlog((sqrt(a - b)*sin(x) - sqrt(a*sin(x)”2 - b*sin(x)"2 + b))~
2)/((a - b)~(3/2)*sgn(sin(x)))
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tanz(x)

3.53 dx

(a+b cotz(x))3/2

Optimal. Leaf size=92

Va—bcot (x) )

tan-!
(a — 2b) tan(x)+/a + b cot?(x) .\ o (\/a+b cot?(x) .\ b tan(x)
a%(a - b) (a - )32 a(a — b)rja + b cot?(x)

[Out] ArcTan[(Sqrt[a - bl*Cot[x])/Sqrtl[a + bxCot[x]"2]]1/(a - b)~(3/2) + (bx*Tan[x]
)/ (ax(a - b)*Sqrt[a + b*Cot[x]~2]) + ((a - 2%b)*Sqrt[a + bxCot[x] 2]*Tan[x]
)/(@™2x(a - b))

Rubi [A] time = 0.15441, antiderivative size = 92, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 17, e .

integrand size
0.353, Rules used = {3670, 472, 583, 12, 377, 203}

Va=bcot (%) )

tan~!
(a - 2b) tan(x)+/a + b cot?(x) . o (1,a+b cot?(x) N b tan(x)
a%(a —b) (a = D) a(a — b)rja + b cot?(x)

Antiderivative was successfully verified.

[In] Int[Tan[x]"2/(a + bxCot[x]"2)"(3/2),x]

[Out] ArcTan[(Sqrt[a - bl*Cot[x])/Sqrtl[a + b*Cot[x]~2]]1/(a - b)~(3/2) + (b*Tan[x]
)/(ax(a - b)*Sqrtla + b*Cot[x]~2]) + ((a - 2*xb)*Sqrt[a + bxCot[x]~2]*Tan[x]
)/(a"2*(a - b))

Rule 3670

Int[((d_.)*tan[(e_.) + (f_)*(x_)]1)"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_D)*x0DD"(_))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*xff*x)/c) m*(a + b*(ff*x)"n) p)/(c”2 + £
£72%x72), x], x, (c*Tanle + fx*x])/ff], x]] /; FreeQ[{a, b, c, d, e, f, m, n
, P}, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rule 472
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Int[((e_)*(x_)) " (m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_)*((c_) + (d_.)*(x_)"(n_
))~(q_), x_Symbol] :> -Simp[(b*(e*x)~(m + 1)*(a + bxx™n)"(p + 1)*(c + d*x"n
)"(q + 1))/ (axe*n*x(bxc - axd)*(p + 1)), x] + Dist[1/(a*n*(b*c - axd)*(p + 1
)), Int[(e*xx) m*x(a + b*xx™n) (p + 1)*(c + d*x"n) g*Simp[cxb*x(m + 1) + n*(b*c
- axd)*(p + 1) + d*bx(m + nx(p + q + 2) + 1)*x"n, x], x], x] /; FreeQ[{a,
b, ¢, d, e, m, q}, x] && NeQ[b*c - axd, 0] && IGtQ[n, O] && LtQ[p, -1] && I
ntBinomialQ[a, b, ¢, d, e, m, n, p, q, xJ

Rule 583

Int [((g_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_.)*((c_) + (d_.)*(x_)"(n_
)" (q_)*((e ) + (f_.)*(x_)"(n_)), x_Symbol] :> Simp[(ex(g*x)~(m + 1)*(a +
b*x™n) " (p + 1)*(c + d*x™n)~(q + 1))/(axc*xgkx(m + 1)), x] + Dist[1/(axc*g™n*(
m+ 1)), Int[(gxx)"(m + n)*(a + b*x"n) “p*(c + d*x"n) g*Simp[axf*cx(m + 1) -
ex(bxc + axd)*(m + n + 1) - e*nx(bxcxp + a*xd*q) - bkxexd*(m + n*x(p + q + 2)
+ 1)*x"n, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, p, q}, x] && IGtQ[n, O
] && LtQ[m, -1]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 377

Int[((a_) + (b_)*x(x_)"(m_))~(p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + bxx™n)~(1/n)] /; FreeQ[{a, b
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[nl]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1]1)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps
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2
f ( tan®(x) )3/2 Jdx = — Subst [f ( 1(a - bx2)3/2 dx, x, cot(x)J

a + bcot?(x) 2 (1 + xz)
a-2b-2bx?
_ b tan(x) Subst (f W dx, x, cot(x))
a(a - b)yJa + b cot?(x) a(a —b)

:

(lz \
btan(x) +w—m$§ﬁ§%ﬁm@ %m%ﬁ;aﬁ§mew,

a%(a - b) * a%(a - b)

:

a(a — b)+ja + b cot?(x)

1 \
btan(x) s (a— Zb)m tan(x) Subst (f PO N dx, x, cot(x’

= +
2(, — _
a(a—Db)\ja+b cot?(x) a*(a-"b) a=b
Subst 1 d X, cot(x)
b tan(x) (a = 2b)yJa + b cot?(x) tan(x) e (f e Ja+bcot?
= + +
2(a-b) Py

a(a — b)rja + b cot?(x)

_ Va—b cot(x)
tan™! | 2
B [\/a+b cotz(x)] . btan(x) .\ (a—2b)Ja+Db cot?(x) tan(x)
= — -
(a=b)¥ a(a — b)rja + b cot?(x) a%(a —b)

Mathematica [C] time = 6.90298, size = 674, normalized size = 7.33

_ 2 ,
8b2(a—h) Cosz(x) c0t4(x)HypergeometricPFQ({2,2,2},{1,g},w) 16b(a-b) cosz(x) cotz(x)HypergeometricPFQ({2,2,2},{1,%

)
sin”(x) tan(x) e + =7

Warning: Unable to verify antiderivative.

[In] Integrate[Tan([x]"2/(a + b*Cot[x]~2)~(3/2),x]

[Out] (Sin[x] " 2*x((12*b*Csc[x]"2)/(a - b) + (8*b"2*Cot[x] "2*Csc[x]"2)/(a*x(a - b))
+ (16*%(a - b)*Cos[x] "2*Hypergeometric2F1[2, 2, 7/2, ((a - b)*Cos[x]~2)/al)/
(15%xa) + (8*%(a - b)*b*Cos[x]"2*Cot [x] "2*Hypergeometric2F1[2, 2, 7/2, ((a -
b)*Cos[x]72)/al)/(3*%a"2) + (8*(a - b)*b~2*Cos[x] "2*Cot [x] “4*Hypergeometric2
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F1[2, 2, 7/2, ((a - b)*Cos[x]"2)/al)/(6*%a"3) + (8*(a - b)*Cos[x] 2*Hypergeo
metricPFQ[{2, 2, 2}, {1, 7/2}, ((a - b)*Cos[x]~2)/al)/(15*%a) + (16%(a - b)*
b*Cos [x] "2*Cot [x] "2*HypergeometricPFQ[{2, 2, 2}, {1, 7/2}, ((a - b)*Cos[x]~
2)/al)/(15%xa~2) + (8x(a - b)*b~2*Cos[x] “2*Cot [x] "4*HypergeometricPFQ[{2, 2,
2}, {1, 7/2}, ((a - b)*Cos[x]"2)/al)/(15%a~3) + (3*axSec[x]"2)/(a - b) - (
3xArcSin[Sqrt[((a - b)*Cos[x]~2)/al])/((((a - b)*Cos[x]~2)/a)~(3/2)*Sqrt [((
a + b*xCot[x]"2)*Sin[x]"2)/al) - (12%b*ArcSin[Sqrt[((a - b)*Cos[x]~2)/a]]l*Co
t[x]72)/(ax(((a - b)*Cos[x]~2)/a)~(3/2)*Sqrt[((a + b*Cot[x]~2)*Sin[x]~2)/al
) - (8xb~2xArcSin[Sqrt[((a - b)*Cos[x]~2)/all*Cot[x]~4)/(a~2*x(((a - b)*Cos[
x]172)/a)~(38/2)*Sqrt[((a + b*Cot[x]~2)*Sin[x]~2)/al) + (3*ArcSin[Sqrt[((a -
b)*Cos [x]172)/al]) /Sqrt[((a - b)*Cos[x] 2x(a + b*Cot[x]~2)*Sin[x]"2)/a"2] +
(12#b*ArcSin[Sqrt [((a - b)*Cos[x]~2)/a]l*Cot[x]~2)/(axSqrt[((a - b)*Cos[x]~
2x(a + b*Cot[x]~2)*Sin[x]"2)/a"2]) + (8*xb~2xArcSin[Sqrt[((a - b)*Cos[x]~2)/
al]]*Cot [x]74)/(a~2*Sqrt[((a - b)*Cos[x]~2*(a + b*Cot[x]~2)*Sin[x]~2)/a"2]))
*Tan[x])/(a*Sqrt[a + bxCot[x]72])

Maple [B] time = 0.204, size = 421, normalized size = 4.6

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)~2/(a+b*cot(x)~2)~(3/2),x)

[Out] -b/(-a+b)~(1/2)/((ax(a-b))~(1/2)-at+b)/a~2/((a*x(a-b))~(1/2)+a-b)*(-1+cos(x))
~2%(cos (x)+1) "2*(cos (x) "2*a-b*cos (x) "2-a) * (cos (x) "2*x (- (cos (x) "2*a-b*cos(x) "
2-a)/(cos(x)+1)72) " (1/2)*1n(4*cos(x)*(~a+b) ~(1/2)* (- (cos (x) "2*a-b*cos (x) "2~
a)/(cos(x)+1)°2)~(1/2)-4xaxcos (x)+4*b*xcos (x)+4*(-a+b) ~(1/2)* (- (cos(x) "2*a-b
*cos(x)"2-a)/(cos(x)+1)72)"(1/2))*a"2-cos(x) "2*x(-a+b) ~(1/2) *a~2+2*cos (x) ~2*
(—a+b) "~ (1/2) *a*b-2*cos (x) "2* (-a+b) ~(1/2) *b"2+cos (x) * (- (cos (x) "2*a-b*cos(x) "
2-a)/(cos(x)+1)"2)"(1/2)*1n(4*cos (x) *(—a+b) " (1/2) * (- (cos (x) "2*a-b*cos (x) "2-
a)/(cos(x)+1)"2)~(1/2)-4*a*cos (x) +4*b*cos (x) +4*x(-a+b) ~(1/2)*(-(cos(x) "2*a-b
xcos(x)"2-a)/(cos(x)+1)72)~(1/2))*a~2+(-a+b) " (1/2)*a~2-(-a+b) ~(1/2) *a*b) /co
s(x)/((cos(x) "2*a-b*xcos(x)"2-a)/(cos(x)"2-1))"(3/2)/sin(x)"7

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(tan(x)~2/(atb*cot(x)~2)7(3/2),x, algorithm="maxima")

[Out] Timed out

Fricas [B] time = 2.69403, size = 945, normalized size = 10.27

2
@ tan()*-2 (3 224 ab) tan(x)* +a%-8 ab+8 b2—4 (a tan(x)’~(a-2b) tan(x) ) y=a+b, | 221

tan(x)4+2 tan(x)2+l

(a3 tan (x)* + azb)\/—a +blog| - MU ((a3 -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)~2/(atb*cot(x)~2)~(3/2),x, algorithm="fricas")

[Out] [1/4x((a”3*tan(x)”2 + a~2*b)*sqrt(-a + b)*log(-(a"2*tan(x) "4 - 2*(3*a
*xaxb)*tan(x) "2 + a”2 - 8xa*xb + 8*b~2 - 4*x(axtan(x)”3 - (a - 2xb)*tan(x))*sq
rt(-a + b)*sqrt((axtan(x)”2 + b)/tan(x)~2))/(tan(x)"4 + 2*xtan(x)"2 + 1)) +
4x((a”3 - 2xa”2*xb + axb”2)*tan(x)"3 + (a”2*b - 3*%axb”2 + 2*xb~3)*tan(x))*sqr
t((a*xtan(x)"2 + b)/tan(x)”2))/(a"4xb - 2%¥a~3*b~2 + a"2xb~3 + (a”b - 2*a~4xb
+ a”3*b"2)*tan(x)"2), 1/2*x((a”3*tan(x)”2 + a~2*b)*sqrt(a - b)*arctan(2xsqr
t(a - b)xsqrt((a*tan(x)”2 + b)/tan(x) "2)*tan(x)/(a*xtan(x)"2 - a + 2%b)) + 2
*((a”3 - 2xa”2%b + axb”2)*tan(x)”"3 + (a”™2xb - 3*%a*b~2 + 2xb~3)*tan(x))*sqrt
((a*tan(x)”2 + b)/tan(x)72))/(a"4xb - 2%xa”3*b"2 + a™2*b"3 + (a”b - 2%a"4%b

+ a”3*%b"2)*xtan(x)"2)]

Sympy [F] time = 0., size = 0, normalized size = 0.

tan?
an® (x) i

W

(a +bcot? (x)) 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)**2/(atb*cot(x)**2)**(3/2),x%)

4 (a4b —2a%b% + a?b3 + (a5 -2a%b + a3b2) tan (x)z)

"2 -4
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[Out] Integral(tan(x)**2/(a + b*cot(x)**2)**(3/2), x)

Giac [B] time = 1.47444, size = 228, normalized size = 2.48

(a2 arctan (\;ﬂ%) —Va-baVb+2+Va- bbg)sgn (tan (x)) 12
Va —ba® - Va = ba?b (a3sgn (tan (x)) — a2bsgn (tan (x)))\/a tan (x)* + b (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)~2/(atb*cot(x)~2)~(3/2),x, algorithm="giac")

[Out] (a"2*arctan(sqrt(b)/sqrt(a - b)) - sqrt(a - b)xaxsqrt(b) + 2*sqrt(a - b)*b”
(3/2))*sgn(tan(x))/(sqrt(a - b)*a~3 - sqrt(a - b)*a~2xb) - b"2/((a"3*sgn(ta

n(x)) - a"2xb*sgn(tan(x)))*sqrt(a*tan(x)”2 + b)) - arctan(sqrt(axtan(x)”2 +
b)/sqrt(a - b))/((axsgn(tan(x)) - bx*sgn(tan(x)))*sqrt(a - b)) + sqrt(axtan

(x)72 + b)/(a"2*sgn(tan(x)))
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3
cot”(x)
3.54 =5 dx
(a+b cotz(x))
Optimal. Leaf size=82
tanh_l \la+bcot2(x)
a N 1 a-b

3b(a —b) (a +b cotz(x))e’/2

(a - b)2+Ja + b cot?(x) (a - byF2

[Out] -(ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrt[a - bl]l/(a - b)~(5/2)) + a/(3*x(a - b)*b
x(a + bxCot[x]72)7(3/2)) + 1/((a - b)"2xSqrt[a + b*Cot[x]~2])

Rubi [A] time = 0.126773, antiderivative size = 82, normalized size of antiderivative =
1., number of steps used = 6, number of rules used = 6, integrand size = 17, number of rules _

integrand size
0.353, Rules used = {3670, 446, 78, 51, 63, 208}

tanh_l ( \Ja+b cotz(x)]

a 1 a-b

+ —
3b(a - b) (a +b cotz(x))3/2 (a - b)2 la+b cot?(x) (a - b)>2

Antiderivative was successfully verified.

[In] Int[Cot[x]~3/(a + bxCot[x]~2)"(5/2),x]

[Out] -(ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtla - bl]/(a - b)~(56/2)) + a/(3x(a - b)*b
x(a + bxCot[x]72)7(3/2)) + 1/((a - b)~2xSqrt[a + b*Cot[x]~2])

Rule 3670

Int[((d_.)*tan[(e_.) + (f_.)*(x_)]1)"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_I)*xx)1)"())"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*xffx*x)/c) m*x(a + b*(ff*x)"n) p)/(c”2 + £
£72%x72), x], x, (cxTanl[e + fxx])/ff], x1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[n]))

Rule 446

Int[(x_ )" (m_)*((a_) + (b_)*x_) (@ )) " (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)7p
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*(c + d*x)"q, x], x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p, qF, x] && NeQ[
bxc - a*xd, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 78

Int[((a_.) + (b_.)*x(x_))*((c_.) + (d_)*x_))"(n_)*x((e_.) + (£_)*x(x_))"(p
_.), x_Symbol] :> -Simp[((b*e - axf)*(c + d*x) " (n + 1)*(e + f*xx)"(p + 1))/(
fx(p + 1)*(cxf - d*xe)), x] - Dist[(axd*fx(n + p + 2) - bx(d*ex(n + 1) + cxf
x(p + 1))/ (£x(p + 1)*(cxf - d*e)), Int[(c + d*xx)"n*x(e + f*xx)~(p + 1), x],
x] /; FreeQ[{a, b, c, d, e, f, n}, x] && LtQ[p, -1] && ( !'LtQ[n, -11 || Int
egerQ[p] || !(IntegerQ[n] || !(EqQle, 0] || !(EqQlc, O] || LtQlp, nl))))

Rule 51

Int[((a_.) + (b_)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+b*x)"(m + D*x(c + d*xx)"(n + 1))/ ((b*xc - a*d)*(m + 1)), x] - Dist[(d*(
m+n+ 2))/((bxc - axd)*(m + 1)), Int[(a + bxx)"(m + 1)*(c + d*x)"n, x], X
] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] || (NeQlc, 0] && LtQ[m - n, 0] && IntegerQ[nl]))) && I
ntlLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)]1, x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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3
f ( cot”(x) )5/2 dx = — Subst [f ( x 55 dx, x, COt(X)]

a+ beot?(x) 1+ xz) (a + bxz)

_ (1 X 2
= (2 Subst (f A+ 0@+ )2 dx, x, cot (x)))

1 2
_ a .\ Subst (f W dx, X, cot (X))
3(a-Db)b (u +b cotz(x))?j/2 2(a-b)
1 2
) p . 1 . Subst ( f W dx, x, cot (x))

= 3/2 _ )2
3(a-b)b (a +0b cotz(x)) (a — b)2\Ja + bcot?(x) 2(a - b)
Subst | [ —— dx,x,+/a+b cotz(x
a 1 (f a 2

1--+=
= + + b b

) 3(a-b)b (a +b cotz(x))B’/2 (a - b)2 la + b cot?(x) (a-b)?b
tanh_l [ﬂa+b cotz(x)]

a-b a 1
= — —+ +

(a— by 3a—byb (a + beot?()”"  (a- bRyJa -+ beot?(x)

Mathematica [C] time = 0.109064, size = 69, normalized size = 0.84

1 a+b cotz(x)

3b (a +b Cotz(x)) Hypergeometric2F1 (—%, Ls— ) +a(a-"D)

3b(a — b)? (a +b cotz(x))a/2

Antiderivative was successfully verified.

[In] Integrate[Cot[x]173/(a + b*Cot[x]72)7(5/2),x]

[Out] (ax(a - b) + 3xb*(a + b*Cot[x]~2)*Hypergeometric2F1[-1/2, 1, 1/2, (a + b*Co
t[x]172)/(a - ©)1)/(3*(a - b)"2*bx(a + bxCot[x]72)7(3/2))

Maple [A] time = 0.025, size = 88, normalized size = 1.1

3 1 1 1 1 1 1
+b(cot (v))?) 2 + —— arct (\/ + b (cot (x))? ) + +
b<a 0 x)) (a—b)zarC Ve cot () V-a+b)V-a+b (a-0b)? a + b (cot () 3a-3b

| —

(O8]
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)~3/(a+b*cot(x)"2)"(5/2),x)

[Out] 1/3/b/(a+bxcot(x)~2)"(3/2)+1/(a-b) 2/ (-a+b) " (1/2)*arctan((a+b*xcot(x)~2)"(1/
2)/(-a+b)~(1/2))+1/(a-b) "2/ (a+bxcot(x)~2)~(1/2)+1/3/(a-b)/(a+b*xcot (x)~2)~(3
/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~3/(atb*cot(x)~2)~(5/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 2.21944, size = 1538, normalized size = 18.76

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~3/(atb*cot(x)~2)7(5/2),x, algorithm="fricas")

[Out] [1/6%(3*(a”2*b + 2*a*xb”™2 + b~3 + (a”2*b - 2*a*b”2 + b~3)*cos(2*x) "2 - 2x(a”
2¥b - b~3)*cos(2*x))*sqrt(a - b)*log(sqrt(a - b)*sqrt(((a - b)*cos(2*x) - a
- b)/(cos(2*¥x) - 1))*(cos(2*x) - 1) - (a - b)*cos(2*x) + a) + 2x(a”™3 + a"2
xb + axb”™2 - 3%b73 + (2”3 + a”2xb - 5*a*b”2 + 3*b”3)*cos(2*x)"2 - 2x(a”3 +
a"2xb - 2%axb~2)*cos(2*x))*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1)))
/(@"bxb - a~4%b”2 - 2*%a”"3*b"3 + 2*¥a"2*%b"4 + ax*b”5 - b6 + (a”5xb — 5*xa~4xb”
2 + 10*%a”3%b~"3 - 10*¥a"2*b~4 + 5xa*xb”5 - b76)*cos(2*x)”"2 - 2*(a~b*b - 3*a~4x*
b~2 + 2*a~3*%b”"3 + 2*a"2%b”"4 - 3*axb”5 + b"6)*cos(2*x)), -1/3*%(3x(a"2%b + 2%
a*xb™2 + b3 + (a”2*b - 2%a*xb”2 + b~3)*cos(2*x)"2 - 2*x(a"2*b - b~3)*cos(2*x)
)*sqrt(-a + b)*arctan(-sqrt(-a + b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2%
x) - 1))/(a-Db)) - (a3 + a”2%b + axb”™2 - 3*%b"3 + (a"3 + a"2xb - S5*xa*xb”2 +
3%b~3)*cos(2%x) 72 - 2*(a”3 + a"2xb - 2*axb~2)*cos(2*x))*sqrt(((a - b)*cos(
2xx) - a - b)/(cos(2*x) - 1)))/(a"b*b - a~4*b~2 - 2xa~3%b"3 + 2*a"2*b”4 + a
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*b"5 - b"6 + (a”b*b - 5*xa"4%b"2 + 10*%a”"3*b”"3 - 10*%a"2*xb"4 + 5*axb”5 - b76)*
cos(2%x)72 - 2x(a"b*xb - 3*%a"4%b"2 + 2%a"3*%b"3 + 2*xa"2*b"4 - 3xaxb”5 + bT6)*
cos (2%x))]

Sympy [F] time = 0., size = 0, normalized size = 0.

cot? (x) i

«

(a +beot? (x)) 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)**3/(atb*cot(x)**2)**(5/2),x%)

[Out] Integral(cot(x)**3/(a + b*cot(x)**2)**x(5/2), x)

Giac [B] time = 1.42389, size = 370, normalized size = 4.51

. . 2 _ r 2 .
Va blog( Va —bsin (x) + \/a sin (x)” —bsin (x)" +b )sgn (sin (x)) ) mlog(lbl) sen (sin (2))
8 (a%h - 4032 + 6 2263 — 4 ab* + 1) 16 (a%b — 443D + 6 a2b3 — 4 ab* + 1°)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~3/(a+b*cot(x)~2)~(5/2),x, algorithm="giac")

[Out] -1/8x*sqrt(a - b)*log(abs(-sqrt(a - b)*sin(x) + sqrt(a*sin(x)~2 - b*sin(x)"2
+ b)))*sgn(sin(x))/(a"4*b - 4*a~3%b”"2 + 6%a”2*b~3 - 4*a*xb”4 + b~5) + 1/16%
sqrt(a - b)*log(abs(b))*sgn(sin(x))/(a~4*b - 4%a~3*b~2 + 6%a”2*b~3 - 4*a*b”
4 + b"b) - 1/24%((a"3*sgn(sin(x)) + a"2*b*sgn(sin(x)) - 5xa*b~2*sgn(sin(x))

+ 3%b”3*sgn(sin(x)))*sin(x)"2/(a"4*b"2 - 4%a”3*b~3 + 6*%a~2%b"4 - 4xa*xb”5 +

b~6) + 3*x(a*xb"2xsgn(sin(x)) - b~ 3*sgn(sin(x)))/(a"4*xb”2 - 4*a~3%b~3 + 6%a”

2¥b”"4 - 4*a*b”5 + b76))*sin(x)/(a*sin(x)”2 - b*sin(x)~2 + b)~(3/2)

G



295

2
3.55  [—2Y iy

(a+b cotz(x))S/2

Optimal. Leaf size=94

tan_l[ \/Ecot(x) )

__ (2a+b)cot(x) ~ cot(x) . Jrbeot2(s)
3aa - bP\a+ beot?x) 3@ b)(a+ beot’()” (a ~b)P2

[Out] ArcTan[(Sqrt[a - bl*Cot[x])/Sqrtl[a + b*Cot[x]~2]1]/(a - b)~(5/2) - Cot[x]/(3
x(a - b)*(a + b*Cot[x]72)7(3/2)) - ((2*%a + b)*Cot[x])/(3*a*x(a - b)~2*Sqrt[a
+ bxCot [x]72])

Rubi [A] time = 0.124137, antiderivative size = 94, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 17, e -

integrand size
0.353, Rules used = {3670, 471, 527, 12, 377, 203}

tan_l[ \/ﬁcot(x) ]

_ (2a + b) cot(x) _ cot(x) N \/m
3a(a - b)z\/m 3(a-b)(a+b cotz(x))S/2 (a - b)>2

Antiderivative was successfully verified.

[In] Int[Cot[x]~2/(a + b*Cotl[x]~2)"(5/2),x]

[Out] ArcTan[(Sqgrt[a - bl*Cot[x])/Sqrtl[a + b*Cot[x]~2]]1/(a - b)~(5/2) - Cot[x]/(3
*(a - b)x(a + bxCot[x]72)7(3/2)) - ((2*a + b)*Cot[x])/(3*a*x(a - b) "2*Sqrt[a
+ b*Cot [x]72])

Rule 3670

Int[((d_.)*tan[(e_.) + (f_)*(x_)]1)"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_D)*x0DD"(_))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*xff*x)/c) m*(a + b*(ff*x)"n) p)/(c”2 + £
£~2%x72), x], x, (cxTanle + fx*x])/ff], x]] /; FreeQ[{a, b, c, d, e, f, m, n
, P}, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rule 471
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Int[((e_)*(x_))"(m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_)*((c_) + (d_.)*(x_)"(n_
))"(q_ ), x_Symbol]l :> Simp[(e”(n - 1)*(e*x)"(m - n + 1)*(a + bxx™n) " (p + 1)
x(c + d*x™n)"(q + 1))/ (nx(bxc - axd)*x(p + 1)), x] - Dist[e"n/(n*x(b*c - axd)
x(p + 1)), Intl[(exx)"(m - n)*(a + b*x™n) " (p + 1)*(c + d*x"n) g*Simp[cx(m -
n+ 1) + d¥(m + nx(p + q + 1) + 1)*x"n, x], x], x] /; FreeQ[{a, b, c, d, e,
qt, x] &% NeQ[b*c - axd, 0] && IGtQ[n, 0] && LtQlp, -1] &% GeQ[n, m - n +
1] &% GtQ[m - n + 1, 0] &% IntBinomialQ[a, b, c, d, e, m, n, p, q, x]

Rule 527

Int[((a_) + (b_.)*(x_)"(a_))"(p)*((c_) + (d_)*(x_)"(m_))"(q_.)*((e ) + (f
_D*(x_)"(n_)), x_Symbol] :> -Simp[((b*e - axf)*x*(a + bxx™n) (p + 1)*(c +
d*x™n)~(q + 1))/ (a*n*x(b*xc - a*xd)*(p + 1)), x] + Dist[1/(a*n*(b*c - a*xd)*(p
+ 1)), Int[(a + b*xx™n) " (p + 1)*(c + d*x"n) g*Simp[c*x(bxe - axf) + exn*(b*c
- axd)*x(p + 1) + d*x(b*e - axf)*x(nx(p + q + 2) + 1)*x"n, x], x], x] /; FreeQ
[{a, b, ¢, d, e, f, n, q}, x] && LtQ[p, -1]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 377

Int[((a)) + (b_)*xx )" (@ ))"(p)/((c) + (d_)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x™n)~(1/n)] /; FreeQ[{a, b
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[nl]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtl[a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps
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2

cot?(x) _ X
f (a+beot2(x)” e f (1+22) (a+0:2)" o COt(X)]

Subst ialx,x, cot(x ]
~ cot(x) ! (f (142) (a+1:2) ™ ®
T 22 3(a 1)
(a = b)(a+Dbcot(x))
3a
B cot(x) @o+bjeot(x) Subst (f (a2 ez 1 % O
- 32 AV
3(a—-b) (ﬂ +0b COtZ(x)) 3a(a — b)2\Ja + b cot?(x) 3a(a—1)
1
B cot(x) (2a + b) cot(x) N Subst (f (1+22)Va+bx2 A%, %, Cot0
- 32 AV
3(a-b)(a+beot?(®)  3a(a-b2Ja+ beot(x) (@=1b)
Subst 1 dx, x, ot
cot(x) (2a + b) cot(x) N (f I-(-a+b)® \a+b ot

) 3(a—b) (11 + bcotz(x))3/2 3a(a — b)2+/a + b cot?(x) (a =)
tan_l[ \/ﬁcot(x) ]

Ja+b cot?(x) B cot(x) B (2a + b) cot(x)
(a = D)7 3(a - b) (a +b COtZ(X))3/2 3a(a — b)?+Ja + b cot?(x)

Mathematica [C] time = 6.63784, size = 200, normalized size = 2.13

35a sinz(x)(5a+2b Cot2(x))[a

- OSZ
tan(x) | -12(a — b)® cos?(x) cot?(x) (a +b cotz(x)) Hypergeometric2F1 (2, 2, ;, (a b)z (")) -

32
315a3(a — b)? (a +b cotz(x)) !

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[x]~2/(a + bxCot[x]~2)~(5/2),x]

[Out] ((-12x(a - b)~3*Cos[x] ~4*Cot[x] 2*(a + bxCot[x]~2)*Hypergeometric2F1[2, 2,
9/2, ((a - b)*Cos[x]~2)/al - (35*a*x(5*a + 2*b*Cot[x]~2)*Sin[x] 2% (3*ArcSin[
Sqrt[((a - b)*Cos[x]~2)/allx(a + bxCot[x]~2)72 + ax(-3*a + (a - 4*b)*Cot[x]
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~2)*Csc[x]"2*Sqrt[((a - b)*Cos[x]"2*(a + b*Cot[x]~2)*Sin[x]~2)/a"2]))/Sqrt[
((a - b)*Cos[x]"2*(a + b*Cot[x]~2)*Sin[x]~2)/a~2])*Tan[x])/(315*a~3*(a - b)
~2%(a + b*Cot[x]~2)"(3/2))

Maple [B] time = 0.022, size = 166, normalized size = 1.8

_cot (x) 9 —g B 2 cot (x) 1 1 Yy 2 1
T (a + b (cot (x)) ) 32 —a o + P Vb4 (a - b) arctan | (a — b) b? cot (x) WD =)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)~2/(at+b*cot(x)"2)~(5/2),x)

[Out] -1/3*cot(x)/a/(at+bxcot(x)~2)~(3/2)-2/3/a"2*xcot(x)/(a+b*cot(x)~2)"(1/2)+1/(a
-b) "3*%(b"4*(a-b)) " (1/2) /b~ 2*arctan(b”2*(a-b) /(b"4*x(a-b) )~ (1/2)/(a+b*cot (x)~
2)"(1/2)*cot (x))-1/(a-b) "2xbxcot (x) /a/ (a+b*cot (x) ~2) " (1/2)-1/3/ (a-b) *b*cot (

x)/a/ (a+b*xcot (x)"2)~(3/2)-2/3/(a-b)*b/a"2*cot (x)/ (a+b*cot (x)~2) " (1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~2/(atb*cot(x)~2)7(5/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 3.07883, size = 1589, normalized size = 16.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~2/(atb*cot(x)~2)~(5/2),x, algorithm="fricas")
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[Out] [-1/12%(3*(a”™3 + 2*a"2*%b + a*b™2 + (2”3 - 2xa”2%b + axb~2)*cos(2*x) "2
a”3 - axb”2)*cos(2*x))*sqrt(-a + b)*log(-2%(a”2 - 2*axb + b~2)*cos(2%x)"2 +
2x((a - b)*cos(2*x) - b)*sqrt(-a + b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos
(2xx) - 1))*sin(2%x) + a”2 - 2*%b”2 + 4*(axb - b72)*cos(2*x)) + 4*(3*a”3 - a
“2%b - a*b”2 - b™3 - (3*%a”3 - 5*a”"2*b + a*b”2 + b~3)*cos(2*x))*sqrt(((a - b
)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin(2*x))/(a"6 - a~bxb - 2*%a~4*xb~2 + 2%
a~3*b"3 + a”2xb"4 - ax*b”5 + (2”6 - 5*xa"bxb + 10%a"4*b”2 - 10*a~3*b~3 + 5xa”
2%b74 - a*b”b)*cos(2*%x)"2 - 2%(a”6 - 3*%a”"b*b + 2*%a4*b”2 + 2%a”3%b”3 - 3*a”
2%b”"4 + axb~5)*cos(2*x)), 1/6%(3*%(a”3 + 2*%a”"2%b + axb”2 + (a3 - 2*%a"2*xb +

a*b”2) *cos(2xx) "2 - 2*(a”3 - a*b~2)*cos(2*x))*sqrt(a - b)*arctan(-sqrt(a -
b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin(2*x)/((a - b)*cos(2x*
x) - b)) - 2x(3%¥a”3 - a”2%b - a*b”2 - b”3 - (3*%a”3 - 5*a”2*b + a*b”2 + b73)
xcos (2*x) ) *sqrt(((a - b)*cos(2*x) - a - b)/(cos(2xx) - 1))*sin(2*x))/(a"6 -
a~b*b - 2*%a~4*b"2 + 2xa”3%b"3 + a"2%b"4 - axb”5 + (a”6 - 5*xa”bxb + 10*a"4x
b"2 - 10%a”3%b~3 + 5%a"2%b"4 - axb~5)*cos(2*x)72 - 2x(a”6 - 3*a"bxb + 2%a~4
*b~2 + 2%a"3*%b~3 - 3*%a"2%b"4 + axb”5)*cos(2%*x))]

Sympy [F] time = 0., size = 0, normalized size = 0.

2
cot” (x) i

«

(a +bcot? (x))i
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)**2/(a+bxcot (x)**2)**(5/2),x)

[Out] Integral(cot(x)**2/(a + b*xcot(x)**2)*x(5/2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

cot (x)2 P
X

o

(b cot (x)2 + a)E
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~2/(atb*cot(x)~2)~(5/2),x, algorithm="giac")

[Out] integrate(cot(x)~2/(b*cot(x)72 + a)~(5/2), x)

- 2*(
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3.56 [ iy

(a+b Cotz(x))S/2

Optimal. Leaf size=78

tanh_l [ \Ja+b cotz(x) ]

1 1 a-b

+
(a—b)2Ja+bcot’(x) 3(a-D) (a +b cotz(x))g/2 (a—Db)2

[Out] ArcTanh[Sqrt[a + bxCot[x]~2]/Sqrtla - b]]l/(a - b)~(5/2) - 1/(3*%(a - b)*(a +
b*xCot [x]72)7(3/2)) - 1/((a - b)~2*Sqrt[a + bxCot[x]~2])

Rubi [A] time = 0.0915714, antiderivative size = 78, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 15, e -

0.333, Rules used = {3670, 444, 51, 63, 208}

integrand size

tanh_l [ \Ja+b cotz(x) ]

1 1 a-b
- +
(1= bPrJa +beot?(x)  3(a—b)(a+beot?(x)” (a-b)"2

Antiderivative was successfully verified.

[In] Int[Cot[x]/(a + bxCot[x]~2)"(5/2),x]

[Out] ArcTanh[Sqrt[a + bxCot[x]~2]/Sqrtla - b]]l/(a - b)~(5/2) - 1/(3*%(a - b)*(a +
b*Cot [x]72)7(3/2)) - 1/((a - b)~2*Sqrt[a + bxCot[x]~2])

Rule 3670

Int[((d_.)*tan[(e_.) + (f_.)*(x_)]1)"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_I)*xx)1)"())"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*xffx*x)/c) m*x(a + b*(ff*x)"n) p)/(c”2 + £
£72%x72), x], x, (cxTanl[e + fxx])/ff], x1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[n]))

Rule 444

Int[(x_ )" (m_)*((a_) + (b_)*x_) (@ )) " (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[(a + b*x) p*(c + d*x)"q, x], x, x"n], x
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1 /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[b*c - axd, 0] && EqQ[m - n +
1, 0]

Rule 51

Int[((a_.) + (b_)*x_))"(m )*((c_.) + (d_)*(x_))"(n_), x_Symbol] :> Simp[
((a + b*x)"(m + D*(c + d*x)"(n + 1))/((b*c - axd)*(m + 1)), x] - Dist[(d*(
m+n+ 2))/((bxc - axd)*x(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] || (NeQ[c, 0] && LtQ[m - n, O] &% IntegerQ[nl))) && I
ntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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f ( cot(x) )5/2 dx = — Subst [f ( * = dx, x, cot(x)]

a+ beot?(x) 1+ xz) (a + bxz)

_ (L 1 2
= (2 Subst (f A+ 0@+ )2 dx, x, cot (x)))

1 2
~ 1 ~ Subst (f W dx, X, cot (X))
3(a-D) (a +b (:01:2(35))3/2 2(a—D)

1 2
1 1 Subst ( f Ve dx, x, cot (x))

B 32 - v
3(a—-b) (ﬂ +0b cotz(x)) (a — b)2\Ja + bcot?(x) 2(a—b)
Subst | [ —— dx,x,rJa+b cotz(x
1 1 [f a

l—g+§
B 32 - —o
3(a-D) (ﬂ + bcotz(x)) (a — b)2 /a + bcot?(x) (a—b)b
tanh_l [ﬂa+b cotz(x)]

a-b 1 1

@0 3 py(atbeol?®@)” (a- b2 Ja + beot?(x)

Mathematica [C] time = 0.0390666, size = 47, normalized size = 0.6

1 a+b cotz(x)
r2 a-b
)3/2

. 3
) Hypergeometric2F1 (— 31

3(a—Db) (a + beot?(x)
Antiderivative was successfully verified.

[In] Integrate[Cot[x]/(a + b*Cot[x]~2)7(5/2),x]

[Out] -Hypergeometric2F1[-3/2, 1, -1/2, (a + b*Cot[x]"2)/(a - b)]1/(3*(a - b)*(a +
bxCot [x]72)7(3/2))

Maple [A] time = 0.017, size = 75, normalized size = 1.

1 ;1 1 1 1 1 -
(a~b)° arctan( Prbleort) V-a + b) V-a+b (a-b) a + b (cot (x))* 3a-3b (“ roleorto )
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)/(atb*xcot(x)~2)"(5/2),x)

[Out] -1/(a-b)"2/(-a+b)~(1/2)*arctan((a+b*xcot(x)~2)~(1/2)/(-a+b)~(1/2))-1/(a-b)"2
/ (a+bxcot (x)~2)~(1/2)-1/3/(a-b) /(a+bxcot (x)~2) ~(3/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(atb*cot(x)~2)~(5/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 2.13093, size = 1416, normalized size = 18.15

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(at+bxcot(x)~2)7(5/2),x, algorithm="fricas")

[Out] [1/6%(3*((a"2 - 2%ax*xb + b™2)*cos(2*x)~2 + a”2 + 2*a*b + b™2 - 2*(a”2 - b”2)
xcos (2xx))*sqrt(a - b)*log(-sqrt(a - b)*sqrt(((a - b)*cos(2*xx) - a - b)/(co
s(2*x) - 1))*(cos(2*x) - 1) - (a - b)*cos(2*x) + a) - 4*x(2x(a”2 - 2*a*xb + b
“2)*cos(2%x)72 + 2*%a”2 - axb - b72 - (4*%a”2 - b*xaxb + b~2)*cos(2*x))*sqrt ((
(a - b)*cos(2*x) - a - b)/(cos(2xx) - 1)))/(a”™b - a"4*b - 2*a~3*b"2 + 2*a~2
*b"3 + a*b™4 - b"5 + (a”5 - 5%xa~4xb + 10*%a"3*b"2 - 10*%a"2*%b"3 + bxaxb”4 - b
“B)*cos(2*x)72 - 2*%(a”5 - 3*a"4xb + 2*xa~3*b”2 + 2*xa"2*b”3 - 3*a*b”4 + b75)*
cos(2*x)), 1/3%(3*((a"2 - 2*a*xb + b~ 2)*cos(2*x)"2 + a2 + 2*xaxb + b~2 - 2x%(
a”2 - b"2)*cos(2*x))*sqrt(-a + b)*arctan(-sqrt(-a + b)*sqrt(((a - b)*cos(2*
x) - a - b)/(cos(2xx) - 1))/(a - b)) - 2%(2%(a"2 - 2*axb + b~2)*cos(2*x) "2
+ 2%a”2 - axb - b72 - (4xa”2 - B*axb + b~2)*cos(2*x))*sqrt(((a - b)*cos(2x*x
) —a - Db)/(cos(2*x) - 1)))/(a”5 - a~4*b - 2*%a"3*b"2 + 2*a"2*b"3 + a*b”4 -
b~5 + (2”5 - 5%a~4*b + 10*a~3%b"2 - 10*a~2%b"3 + 5*axb~4 - b~5)*cos(2*x) "2
- 2x(a”b - 3*xa"4*b + 2%a"3*b”72 + 2%a"2*xb”3 - 3*axb”4 + b~5)*cos(2*x))]
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Sympy [A] time = 51.1062, size = 70, normalized size = 0.9
; \Ja+bcot? (x)
1 1 atan ﬁ
s @-bPVatbeot’(x) V-a+b(a-b)>

3(a-b)(a+bcot? (v))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(at+b*cot (x)**2)**(5/2),%)

[Out] -1/(3*(a - b)*(a + b*xcot(x)**2)**x(3/2)) - 1/((a - b)**2*xsqrt(a + b*xcot (x)**
2)) - atan(sqrt(a + b*cot(x)**2)/sqrt(-a + b))/(sqrt(-a + b)*(a - b)**2)

Giac [B] time = 1.35537, size = 270, normalized size = 3.46

. . 2 . 2 | 4 (uzb—Z ab2+b3) sin(x)2 3 (abz—bs) . ‘
Va—b 1Og( ~Va - bsin (x) + \/’1 sin (x)” = bsin () +b ) (a4b2—4 pEr Ty ey o) Rl el
+
4h — 4 g312 213 — 4 ab* + b5 3
16 (ah — 4232 + 6 a2b3 — 4 ab* + 1) 48 (asin (07 — bsin ( + b)’

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(atb*cot(x)~2)~(5/2),x, algorithm="giac")

[Out] 1/16xsqrt(a - b)*log(abs(-sqrt(a - b)*sin(x) + sqrt(a*sin(x)~2 - bxsin(x)~2
+ b)))/(a"4xb - 4*a”3*b”2 + 6*%a”2*b"3 - 4*a*xb”4 + b~5) + 1/48%(4x(a”2*b -
2%axb”2 + b73)*sin(x)"2/(a"4%b"2 - 4*a”3*b”3 + 6*xa"2*b"4 - 4xaxb”5 + b”"6) +
3x(a*b”™2 - b73)/(a"4*b"2 - 4%a~3%b"3 + 6*a”"2*b"4 - 4*xaxb”5 + b76))*sin(x)/
(a*sin(x) "2 - b*sin(x)"2 + b)~(3/2)
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357 [ iy

(a+b Cotz(x))S/2

Optimal. Leaf size=118

_ Va
b(2a - b) . N b

a2(a — b)>\Ja + b cot?(x) a’? 3a(a~b) (a+b Cotz(x))” B (a—b)>?

[Out] ArcTanh[Sqrt[a + bxCot[x]~2]/Sqrtlall/a~(5/2) - ArcTanh[Sqrt[a + b*Cot[x]"2
1/8qrtla - b]]/(a - b)7(5/2) + b/(3*ax(a - b)*(a + bxCot[x]"2)7(3/2)) + ((2
*a - b)xb)/(a"2x(a - b)~2*xSqrt[a + b*Cot[x]~2])

a-b

tanh_l [‘/a+b cotz(x)] tanh_l (\/a+b cotz(x))

Rubi [A] time = 0.187825, antiderivative size = 118, normalized size of antiderivative =
1., number of steps used = 9, number of rules used = 7, integrand size = 15, number of rules _

0.467, Rules used = {3670, 446, 85, 152, 156, 63, 208}

tanh_l [ \a+b cotz(x) ]

integrand size

_ Va
b(2a - b) . . b )

(e - b)zm o 3a(a—b)(a+b cotz(x))s/2 (a—b)>2

Antiderivative was successfully verified.

a-b

tanh_l ( \a+b cotz(x))

[In] Int[Tan([x]/(a + b*Cot[x]~2)~(5/2),x]

[Out] ArcTanh[Sqrt[a + bxCot[x]~2]/Sqrtlall/a~(5/2) - ArcTanh[Sqrt[a + b*Cot[x]"2
1/8qrtla - b]]/(a - b)7(5/2) + b/(3*ax(a - b)*(a + bxCot[x]"2)7(3/2)) + ((2
*a - b)*b)/(a"2*(a - b)~2*xSqrt[a + bxCot[x]~2])

Rule 3670

Int[((d_.)*tan[(e_.) + (f_)*(x_)]1)"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_D)*x0DD"(_))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*xff*x)/c) m*(a + b*(ff*x)"n) p)/(c”2 + £
£~2%x72), x], x, (cxTanle + fx*x])/ff], x]] /; FreeQ[{a, b, c, d, e, f, m, n
, P}, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rule 446
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Int[(x_ )" (m_)*((a_) + (b_)*x_) (@ )) " (p_.)*((c_) + (d_)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)7p
x(c + d*x)"q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, g, x] && NeQ[
bxc - axd, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 85

Int[(Ce_.) + (£_)*(x_))"(p_)/(((a_.) + (b_.)*(x_))*x((c_.) + (d_.)*x(x_))),
x_Symbol] :> Simp[(f*x(e + fxx)~(p + 1))/((p + 1)*(bxe - axf)x(d*xe - cx*f)),
x] + Dist[1/((bxe - axf)*(d*xe - c*xf)), Int[((bxd*xe - bxcxf — a*xd*f - bxdxfx
x)*x(e + fxx)"(p + 1))/((a + bxx)*(c + d*x)), x], x] /; FreeQ[{a, b, c, d, e
, £}, x] && LtQ[p, -1]

Rule 152

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_)*x(x_))"(m_)*x((e_.) + (£_.)*(x_)
)T (p_)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[((b*g - a*h)*(a + b*x)"(m +

Dx(c + d*x)"(n + Dx*(e + £xx)7(p + 1))/((m + 1)*(bxc - axd)*(b*e - ax*f)),
x] + Dist[1/((m + 1)*(b*c - axd)*x(b*e - a*xf)), Int[(a + b*x)"(m + 1)*x(c + d
*xx) “n* (e + f*x) p*Simp[(a*xd*xf*g - b*x(d*e + c*xf)*g + bxckxexh)*(m + 1) - (b*xg
- axh)*(d*ex(n + 1) + cxfx(p + 1)) - d*f*x(b*g - axh)*(m + n + p + 3)*x, x]
, x]1, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && LtQ[m, -1] && Integ
ersQ[2*m, 2*n, 2xp]

Rule 156

Int[((Ce_.) + (£_D*x(x_))"(p_)*((g_.) + (h_.)=*(x_)))/(((a_.) + (b_.)*(x_))*
((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[(b*g - ax*h)/(b*c - a*d), Int[(e +
fxx)"p/(a + b*x), x], x] - Dist[(d*g - cxh)/(b*c - a*d), Int[(e + f*x)7p/(c
+ d*x), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + bxx)~(1/p)]1, x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]
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Rubi steps

tan(x) 3 [ f 1 J
dx = — Subst dx, x, cot(x)
5/2 5/2
I ( ) x(

a + b cot?(x) 1+ xz) (u + bxz)

_ (1 1 2
=— (E Subst (f A+ 0@+ P dx, x, cot (x)))

b Subst ( f __abbx dx, x, cotz(x))

x(1+x)(a+bx)32

)3/2 - 2a(a - b)

) 3a(a —b) (a + bcot?(x)

1 1
5 (a=b)?+ 5 (2a-b)bx
d
_ b . (22— b)b . Subst (f Var
- 2(7 — b2
3a(a - b) (a + bcotz(x))?)/2 a2(a — b2+Ja + b cot?(x) a*(a - b)
1 2
_ b (2a - b)b ) Subst (f Ton dx, x, cot (x)) .

= +
32 2

3a(a - b) (a +b cotz(x)) a2(a — b)2\Ja + b cot?(x) 24
Subst [f ﬂl — dx, x,\Ja + b cot;

b (2a - b)b s

= +
3/2 2

3a(a - b) (a + bcotz(x)) a2(a — b)2\Ja + b cot?(x) @b
\a bcot?(x N beot?(x

tanh ™ [—+ = )] tanh ™ (—+ o ))

Va a-b b (2a -

52 (a-b)>2 3a(a~b)(a+b cotZ(x))B/ ? a2(a - b)z\/;

Mathematica [C] time = 0.0578537, size = 78, normalized size = 0.66

1 a+bcot2(x)
727 a-b

3a(a - b) (u +b cotz(x))g,/2

2
) + (b — a)Hypergeometric2F1 (_;,1 1 bcoz (x) + 1)

aHypergeometric2F1 (—g, 1 Y

Antiderivative was successfully verified.

[In] Integrate[Tan[x]/(a + b*Cot[x]~2)7(5/2),x]

[Out] (axHypergeometric2F1[-3/2, 1, -1/2, (a + b*Cot[x]"2)/(a - b)] + (-a + b)*Hy
pergeometric2F1[-3/2, 1, -1/2, 1 + (b*Cot[x]"2)/al)/(3*a*x(a - b)*(a + b*Cot
[x]72)7(3/2))
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Maple [F] time = 0.186, size = 0, normalized size = 0.

ftan (x) (a + b (cot (x))z)_g dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)/(at+b*cot(x)~2)"(5/2),x)

[Out] int(tan(x)/(atb*cot(x)~2)~(5/2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

tan (x) i

«

(bcot (x)* +a)?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atb*cot(x)~2)~(5/2),x, algorithm="maxima"

[Out] integrate(tan(x)/(bxcot(x)~2 + a)~(5/2), x)

Fricas [B] time = 4.23297, size = 3457, normalized size = 29.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atb*cot(x)~2)~(5/2),x, algorithm="fricas")

[Out] [1/6%(3%x(a”3*b™2 - 3*a”2*b~3 + 3%a*b”4 - b5 + (a”5 - 3*a”4xb + 3%a"3xb”2 -
a"2%b”3)*tan(x) "4 + 2x(a"4*b - 3*a”3%b”2 + 3*%a”2*%b~3 - axb”4)*tan(x)"2)*sq
rt(a)*log(2xa*xtan(x) "2 + 2*sqrt(a)*sqrt((a*tan(x)~2 + b)/tan(x)~2)*tan(x)"2
+ b) + 3x(a”b*tan(x) "4 + 2*a"4xb*xtan(x)”2 + a~3*b”2)*sqrt(a - b)xlog(((2*a
- b)*tan(x)”"2 - 2xsqrt(a - b)*sqrt((a*tan(x)”2 + b)/tan(x)"2)*tan(x)"2 + b
)/ (tan(x)"2 + 1)) + 2x((7*a"4xb - 11*a”3%b"2 + 4*a”2+b"3)*tan(x) "4 + 3*(2*a
"3*%b72 - 3*a”2+b"3 + a*b”4)*tan(x) 2)*sqrt((axtan(x)”2 + b)/tan(x)"2))/(a”6
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*b~2 - 3*%a"5xb"3 + 3*a"4xb"4 - a~3%b"5 + (2”8 - 3*a”7*b + 3*xa"6*b”"2 - a~b*b
“3)*tan(x)"4 + 2%x(a”7*b - 3*a”6%b”2 + 3*a”bxb"3 - a"4xb"4)*tan(x)"2), -1/6%
(6% (a~b*xtan(x) "4 + 2*a~4*bxtan(x)”2 + a~3%b"2)*sqrt(-a + b)*arctan(-sqrt(-a
+ b)*sqrt((axtan(x)”2 + b)/tan(x)"2)/(a - b)) - 3*(a"3*b"2 - 3*a"2%b"3 + 3
*axb™4 - b”5 + (a”h - 3%a"4xb + 3%a”3%b"2 - a”2xb~3)*tan(x) "4 + 2x(a"4*b -

3*%a”3*%b"2 + 3*a”2xb”3 - axb~4)*tan(x)"2)*sqrt(a)*log(2xa*xtan(x)~2 + 2*sqrt(
a)*sqrt((axtan(x)”"2 + b)/tan(x)"2)*tan(x)"2 + b) - 2x((7*a"4*b - 11xa~3%b"2
+ 4*a”2xb”3)*tan(x) "4 + 3% (2%xa”3*%b"2 - 3*a”2xb”3 + a*b~4)*tan(x)"2)*sqrt((
axtan(x)~2 + b)/tan(x)"2))/(a"6*b~2 - 3*a~5xb~3 + 3*a~4%b"4 - a"3%b”5 + (a”
8 - 3*%a”7*b + 3*%a”6%b”2 - a"b*b”3)*tan(x) "4 + 2%(a"7xb - 3*a"6%b"2 + 3*ka”bx
b~3 - a"4%b~4)*tan(x)”"2), -1/6%(6x(a~3*b"2 - 3*a~2%b”"3 + 3*a*xb”™4 - b~5 + (a
75 - 3*%a"4xb + 3*%a"3*%b"2 - a"2%b”"3)*tan(x)”"4 + 2%(a"4xb - 3*a”3xb"2 + 3xa”2
*b~3 - a*b~4)*tan(x)"2)*sqrt(-a)*arctan(sqrt(-a)*sqrt((a*xtan(x)”~2 + b)/tan(
x)72)/a) - 3x(a"b*tan(x) "4 + 2*a”4xb*tan(x)”2 + a~3*b~2)*sqrt(a - b)*Llog(((
2%a - b)*tan(x)~2 - 2*sqrt(a - b)*sqrt((a*tan(x)~2 + b)/tan(x)~2)*tan(x) "2

+ b)/(tan(x)"2 + 1)) - 2x((7*a"4xb - 11%a”3%b"2 + 4*a”2+b~3)*tan(x) "4 + 3*(
2%a”3%b”"2 - 3*a"2*b"3 + axb”4)*tan(x) "2)*sqrt((a*tan(x)~2 + b)/tan(x)"2))/(
a~6*%b~2 - 3*a”bxb”"3 + 3*a~4*b”4 - a"3*b”5 + (a”8 - 3*a”T7xb + 3*xa”"6xb"2 - a”
5%¥b"3)*tan(x) "4 + 2x(a”7xb - 3*a”6*b"2 + 3*a~5%b"3 - a"4*xb"4)*tan(x)"2), -1
/3% (3%(a”3*b"2 - 3*%a"2*%b”"3 + 3*%a*b”4 - b"5 + (a”b - 3*a"4xb + 3*a"3*b"2 - a
“2xb73)*xtan(x) "4 + 2x(a”4*b - 3*a”3*%b"2 + 3*%a”2*%b"3 - a*b”4)x*tan(x) 2)*sqrt
(-a)*arctan(sqrt(-a)*sqrt ((a*tan(x) "2 + b)/tan(x)~2)/a) + 3*(a"b*tan(x)"4 +
2xa~4*xbxtan(x) "2 + a”3*b"2)*sqrt(-a + b)*arctan(-sqrt(-a + b)*sqrt((axtan(
x)72 + b)/tan(x)"2)/(a - b)) - ((7*a"4*xb - 11*%a~3*b"2 + 4xa~2*xb~3)*tan(x) 4
+ 3*%(2*%a”3%b”2 - 3*%a”2*%b~3 + axb”4)*tan(x) "2)*sqrt((a*xtan(x)"2 + b)/tan(x)
~2))/(a"6%b"2 - 3*a”bxb”"3 + 3*a"4*b~4 - a"3*b~5 + (a”8 - 3*a"Txb + 3*a"6%xb”
2 - a”bxb73)*tan(x) "4 + 2x(a”7*b - 3*a”6*%b"2 + 3*a”5*b"3 - a”4*b”4)x*tan(x)”
2)]

Sympy [F] time = 0., size = 0, normalized size = 0.

tan (x) i

“

(a + beot? (x)) 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atb*cot (x)**2)**(5/2),x)

[Out] Integral(tan(x)/(a + bkcot(x)**2)*x(5/2), x)
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Giac [B] time = 1.64964, size = 686, normalized size = 5.81

(2 a® arctan (—\/%) — 6a%barctan (—\/%) + 6ab? arctan (— \/%) —2b3arctan (— \/%) + V—=a2 + aba
—ac+a —a<+a —a<+a —a<+a

2 (\/—az +abVa — ba* -2 V-a? + abVa — bab + V-a? + abVa - bazbz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atb*cot(x)~2)~(5/2),x, algorithm="giac")

[Out] -1/2%(2*a~3*arctan(-(a - b)/sqrt(-a”2 + axb)) - 6*a~2*b*arctan(-(a - b)/sqr
t(-a”2 + a*b)) + 6xa*xb”2xarctan(-(a - b)/sqrt(-a”2 + axb)) - 2*b~3*arctan(-
(a - b)/sqrt(-a~2 + a*b)) + sqrt(-a~2 + a*b)*a~2*log(b))*sgn(sin(x))/(sqrt(
-a”2 + axb)*sqrt(a - b)*a"4 - 2xsqrt(-a”2 + a*b)*sqrt(a - b)*a”~3*b + sqrt(-
a”2 + axb)xsqrt(a - b)*a"2xb”2) + 1/3%((7*a"b*xb"2 - 17*a"4%b”"3 + 13*a~3*b"4
- 3%a”2xb"5)*sin(x) "2/ (a"7*b*sgn(sin(x)) - 3*a~6*b"2*sgn(sin(x)) + 3*a~b*b
“3*sgn(sin(x)) - a"4xb~4*sgn(sin(x))) + 3*(2*a"4%b~3 - 3*a~3*b~4 + a~2*b~b)
/(a”7*bxsgn(sin(x)) - 3*a”6*xb~2*sgn(sin(x)) + 3*a~5*b~3*sgn(sin(x)) - a~4x*b
“4xsgn(sin(x))))*sin(x)/(a*sin(x) "2 - bxsin(x)~2 + b)~(3/2) + 1/2xlog((sqrt
(a - b)*sin(x) - sqrt(a*sin(x)”2 - b*sin(x)”2 + b))~2)/((a"2 - 2*a*b + b~2)
xsqrt(a - b)*sgn(sin(x))) + sqrt(a - b)*arctan(1/2x((sqrt(a - b)*sin(x) - s
grt(a*xsin(x)”2 - b*sin(x)72 + b))~2 - 2*a + b)/sqrt(-a”2 + axb))/(sqrt(-a~2
+ axb)*a"2*sgn(sin(x)))
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tanz(x)

3.58 dx

(a+b cotz(x))S/2

Optimal. Leaf size=141

tan_l \/uTbcot(x)
2
(a —4b)(3a — 2b) tan(x)4/a + b cot*(x) N b(7a — 4b) tan(x) \a+b cot?(x) b tan(x)

+ +
3‘13(” - b)Z 3112(61 _ b)2 /a +b COt2(x) ({1 - b)5/2 361(11 - b) ((1 +b COtz(X))

[Out] ArcTan[(Sqrtla - bl*Cot[x])/Sqrtla + b*Cot[x]"2]]1/(a - b)~(5/2) + (b*Tan[x]
)/ (3*ax(a - b)*(a + bxCot[x]72)7(3/2)) + ((7xa - 4*b)*b*Tan[x])/(3*a"2*(a -

b) "2*Sqrt[a + bxCot[x]~2]) + ((a - 4%b)*(3*a - 2xb)*Sqrt[a + bxCot[x] 2] *T
an[x])/(3*%a"3%(a - b)"2)

Rubi [A] time = 0.241336, antiderivative size = 141, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 17, e -

integrand size
0.412, Rules used = {3670, 472, 579, 583, 12, 377, 203}

_ Va-b cot(x)
t ) A
(a — 4b)(3a — 2b) tan(x)\ja + b cotz(x) . b(7a — 4b) tan(x) N o (\/Mb cotz(x)] N btan(x)
333(51 - b)Z 3112({1 _ b)z ,11 +b cotz(x) (LZ - b)5/2 361([2 - b) (ll +b COtz(X))

Antiderivative was successfully verified.

[In] Int[Tan[x]"2/(a + b*xCot[x]~2)"(5/2),x]

[Out] ArcTan[(Sqrt[a - b]*Cot[x])/Sqrtl[a + bxCot[x]~2]]1/(a - b)~(5/2) + (b*Tan[x]
)/ (3*ax(a - b)*(a + bxCot[x]72)7(3/2)) + ((7*a - 4xb)*b*Tan[x])/(3*a"2*(a -

b) “2xSqrt[a + b*Cot[x]~2]) + ((a - 4*b)*(3*a - 2%b)*Sqrtl[a + b*Cot[x] 2]*T
an[x])/(3*a"3x(a - b)~2)

Rule 3670

Int[((d_.)*tan[(e_.) + (f£_D)*x_)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +

(f_D)*xD1D)"(_))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*xffx*x)/c) m*x(a + b*(ff*x)"n) p)/(c”2 + £
f72xx~2), x], x, (c*Tan[e + f*x])/ff]l, x]1]1 /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, O] || EqQn, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))
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Rule 472

Int[((e_)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_)*((c_) + (d_.)*(x_)"(n_
))~(q_), x_Symbol] :> -Simp[(b*(e*xx)"(m + 1)*(a + b*x™n) (p + 1)*(c + d*x"n
)"(q + 1))/ (axexn*x(bxc - axd)*(p + 1)), x] + Dist[1/(a*n*(b*c - axd)*(p + 1
)), Int[(e*xx) " m*(a + b*x™n) (p + 1)*(c + d*x"n) g*Simp[cxbx(m + 1) + nx(b*c
- axd)*x(p + 1) + dxbx(m + n*x(p + q + 2) + 1)*x"n, x], x], x] /; FreeQ[{a,
b, c, d, e, m, q}, x] && NeQ[b*c - a*d, 0] && IGtQ[n, O] && LtQ[p, -1] && I
ntBinomialQ[a, b, ¢, d, e, m, n, p, q, x]

Rule 579

Int [((g_)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_)*((c_) + (d_.)*(x_)"(n_
D)~ (g )*((e ) + (£_)*(x_)"(n_)), x_Symbol] :> -Simp[((b*e - axf)*(g*x)~ (m
+ D*x(a + b*x™n) " (p + 1)*(c + d*x™n)~(q + 1))/ (a*xgn*(bxc - axd)*(p + 1)),
x] + Dist[1/(a*n*(b*c - axd)*(p + 1)), Int[(g*x) m*x(a + bxx™n) "~ (p + *(c +
d*x"n) "g*Simp [cx(bxe - axf)*(m + 1) + e*xnx(bxc - a*xd)*(p + 1) + d*x(b*e - a
*f)x(m + nx(p + q + 2) + 1)*x"n, x], x], x] /; FreeQ[{a, b, c, d, e, f, g,
m, q}, x] && IGtQ[n, 0] && LtQ[p, -1]

Rule 583

Int [((g_)*(x_))"(m_)*((a_) + (b_.)*x_)"(m_))"(p_.)*((c_) + (d_.)*(x_)"(n_
)" (q_D)*((e ) + (f_)*(x_)"(n_)), x_Symbol] :> Simp[(ex(g*x)~(m + 1)*(a +
b*x™n) " (p + 1)*(c + d*x™n)~(q + 1))/(axc*xgkx(m + 1)), x] + Dist[1/(axc*g™n*(
m+ 1)), Int[(g*x) " (m + n)*x(a + b*x"n) p*x(c + d*x"n) g*Simp[axf*cx(m + 1) -
ex(bxc + axd)*(m + n + 1) - e*nx(bxc*p + a*xd*q) - bkxexd*(m + n*x(p + q + 2)
+ 1)*x"n, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, p, q}, x] && IGtQ[n, O
] && LtQ[m, -1]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 377

Int[((a_) + (b_)*xx_)"(m_))"(p_)/((c_) + (d_)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*d)*x"n), x], x, x/(a + bxx"n)~(1/n)] /; FreeQ[{a, b
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1)/(@Rt[a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
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Rubi steps

f( tan?(x) i

a+b cotz(x)) !

Mathematica [C]
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= — Subst f dx, x, cot(x)
x? (1 + xz) (a + bx2)5/2
Subst _ dadboab? dx, x, cot(x )
btan() (f 2(14:2) (a+:2) )
3a(a —b) (a +b cotz(x))s/2 3a(a - b)
(a—4b)(3a—2b)-2(7a—4b)bx®
Subst
btan(x) (7a — 4b)b tan(x) s ( (1) Var b2

= —+ —
Ba(a—b) (a+beot?(¥)) . 3a2(a - bYJa +beot?(x) 3a2(a - b)?

btan(x)

(7a-4bbtan (a - 4b)(3a - 2b)ja + b cot?(x)

= +
3a(a - b) (a + bcotz(x))?)/2 3a2(a - b)2 la+b cot?(x) 3a3(a - b)?

btan(x)

(7a—dbbtan() (a — 4b)(3a — 2b)y/a + b cot?(x)

= +
3a(a - b) (ﬂ +0b COtZ(x))3/2 3a2(a - b)24/a + b cot?(x) 3a%(a - by?

btan(x)

(7a—dbbtan() (@~ 4b)(3a — 2b)y/a + b cot?(x)

= +
3a(a—b)(a+ bcotz(x))s/2 302(a — b2+ + b cot?(x) 3a%(a - b)?

ta11_1[ \/Ik_bcot(x) ]

\Ja+b cotz(x)

btan(x) (7a — 4b)b tan(x) s (a —4b)(3

+ +
(a—b)2 3a(a—b)(a+b cotz(x))3/ * 3a2(a- b)zm

time = 8.0576, size = 1450, normalized size = 10.28

result too large to display

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[x]~2/(a + bxCot[x]~2)~(5/2),x]
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[Out] (Sin[x]~2*%((-16%b~3*(Cot[x] + Cot[x]73)72)/(a*x(a - b)~2) + (40*b*Csc[x]~2)/
(a - b) + (160%b~2*Cot [x] "2*Csc[x]"2)/(3*%ax(a - b)) + (64*b~3*Cot [x] “4*Csc[
x]72)/(3*xa"2x(a - b)) - (40%b~2xCsc[x]"4)/(a - b)~2 + (92x(a - b)*Cos[x] 2%
Hypergeometric2F1[2, 2, 9/2, ((a - b)*Cos[x]~2)/al)/(105%a) + (124*(a - b)*
b*Cos [x] "2#Cot [x] “2*Hypergeometric2F1[2, 2, 9/2, ((a - b)*Cos[x]"2)/a]l)/(35
*a~2) + (152%(a - b)*b~2xCos[x]"2xCot [x] “4*Hypergeometric2F1[2, 2, 9/2, ((a
- b)*Cos[x]~2)/a])/(35%xa~3) + (176*(a - b)*b~3*Cos [x] "2*Cot [x] “6*xHypergeom
etric2F1[2, 2, 9/2, ((a - b)*Cos[x]~2)/al)/(105%a"4) + (24x(a - b)*Cos[x]"2
xHypergeometricPFQ[{2, 2, 2}, {1, 9/2}, ((a - b)*Cos[x]~2)/al)/(35*%a) + (16
*(a - b)*b*Cos[x] ~2*Cot [x] "2*HypergeometricPFQ[{2, 2, 2}, {1, 9/2}, ((a - b
)*Cos[x]172)/al)/(7*a"2) + (88x(a - b)*b~2*Cos[x] ~2*Cot [x] "4*HypergeometricP
FQL{2, 2, 2}, {1, 9/2}, ((a - b)*Cos[x]"2)/a]l)/(35%a”3) + (32%(a - b)*b~3*C
os [x] "2xCot [x] “6*HypergeometricPFQ[{2, 2, 2}, {1, 9/2}, ((a - b)*Cos[x]~2)/
al)/(35%xa~4) + (16*x(a - b)*Cos[x] 2#HypergeometricPFQ[{2, 2, 2, 2}, {1, 1,
9/2}, ((a - b)*Cos[x]~2)/al)/(105%a) + (16%(a - b)*b*Cos[x] "2xCot [x] ~2*Hype
rgeometricPFQ[{2, 2, 2, 2}, {1, 1, 9/2}, ((a - b)*Cos([x]"2)/al)/(35%xa"2) +
(16%(a - b)*b~2*Cos[x]"2xCot [x] ~4*HypergeometricPFQ[{2, 2, 2, 2}, {1, 1, 9/
2}, ((a - b)*Cos[x]~2)/al)/(35%a~3) + (16*(a - b)*b~3*Cos[x] "2xCot [x] “6*Hyp
ergeometricPFQ[{2, 2, 2, 2}, {1, 1, 9/2}, ((a - b)*Cos[x]~2)/al)/(105%xa~4)
+ (20*axSec[x]72)/(3x(a - b)) - (30*axb*Csc[x] 2*Sec[x]"2)/(a - b)~2 - (5*a
~2xSec[x]74)/(a - b)72 + (5xArcSin[Sqrt[((a - b)*Cos[x]~2)/al]l)/((((a - b)*
Cos[x]72)/a)~(56/2)*Sqrt[((a + b*Cot[x]~2)*Sin[x]~2)/a]) + (30*b*ArcSin[Sqrt
[((a - b)*Cos[x]~2)/all*Cot[x]~2)/(ax(((a - b)*Cos[x]72)/a)~(5/2)*Sqrt [((a
+ b*Cot [x]"2)*Sin[x]~2)/a]) + (40*b~2xArcSin[Sqrt[((a - b)*Cos[x]~2)/al]*Co
t[x]~4)/(a"2x(((a - b)*Cos[x]~2)/a)~(5/2)*Sqrt[((a + bxCot[x]~2)*Sin[x]~2)/
al) + (16xb~3*ArcSin[Sqrt[((a - b)*Cos[x]~2)/all*Cot[x]"6)/(a~3*x(((a - b)*C
os[x]72)/a)~(6/2)*Sqrt[((a + bxCot[x]~2)*Sin[x]~2)/al) + (5*ArcSin[Sqrt[((a
- b)*Cos[x]72)/al])/Sqrt[((a - b)*Cos[x] 2x(a + bxCot[x]~2)*Sin[x]"2)/a~2]
+ (30*%bxArcSin[Sqrt[((a - b)*Cos[x]~2)/all*Cot[x]~2)/(a*Sqrt[((a - b)*Cos[
x]72x(a + bxCot[x]~2)*Sin[x]~2)/a"2]) + (40%b~2xArcSin[Sqrt[((a - b)*Cos[x]
~2)/all*Cot[x]~4)/(a"2xSqrt[((a - b)*Cos[x]~2*(a + b*Cot[x]~2)*Sin[x]~2)/a"
2]) + (16%b"3*ArcSin[Sqrt[((a - b)*Cos[x]~2)/all*Cot[x]"6)/(a~3*Sqrt[((a -
b)*Cos [x] "2*(a + b*Cot[x]72)*Sin[x]"2)/a"2]) - (60*bxArcSin[Sqrt[((a - b)*C
os[x]72)/all*Csc[x]~2)/((a - b)*Sqrt[((a - b)*Cos[x]"2*x(a + b*Cot[x]~2)*Sin
[x]~2)/a"2]) - (80*b~2*ArcSin[Sqrt[((a - b)*Cos[x]~2)/a]l]l*Cot[x] 2+Csc[x]~2
)/(ax(a - b)*Sqrt[((a - b)*Cos[x]"2x(a + b*Cot[x]"2)*Sin[x]"2)/a~2]) - (32%
b~3*ArcSin[Sqrt[((a - b)*Cos[x]~2)/all*Cot[x]“4*Csc[x]~2)/(a"2x(a - b)*Sqrt
[((a - b)*Cos[x]"2x(a + b*Cot[x]~2)*Sin[x]"2)/a"2]) - (10*a*ArcSin[Sqrt[((a
- b)*Cos[x]~2)/all*Sec[x]172)/((a - b)*Sqrt[((a - b)*Cos[x]~"2*(a + b*Cot [x]
~2)*Sin[x]72)/a"2]))*Tan[x])/(a"2xSqrt[a + b*Cot[x]~2]*(1 + (bxCot[x]~2)/a)
)
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Maple [B] time = 0.48, size = 1040, normalized size = 7.4

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)~2/(at+b*cot(x)"2)~(5/2),x)

[Out] -1/3%b~2/a"3/((a*x(a-b))~(1/2)-a+b)~2/((a*x(a-b))~(1/2)+a-b)~2/(-a+b) ~(1/2)*(
-1+cos(x)) " 2*x(cos(x)+1)"2x(cos (x) "2*a-b*cos(x) "2-a) *(-3*cos (x) “4* (- (cos(x) "~
2*a-b*cos(x)"2-a)/(cos(x)+1)"2)"(1/2)*1In(4*cos(x)*(—a+b) ~(1/2)* (- (cos (x) ~2%
a-b*cos(x)"2-a)/(cos(x)+1)72)"(1/2)-4*a*cos(x)+4*xb*cos (x)+4* (—a+b) ~(1/2) * (-
(cos(x) "2*a-bxcos(x) "2-a)/(cos(x)+1)"2)~(1/2))*a~4+3*cos (x) “4*x(-(cos(x) "2*a
-b*xcos(x) "2-a)/(cos(x)+1)72) " (1/2)*1n(4*cos(x)*(—a+b) "~ (1/2)* (- (cos(x) "2*a-b
*cos(x)"2-a)/(cos(x)+1)7"2)~(1/2)-4*a*cos (x)+4*b*cos (x)+4* (-a+b) ~(1/2)*(-(co
s(x) "2*a-b*cos(x)"2-a)/(cos(x)+1)72)"(1/2)) *a"3*b+3*cos (x) “4*x(-a+b) ~(1/2) *a
~4-12%cos (x) "4*(-a+b) " (1/2)*a~3*b+27*cos (x) "4*(-a+b) ~(1/2) *a~2*¥b"2-26*cos (x
) "4*x(—a+b) " (1/2) *axb~3+8*cos (x) “4* (—a+b) ~(1/2)*b~4-3*cos(x) "3* (- (cos(x) "2*a
-b*xcos(x) "2-a)/(cos(x)+1)72) " (1/2)*1n(4*cos(x)*(—a+b) ~(1/2) * (- (cos(x) "2*a-b
*cos(x)"2-a)/(cos(x)+1)72)~(1/2)-4*a*cos (x)+4*b*xcos (x)+4* (-a+b) ~(1/2)*(-(co
s(x) "2*a-b*cos(x)"2-a)/(cos(x)+1)72)"(1/2)) *a"4+3*cos (x) "3* (- (cos (x) "2*a-b*
cos(x)"2-a)/(cos(x)+1)"2)"(1/2)*1n(4*cos (x) *(—a+b) " (1/2) * (- (cos (x) "2*a-b*co
s(x)~"2-a)/(cos(x)+1)"2)~(1/2)-4*a*cos(x)+4*xbxcos(x)+4*(-a+b) ~(1/2)*(-(cos(x
) "2*xa-b*cos(x) "2-a)/(cos(x)+1)72) " (1/2))*a~3*b+3*cos (x) ~2* (- (cos (x) "2*a-b*c
os(x)"2-a)/(cos(x)+1)72)"(1/2)*1n(4*cos(x)*(-a+b) ~(1/2) *(-(cos (x) "2*a-b*cos
(x)72-a)/(cos(x)+1)72) " (1/2)-4*axcos (x)+4*b*cos (x)+4*(-a+b) ~(1/2) * (- (cos (x)
~2%a-b*cos(x) "2-a)/(cos(x)+1)"2)"(1/2))*a"4-6*cos(x) "2x(-a+b) ~(1/2) *a~4+18%
cos(x)"2*(-a+b) " (1/2)*a"3*b-27*cos (x) "2* (—a+b) " (1/2) *a"2*b"2+12*cos (x) ~2* (-
a+b) ~(1/2)*a*xb~3+3*cos (x) * (- (cos (x) "2*a-b*cos (x) "2-a)/(cos(x)+1)"2)~(1/2)*1
n(4xcos(x)*(-a+b)~(1/2)*(-(cos(x) "2*a-b*cos(x) "2-a)/(cos(x)+1)"2)~(1/2)-4*a
*cos (x)+4*b*xcos (x)+4*x(-a+b) ~(1/2) *(-(cos(x) "2*a-b*cos(x) "2-a)/(cos(x)+1)"2)
~(1/2))*a~4+3x(-a+b) " (1/2)*a"~4-6* (—a+b) ~(1/2) *a~3*b+3* (-a+b) ~(1/2) *a~2%b~2)
/cos (x)/((cos(x) " 2*a-b*xcos(x) "2-a)/(cos(x)"2-1))"(5/2)/sin(x)"9

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)~2/(at+bxcot(x)~2)7(5/2),x, algorithm="maxima")
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[Out] Timed out

Fricas [B] time = 2.99412, size = 1477, normalized size = 10.48

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)~2/(atb*cot(x)~2)"(5/2),x, algorithm="fricas")

[Out] [-1/12%(3x(a"b*tan(x)~4 + 2*a~4xb*tan(x)”2 + a~3*b"2)*sqrt(-a + b)*log(-(a”
2¥tan(x) "4 - 2%(3*xa”2 - 4*xaxb)*tan(x)”2 + a2 - 8*xaxb + 8*b~2 + 4x*(axtan(x)
"3 - (a - 2*b)*tan(x))*sqrt(-a + b)*sqrt((a*tan(x)”2 + b)/tan(x)~2))/(tan(x
)74 + 2%tan(x)”2 + 1)) - 4x(3*x(a”b - 3*a"4xb + 3*a”3*b"2 - a"2*b~3)*tan(x)”
5 + 3x(2%a"4xb - 9%a"3*b"2 + 11%a”2%b~3 - 4*a*b”4)*tan(x)”"3 + (3*a”3*b"2 -
17xa~2*%b~3 + 22xa*xb”~4 - 8xb~5)*tan(x))*sqrt((a*tan(x)~2 + b)/tan(x)"2))/(a”
6*xb~2 - 3*%a"b*b~3 + 3*a"4*b"4 - a”3%b"5 + (a8 - 3*a”~7*b + 3*¥a"6*b"2 - a~b*
b~3)*tan(x) "4 + 2*%(a”7*b - 3*a”6%b”2 + 3*a”b*b"3 - a"4*b”4)x*tan(x)”2), 1/6%
(3*(a"b*xtan(x) "4 + 2*xa~4*bxtan(x)”2 + a”3*b"2)*sqrt(a - b)*arctan(2*sqrt(a
- b)*sqrt((a*xtan(x) "2 + b)/tan(x)"2)*tan(x)/(a*xtan(x)"2 - a + 2xb)) + 2*(3x
(a”5 - 3*%a"4xb + 3*%a”~3*b"2 - a"2*b~3)*tan(x)”"5 + 3*(2%a"4*b - 9*xa"3*b"2 + 1
1xa”2%b~3 - 4xa*xb”4)*tan(x)”3 + (3*%a”3xb"2 - 17*a"2*%b~3 + 22xa*xb”4 - 8xb~b)
*xtan(x))*sqrt((a*xtan(x)"2 + b)/tan(x)”2))/(a"6%b”"2 - 3*%a~b*b"3 + 3*xa~4*xb~4
- a”3*b75 + (a8 - 3*%a"7xb + 3*%a"6xb”2 - a"bxb~3)*tan(x) "4 + 2*%(a”7*b - 3*a
“6xb"2 + 3*a~5*b”3 - a~4xb”4)*tan(x)”2)]

Sympy [F] time = 0., size = 0, normalized size = 0.

tan2
an® (x) i

«

(a +bcot? (x)) 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)**2/(atb*cot(x)**2)**(5/2),x%)

[Out] Integral(tan(x)**2/(a + b*cot(x)**2)**x(5/2), x)
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Giac [B] time = 1.40929, size = 351, normalized size = 2.49

\atan

(3 a*vbarctan (\/‘/ib) —3Va - ba*b +14 Va - bab* — 8 Va - bb3)sgn (tan (x)) arctan | —-=
=
3(Va=basb-2 Va—batbz + maabé) (a2sgn (tan (x)) - 2 absgn (tan (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)~2/(atb*cot(x)~2)~(5/2),x, algorithm="giac")

[Out] 1/3%(3*a”3*sqrt(b)*arctan(sqrt(b)/sqrt(a - b)) - 3*sqrt(a - b)*a"2%b + 14xs
grt(a - b)*a*b”2 - 8xsqrt(a - b)*b~3)*sgn(tan(x))/(sqrt(a - b)*a~b*sqrt(b)

- 2xsqrt(a - b)*a~4xb~(3/2) + sqrt(a - b)*a~3*b~(5/2)) - arctan(sqrt(axtan(

x)72 + b)/sqrt(a - b))/ ((a"2*sgn(tan(x)) - 2xaxb*sgn(tan(x)) + b~ 2*sgn(tan(
x)))*sqrt(a - b)) - 1/3*x(9*(axtan(x)~2 + b)*a*xb~2 - 6x(a*tan(x)”2 + b)*b~3

- a*b”3 + b~4)/((a"b*sgn(tan(x)) - 2*a~4*b*sgn(tan(x)) + a~3*b"2*sgn(tan(x)
))*(a*xtan(x)"2 + b)~(3/2)) + sqrt(axtan(x)”2 + b)/(a"3*sgn(tan(x)))
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359  [———dx

1+Cot3(x)

Optimal. Leaf size=37

;-C + % log(sin(x)) + % log (COtz(X) - cot(x) + 1) - % log(cot(x) +1)

[Out] x/2 - Logl[l + Cot[x]]1/6 + Logl[l - Cot[x] + Cot[x]~2]/3 + Logl[Sin[x]]1/2

Rubi [A] time = 0.0619308, antiderivative size = 37, normalized size of antiderivative =
1., number of steps used = 7, number of rules used = 6, integrand size = 8, number of rules

integrand size
0.75, Rules used = {3661, 2074, 635, 203, 260, 628}

;-C + %log(sin(x)) + %log (COtz(x) — cot(x) + 1) - élog(cot(x) +1)

Antiderivative was successfully verified.

[In] Int[(1 + Cot[x]73)"(-1),x]
[Out] x/2 - Logl[l + Cot[x]]1/6 + Logl[l - Cot[x] + Cot[x]~2]/3 + Logl[Sin[x]]/2

Rule 3661

Int[((a_) + (b_.)*((c_.)*tanl(e_.) + (f_.)*x(x_)]1)"(m_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tan[e + fx*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
ffxx)"n)"p/(c”2 + f£f72*x72), x], x, (cxTanle + fxx])/ff], x1] /; FreeQl{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, p] || IGtQlp, O] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rule 2074

Int[(P_)~(p_)*(Q_)"(q_.), x_Symbol] :> With[{PP = Factor[P]}, Int[ExpandInt
egrand [PP"p*Q~q, x], x] /; !SumQ[NonfreeFactors[PP, x]1] /; FreeQlq, x] &&
PolyQ[P, x] && PolyQ[Q, x] && IntegerQ[p] && NeQ[P, x]

Rule 635

Int[((d_) + (e_.)*(x))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] & 'NiceSqrtQ[-(a*c)]
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Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 || GtQ[b, 01)

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]11/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 628

Int[((d_) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*xx~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rubi steps

1 1
f m dx = — Subst [f (1 N x2) (1 N x3) dx, X, COt(x)J

1 1+x 1-2x
= —Subst[f[6(1 e + 2(1 +x2) + 3(1 —x+x2)] dx,x,cot(x))

1 1 1-2x 1 1+x
=z log(1 + cot(x)) — 3 Subst (f T v dx, x, cot(x)) -5 Subst (f 1o dx, x, cot(x))

1 1 ) 1 1 1
=z log(1 + cot(x)) + 3 log (1 — cot(x) + cot (x)) ~5 Subst (f T2 dx, x, cot(x)) -5 Subst (

=

=5 % log(1 + cot(x)) + % log (1 — cot(x) + cotz(x)) + % log(sin(x))

Mathematica [C] time = 0.032916, size = 57, normalized size = 1.54

%log (tan’(x) - tan(x) +1) + (—le - i) log(— tan(x) + i) — (31 - i) log(tan(x) + i) — élog(tan(x) +1)

Antiderivative was successfully verified.

[In] Integrate[(1 + Cot[x]~3)~(-1),x]
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[Out] (-1/4 - I/4)xLogl[I - Tan[x]] - (1/4 - I/4)*Logl[I + Tan[x]] - Log[l + Tan[x]
1/6 + Logl[l - Tan[x] + Tan[x]~2]/3

Maple [A] time = 0.022, size = 37, normalized size = 1.

In (1 + (cot (x))z) 7 In (1 — cot (x) + (cot (x))z) _In( + cot (x)) X

4 4 3 6 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1+cot(x)"3),x)

[Out] -1/4*1n(1+cot(x)"2)-1/4%Pi+1/3*1n(1-cot(x)+cot(x)~2)-1/6*%1n(1+cot(x))+1/2%*x

Maxima [A] time = 1.63021, size = 45, normalized size = 1.22

1 1 ) 1 ) 1
5 X+ 3 log (tan (x)" —tan (x) + 1) -1 log (tan ()" + 1) —Z log (tan (x) + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cot(x)~3),x, algorithm="maxima"

[Out] 1/2*x + 1/3%log(tan(x)”2 - tan(x) + 1) - 1/4xlog(tan(x)”2 + 1) - 1/6xlog(ta
n(x) + 1)

Fricas [A] time = 1.82425, size = 82, normalized size = 2.22

1 1 ) 1 1 .
Ex— 7 log (sin(2x) +1) + 3 log(—a sin (2 x) +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(1+cot(x)~3),x, algorithm="fricas")

[Out] 1/2*%x - 1/12%log(sin(2*x) + 1) + 1/3xlog(-1/2*sin(2*x) + 1)
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Sympy [A] time = 0.453713, size = 34, normalized size = 0.92

X log (tan (x) +1) _ log (tanz (x) + 1) .\ log (tanz (x) — tan (x) + 1)
2 6 4 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cot(x)**3),x)

[Out] x/2 - log(tan(x) + 1)/6 - log(tan(x)**2 + 1)/4 + log(tan(x)**2 - tan(x) + 1
)/3

Giac [A] time = 1.21219, size = 46, normalized size = 1.24

1 1 2 1 2 1
> X+ 3 log (tan ()" —tan (x) + 1) ~1 log (tan ()" + 1) ~ g log ([tan (x) + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cot(x)~3),x, algorithm="giac")

[Out] 1/2*x + 1/3%log(tan(x)~2 - tan(x) + 1) - 1/4*xlog(tan(x)"2 + 1) - 1/6%log(ab
s(tan(x) + 1))
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3.60 [ cot(x)va +bcot*(x)dx

Optimal. Leaf size=90

2
__m+ \/_t h—1 \/ECO’G (X) %‘/mtanh_l a—bcot (x)

[Out] (Sqrt[bl*ArcTanh[(Sqrt[b]l*Cot[x]~2)/Sqrtla + b*Cot[x]~4]])/2 + (Sqrtl[a + b]
xArcTanh[(a - b*Cot[x]~2)/(Sqrtl[a + bl*Sqrtl[a + bxCot[x]~4])])/2 - Sqrtl[a +
b*Cot [x]74]1/2

Rubi [A] time = 0.13532, antiderivative size = 90, normalized size of antiderivative =
1., number of steps used = 8, number of rules used = 7, integrand size = 15, number of rules _

0.467, Rules used = {3670, 1248, 735, 844, 217, 206, 725}

/ 2
——+Ja+bcot*(x) + = \/_ta h™ Vbcot? _Vbeotttr) %\/mmnh_l 4~ beot’(x)
\a+b cot*(x) Va + byJa + beot*(x)

Antiderivative was successfully verified.

integrand size

[In] Int[Cot[x]*Sqrt[a + bxCot[x]~4],x]

[Out] (Sqrt[b]l*ArcTanh[(Sqrt[b]*Cot[x]~2)/Sqrt[a + bxCot[x]~4]]1)/2 + (Sqrt[a + Db]
xArcTanh[(a - b*Cot[x]~2)/(Sqrt[a + bl*Sqrt[a + bxCot[x]~4]1)]1)/2 - Sqrt[a +
b*Cot [x]~4]1/2

Rule 3670

Int[((d_.)*tan[(e_.) + (f£_.)*(x_)1)"(m_.)*x((a_) + (b_.)*((c_.)*tanl[(e_.) +
(f_D)*xD1DD"(_))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*xffx*x)/c) m*x(a + bx(ff*x)"n) p)/(c”2 + £
f~2xx"2), x], x, (c*Tan[e + f*x])/ff]l, x]1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, P}, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rule 1248

Int[(x_)*((d_) + (e_.)*x(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_.), x_Symbol]
:> Dist[1/2, Subst[Int[(d + e*x) gx(a + c*x~2)7p, x], x, x72], x] /; FreeQ
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[{a, ¢, d, e, p, g}, x]

Rule 735

Int[((d)) + (e_.)*x(x_))"(m_)*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[
((d +exx)"(m + D*x(a + cxx"2)7p)/(ex(m + 2*%p + 1)), x] + Dist[(2xp)/(ex(m

+ 2xp + 1)), Int[(d + e*x) m*Simp[a*e - cxd*x, x]*(a + c*xx"2)"(p - 1), ],

x] /; FreeQ[{a, c, d, e, m}, x] && NeQ[c*d"2 + axe”2, 0] && GtQ[p, 0] && Ne
Qlm + 2%xp + 1, 0] && ( 'RationalQ[m] || LtQ[m, 1]) && !ILtQ[m + 2*p, 0] &&
IntQuadraticQla, 0, ¢, d, e, m, p, xJ]

Rule 844

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_.)*x(x_))*((a_) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*x(a + c*xx"2)7p, x], x] + D
ist[(exf - dxg)/e, Int[(d + e*x) mx(a + c*x"2)7p, x], x] /; FreeQ[{a, c, d,
e, f, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && !'IGtQ[m, O]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 725

Int[1/(((d_) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(c*d™2 + a*e™2 - x72), x], x, (a*e - c*d*x)/Sqrtla + c*x72]] /; FreeQ
[{a, c, d, e}, x]

Rubi steps
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fcot(x)\/a + beot*(x) dx = — Subs t[ xvar bX4 ——dx,x, cot(x)]

NI
= - [1 Subst( a+ox dx, x, cotz(x))]
2 1+x

1 4 1 a-bx 9
-5 a+bcot (x)—ESubst(f (1+x)mdx,x,cot (x))

1 4 1 1 2 _1
_§m+ 2bSubst (f mdx,x,cot (x)) 2(a+b) Subst(f Y

1 1 1 a—bcot?(x) 1
—E\/a + beot*(x) - E(—a —b) Subst f P dx, x, m + Eb Subst .
a+ bcot*(x

2 2
= %\/Etanh_l M + 1\/&1 +btanh! a-beotr(») \/a + b cot

\Ja+b cot(x) 2 Va +byja + bcot4(x)

Mathematica [A] time = 0.150861, size = 86, normalized size = 0.96

1 1 1 \/Ecotz(x) 1 a —bcot?(x)
5 —+/a + bcot™(x + Vbtanh™ | ——="— [+ Va + btanh

\a + beot?(x) Va +byja + beott(x)

Antiderivative was successfully verified.

[In] Integrate[Cot[x]*Sqrt[a + b*Cot[x]~4],x]

[Out] (Sqrt[b]l*ArcTanh[(Sqrt[b]l*Cot[x]~2)/Sqrtla + bxCot[x]~4]] + Sqrtl[a + bl*Arc
Tanh[(a - b*Cot[x]72)/(Sqrt[a + bl*Sqrtla + bxCot[x]"4])] - Sqrtl[a + bxCot[
x]74]1)/2

Maple [A] time = 0.057, size = 139, normalized size = 1.5

L 1+(c0t(x))22b—2 1+(cot(x))2 b+a+b+1\/51n (1+(cot(x))2 b—b)i+ 1+(cot(x))22b—2 1
2 2 \/E

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(cot(x)*(a+b*xcot(x)~4)~(1/2),x)

[Out] -1/2*((14+cot(x)~2) " 2%b-2x(1+cot(x) "2)*b+a+b) ~(1/2)+1/2%b~(1/2) *1n(((1+cot(x
)"2)*%b-b) /b~ (1/2)+((1+cot (x) "2) "2xb-2* (1+cot (x) "2) *b+a+b) ~(1/2) ) +1/2x(a+b) "~
(1/2)*1n((2*a+2*xb-2*% (1+cot (x) "2) *b+2* (a+b) " (1/2) * ((1+cot (x) "2) "2*b-2* (1+cot
(x)72) *b+a+b) ~(1/2))/(1+cot(x)"2))

Maxima [F] time = 0., size = 0, normalized size = 0.

f \ b cot (x)4 + acot (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)*(atb*cot(x)~4)~(1/2),x, algorithm="maxima"

[Out] integrate(sqrt(b*cot(x)~4 + a)*cot(x), x)

Fricas [B] time = 3.62138, size = 2849, normalized size = 31.66

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)*(atb*cot(x)~4)~(1/2),x, algorithm="fricas")

[Out] [1/4xsqrt(a + b)*log(l/2x(a”2 + 2*a*b + b~2)*cos(2*x)~2 + 1/2%xa”2 + 1/2xb~2
+ 1/2*%((a + b)*cos(2*x)"2 - 2*a*cos(2*x) + a - b)*sqrt(a + b)*sqrt(((a + b
)*xcos(2*x)72 - 2x(a - b)*cos(2*x) + a + b)/(cos(2xx)72 - 2%cos(2xx) + 1)) -
(a2 - b™2)*cos(2*x)) + 1/4*xsqrt(b)*log(-((a + 2*b)*cos(2*x)~2 - 2*(cos (2%
x)72 - 1)*sqrt(b)*sqrt(((a + b)*cos(2%x)"2 - 2*(a - b)*cos(2*x) + a + b)/(c
0s(2*x)72 - 2xcos(2*x) + 1)) - 2x(a - 2xb)*cos(2*x) + a + 2xb)/(cos(2xx) "2
- 2xcos(2*x) + 1)) - 1/2*sqrt(((a + b)*cos(2*x)~2 - 2x(a - b)*cos(2*x) + a
+ b)/(cos(2*x)"2 - 2xcos(2*x) + 1)), 1/2*sqrt(-b)*arctan(sqrt(-b)*sqrt(((a
+ b)*cos(2xx) 72 - 2*(a - b)*cos(2*x) + a + b)/(cos(2*%x)"2 - 2xcos(2xx) + 1)
)*(cos(2%x) - 1)/(bxcos(2*x) + b)) + 1/4*sqrt(a + b)*xlog(1l/2*(a”2 + 2*axb +
b~2)*cos(2*x) 72 + 1/2%¥a”2 + 1/2xb"2 + 1/2x((a + b)*cos(2*x)~2 - 2*axcos (2%
x) + a - b)xsqrt(a + b)*sqrt(((a + b)*cos(2*x)"2 - 2*(a - b)*cos(2*x) + a +
b)/(cos(2*x) "2 - 2%cos(2*x) + 1)) - (2”2 - b™2)*cos(2*x)) - 1/2*sqrt(((a +
b)*cos(2*x)72 - 2%x(a - b)*cos(2*x) + a + b)/(cos(2%x)72 - 2%cos(2*x) + 1))
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, —1/2xsqrt(-a - b)*arctan(((a + b)*cos(2%x)~2 - 2*axcos(2*x) + a - b)*sqrt
(-a - b)*sqrt(((a + b)*cos(2*x)"2 - 2x(a - b)*cos(2*x) + a + b)/(cos(2%x)"2
- 2%cos(2*x) + 1))/((a"2 + 2%axb + b~2)*cos(2*x)72 + a”2 + 2*xa*xb + b™2 - 2
x(a”2 - b"2)*cos(2*x))) + 1/4xsqrt(b)*log(-((a + 2*b)*cos(2xx)~2 - 2x(cos(2
*xx) 72 - 1)*xsqrt(b)*sqrt(((a + b)*cos(2*x)72 - 2x(a - b)*cos(2*x) + a + b)/(
cos(2*x) "2 - 2xcos(2*x) + 1)) - 2x(a - 2xb)*cos(2*x) + a + 2xb)/(cos(2x*x) "2
- 2%cos(2*x) + 1)) - 1/2xsqrt(((a + b)*cos(2*x)"2 - 2x(a - b)*cos(2*x) + a
+ b)/(cos(2%x)72 - 2xcos(2*x) + 1)), -1/2*sqrt(-a - b)*arctan(((a + b)*cos
(2%x) "2 - 2*axcos(2*x) + a - b)*sqrt(-a - b)*sqrt(((a + b)*cos(2*x)"2 - 2%(
a - b)xcos(2*x) + a + b)/(cos(2*x)72 - 2*xcos(2*x) + 1))/((a”2 + 2%a*b + b~2
)*cos(2%x)72 + a”2 + 2%axb + b72 - 2x(a”2 - b72)*cos(2%x))) + 1/2xsqrt(-b)=*
arctan(sqrt (-b)*sqrt(((a + b)*cos(2*x)”"2 - 2*x(a - b)*cos(2*x) + a + b)/(cos
(2%x) 72 - 2%cos(2*xx) + 1))*(cos(2xx) - 1)/(b*cos(2*x) + b)) - 1/2*sqrt(((a
+ b)*xcos(2%x)"2 - 2*%(a - b)*xcos(2*x) + a + b)/(cos(2%x)72 - 2*cos(2*x) + 1)
)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a + beot? (x) cot (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)*(a+bxcot (x)**4)**(1/2),x)

[Out] Integral(sqrt(a + b*cot(x)**4)*cot(x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f beot (0 + acot (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)*(atb*cot(x)~4)~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(b*cot(x)~4 + a)*cot(x), x)
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3.61 f cot(x) (a +b (301:4(x))3/2 dx

Optimal. Leaf size=126

2
-% (a +beott()”” - 31 (2(a + b) - beot?(x)) yJa + beot(x) + %(a + b)¥2 tanh™" [ a-beotw ] t i%@

Va + byJa + b cot*(x)

[Out] (Sqrt[bl*(3*a + 2x%b)*ArcTanh[(Sqrt[b]*Cot[x]~2)/Sqrt[a + b*Cot[x]~4]1]1)/4 +
((a + b)~(3/2)*ArcTanh[(a - b*Cot[x]~2)/(Sqrtla + b]l*Sqrtl[a + b*Cot[x]~4])]

)/2 - ((2x(a + b) - b*Cot[x]~2)*Sqrt[a + bxCot[x]"4])/4 - (a + b*Cot[x]~4)~
(3/2)/6

Rubi [A] time = 0.20171, antiderivative size = 126, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 8, integrand size = 15, e -

integrand size
0.533, Rules used = {3670, 1248, 735, 815, 844, 217, 206, 725}

2
—% (a +beott(n)™” - 411 (2(a+b) — beot?(x) yJa + beot*(x) + %(a + b)*2 tanh ™ [ a—beot’x) ] + i@(a

Va + byJa + b cot*(x)

Antiderivative was successfully verified.

[In] Int[Cot[x]*(a + bxCot[x]~4)~(3/2),x]

[Out] (Sqrt[bl*(3*a + 2xb)*ArcTanh[(Sqrt[b]*Cot[x]~2)/Sqrtl[a + b*Cot[x]~4]])/4 +
((a + b)~(3/2)*ArcTanh[(a - b*Cot[x]~2)/(Sqrtla + bl*Sqrtl[a + b*Cot[x]~4])]

)/2 - ((2x(a + b) - bxCot[x]~2)*Sqrt[a + b*Cot[x]"4])/4 - (a + b*Cot[x]"4)~
(3/2)/6

Rule 3670

Int[((d_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*x((a_) + (b_.)*x((c_.)*tan[(e_.) +
(_)*& DD~ )" (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + f
£72%x72), x], x, (cxTanle + fx*x])/ff], x]] /; FreeQ[{a, b, ¢, d, e, f, m, n
, P}, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rule 1248
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Int[(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*x(x_)"4)"(p_.), x_Symbol]
:> Dist[1/2, Subst[Int[(d + e*x) gx(a + c*x~2)7p, x], x, x72], x] /; FreeQ
[{a, ¢, d, e, p, q}, x]

Rule 735

Int[((d)) + (e_)*x(x_))"(m_ )*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[
((d + exx)"(m + D*(a + c*xx72)7p)/(ex(m + 2xp + 1)), x] + Dist[(2*p)/(ex(m
+ 2%p + 1)), Int[(d + e*x) m*Simpla*e - c*xd*x, x]*(a + c*x"2)"(p - 1), x],
x] /; FreeQ[{a, c, d, e, m}, x] && NeQ[c*d"2 + a*xe”2, 0] && GtQ[p, 0] && Ne
Qlm + 2%xp + 1, 0] && ( !'RationalQ[m] || LtQ[m, 1]) && !ILtQ[m + 2*p, 0] &&
IntQuadraticQla, 0, c, d, e, m, p, x]

Rule 815

Int[((d_.) + (e_D)*(x))"(m )*x((f_.) + (g_)*&))*((a) + (c_)*x_)"2)"(p
_.), x_Symbol] :> Simp[((d + e*xx)~(m + 1)*(cxexf*(m + 2*%p + 2) - gxc*xd*(2*p
+ 1) + gkcxex(m + 2%p + 1)*x)*(a + c*x72)7p)/(cxe”2x(m + 2*p + 1)*(m + 2%p
+ 2)), x] + Dist[(2*p)/(c*xe”2*%(m + 2*p + 1)*(m + 2%p + 2)), Int[(d + exx)”
m*(a + c*x72)7(p - 1)*Simp[frakxcxe™2x(m + 2*%p + 2) + axckdxe*xgxm - (c™2xf*d
xex(m + 2%p + 2) - gx(c™2%d"2%(2%p + 1) + axc*xe™2x(m + 2xp + 1)))*x, x], x]
, x] /; FreeQ[{a, c, d, e, f, g, m}, x] && NeQ[cxd"2 + a*xe”2, 0] && GtQl[p,

0] && (IntegerQ[p] || !RationalQ[m] || (GeQ[m, -1] && LtQ[m, 0])) && !ILt
Qlm + 2xp, 0] && (IntegerQ[m] || IntegerQ[p] || IntegersQ[2x*m, 2*p])

Rule 844

Int[((d_.) + (e_)*(x_))"(m_)*x((f_.) + (g_)*x_))*((a_) + (c_)*(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*x(a + c*xx"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + e*x)"m*(a + c*xx~2)7p, x], x] /; FreeQl[{a, c, d,
e, £, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && 'IGtQ[m, O]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] & !GtQ[a, O]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 725
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Int[1/(C(d_) + (e_.)*(x_))*Sqrtl[(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(c*d™2